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PART 2 


Notes 


Title: The titles at the beginnings and ends of most of the books of the 
Collection are probably not by Pappus himself: they are usually vague 
about the books’ contents, and in the case of Book 8, the authentic title 
“Introduction to Mechanics” (known from Eutocius and the Arabic version) 
is lacking. For Book 7, the longer subscription (7.318) more accurately 
reflects the contents of the book. 


(1-42) This first part of Book 7 is disposed as follows: 
1-3: Preface. The nature of analysis and synthesis. The books that 


make up the “Domain of Analysis” (apyaAvouevoc тотос). 
The purpose of Book 7. 


4: Epitome of Euclid’s Data. 

5-6: Epitome of Apollonius’s Cutting off of a Ratio. 

7-8 Epitome of Apollonius’s Cutting off of an Area. 

9-10: Epitome of Apollonius’s Determinate Section. 

11-12: Epitome of Apollonius's Тапрепсіев. 

13-20: Epitome of Euclid's Porisms. 

21-26: Epitome of Apollonius's Plane Loci. 

27-29: Epitome of Apollonius’s Neuses. Transition from ‘plane’ 
problems to ‘solid’ problems. 

30-42: Epitome of Apollonius’s Conics. Digression on the three and 


four line locus and its generalization. Pappus’s theorem on 
solids of rotation. 


(1) For general remarks on the first paragraphs (Pappus’s description of 
the ‘Domain of Analysis’ and definitions of analysis and synthesis) see the 
Introduction, section §18. 


— кахооиевуос: This does not have here the limiting sense of “so-called”, 
but signifies the introduction of a possibly unfamiliar term. 


— Domain of Analysis (avakvouevoc тотос): The division of 
mathematics (or perhaps more precisely, acquired mathematical science) 
concerned with geometrical analysis. The complete expression (literally 
meaning “analyzed place”) appears in the text of Book 7 only in chapter 29; 
avarvouevoc is used elliptically elsewhere. Other occurrences are: in 
the subscription (7.318) and scholium 1 of Book 7 (see Appendix 1); in 
Marinus's introduction to Euclid's Data (Euclid, Opera 6 pp. 252-54); and in 
Eutocius's commentary to Apollonius's Conics (Apollonius, Opera 2 p. 180). 
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There are several instances elsewhere of the word тотос being used 
to designate a division of knowledge.’ Pappus himself refers at the 
beginning of Book 6 to the aor povouovuevoc топос (“astronomized 
place"), and criticizes certain mistakes of many who teach" it. The rest of 
the book makes it apparent that the agrpovowovuervos TOTOS 
embraced the books on spherics by Theodosius, Autolycus, and Euclid, as 
well as certain other books on astronomy and optics. The title of Book 6 
names the ULK POS QOTpOovouoUuuevoc топос however, I believe this 
is a solecism on the part of the Collection's editor, conflating two different 
things: the q AOTPOVOLOVMEVOS TOTOC, which was the whole field of 
mathematical astronomy, and the uu.kpoc аотророџцос̧, a specific 
collection or curriculum of elementary treatises. But this question cannot 
be pursued here. 

Certainly analogous is an expression used by Ptolemy in the 
Analemma, although this has eluded notice until recently because the 
passages in question are extant only in William of Moerbeke's Latin 
translation.? The first sentence of the Analemma (Ptolemy, Opera 2 p. 189) 
begins: “consideranti mihi, o Syre, angulorum acceptorum in locum 
gnomonicum quod rationale et quod non, habitum quidem uirorum illorum 
in lineis accidit admirari etiam in hiis...”., which could tentatively be 
retranslated from William's mechanical version, by way of hypothetical 
Greek, as "When I contemplate, О Syrus, what is logical among the angles 
admitted into the yywuoveKkos топос and what is not, I come to 
wonder at the geometrical competence of those men in these matters too.. 
The ‘angles’ that Ptolemy mentions are the various coordinate angles med 
in the reduction of positions on the celestial sphere, a system for which 
Ptolemy will propose certain improvements. The notion of admitting an 
angle into the romoc, which is repeated in the one other passage that 
refers to it (Ptolemy, Opera 2 p. 191), makes sense only if the romoc is 
understood as a science, not as a group of books. 


1 The rendering "Treasury of Analysis" familiar to English readers was 
coined by Gow [1884] p. 211 note 1 (Newton, however, anticipated him 
by describing Pappus's romoc as “penus analytica”: see Whiteside in 
Newton, Papers vol. 4 pp. 223- 24 note 22). Gow understood тотос to 
be analogous to the когрос̧ топос or locus communis of rhetoric 
(discussed for example in Aristotle's Rhetoric), that is a kind of treasure 
house or store of arguments. It is not clear whether this usage was 
related to the Stoic classifications to be mentioned below. In any case 
the word "treasury" seems too coloured to render the bland Greek word. 


2 First observed by Edwards [1984] p. 79 note 421. 
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But most interesting is a section of Proclus's commentary on Euclid 
(Proclus Elements I ed. Friedlein, pp. 396-97), on the proposition (I, 35) that 
parallelograms on equal bases and between the same parallel lines are 
equal: "This theorem and the next one on triangles are among what are 
called ‘paradoxical’ theorems in mathematics. For mathematicians (ot 
ато TOV ua0muarcov) too have worked out the Tapaóotoc тотос̧, 
as it is called, just as the Stoics (ot amo ттс Хтоас̧) have for 
doctrines,? and they have set down this theorem as being one of that kind 
as well." There is ample evidence that Stoic philosophers did indeed divide 
their doctrines into тотош, including а фооскос, an nOuKoc, and а 
AOYLKOS тотос (natural, ‘ethical’, and ‘logical’ respectively), and this 
special use of the word топос is credited to the Stoic philosopher 
Apollodorus, of uncertain date (Diogenes Laertius 7.39). But the usage is 
known also outside Stoic writings, since Dionysius of Halicarnassus divides 
the science of oratory into а праунат:кос апа адектікос TOTOC, 
the parts concerned with subject and with style (On Composition of Words 
chapter 5 and elsewhere). 

Having established that the топос of avadrvouevoc (ог 
аотророцоуоџцєрьос̧) топос means a division of mathematics, it 
remains to explain the participles. Here exact analogies in other authors 
are lacking. My guess is that the adjective signifies the “тотос in which 
analysis (or astronomy) is done”. There are numerous instances of books 
with titles such as yeouerpovnueva (Heron), orepeoueTpovueva 
(again, Heron), ӨєоХоуооцєра (Asclepiades of Mendes, Nicomachus, 
Iamblichus), and so on, which apparently mean the objects of geometrical, 
stereometrical, theological, or whatever kind of investigation. Heron 
(Definitions, in Opera 4 р. 14) describes the point as “ттс 
yYEWMETPOUMEVNS ovotac архт”, “the beginning of the kind of 
existence with which geometry works.” Finally, a tract on astrology known 
as the Anonymous of 379" twice uses the phrase “ex Tov 
aorpovouovuevou"^, (CCAG 5.1 pp. 197 and 205- -206), ‘apparently in 
the sense of “from the resources of astronomy” (“romoc” may be the 
understood noun). It would probably make little difference, however, if one 
had written араХхотакос foravadvouevos TONTOS. 


— my son Hermodorus ( Ериоборе rekvov): The address of teacher 
to pupil, not of father to son. Theon of Alexandria similarly dedicates his 
commentary on the Almagest and the short commentary on the Handy 
Tables to “my son (rexvov) Epiphanius"; Paul of Alexandria, also near 


з Morrow’s (Proclus p. 312 note 78) emendation of 6etyuara to 
5o0yuara is probably correct. 


380 Notes 7.1 


the end of the fourth century, addresses “my dear son (racc) Cronamon^ 
in the extant second edition of his ‘astrological textbook. Of Hermodorus we 
know nothing, except that he was also the recipient of Раррив 5 
Introduction to Mechanics (Book 8 of the Collection ). 


— resource (5\7): Literally ‘material’ or ‘stuff. The contents of the 
books to be listed presently, not the books themselves, make up the 
TOTOC. 


— Common Elements: That is, common to all branches of mathematics. 
Pappus sometimes calls Euclid's book the First Elements (прота 
orotxeta). Lrorxeta by itself sometimes means Euclid's Elements 
(апа отогҳє сор an individual proposition of the Elements), but the word 
often refers to other books, generally those that are not ends in themselves, 
but are intended to be used for other works. Examples in the other books 
include 2.11-12 (Apollonius's book on arithmetic?), 6.67 (Theodosius’s On 
days and nights), 6.113 (Euclid's Phaenomena). In Book 7, see chapters 14 
(the Porisms), 21 (the Plane Loc), and 29 (the Solid Loci). Also compare 
the usage of gro t xe tw in chapter 23. 


— power in geometry: Literally, “power in lines”, but the expressions 
бла TOV ypauuwy and ер урацицагс often mean “by geometrical 
methods", for example throughout Ptolemy's Almagest. 


— Elementarist (0 gro. xerwrnç): An epithet of Euclid frequent in 
later mathematical writers (Pappus, Proclus, the scholiasts on Euclid). 


— Aristaeus the elder: Evidently the epithet distinguished Aristaeus from 
a later namesake. The younger Aristaeus would have been either a 
relative of Aristaeus the elder, or another mathematician, but one should 
not presume both without more evidence.4 There is no evidence to suggest 
that Aristaeus the younger had any more lasting influence on mathematics 
than to have added a distinguishing adjective to his namesake's name. 


— analysis is the path...: Compare the following (Euclid, Opera v. 4 pp. 
364-66): 


4 See Knorr, [1982,2] pp. 15-18, who builds a precarious theory by which 
Pappus really meant Aristaeus the younger (supposed to be a relative of 
the elder Aristaeus, and also of Hypsicles) when he wrote about 
Aristaeus the elder. See Essay C, section $2. 
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What is analysis, and what is synthesis? Analysis is the 
assumption of what one is seeking, as if it were established, by way 
of its consequences, to something that is established to be true. 
Synthesis is the assumption of what is established, by way of its 
consequences, to something that is established to be true.5 


These definitions are found in the manuscripts of Euclid's Elements early in 
Book 13, where they precede a series of alternative proofs of propositions 
1-5 by analysis and synthesis. Although they are now regarded as 
spurious, they are evidently older than Theon's revision of the Elements 
(they appear in both the Theonine manuscripts and the non-Theonine Vat. 
gr. 190). It is conceivable that the interpolation in Euclid derived somehow 
from Pappus, but much more likely that Pappus here was drawing on a 
traditional set of definitions. The existence of such definitions is apparent 
from Pappus's discussion of the definitions of porisms in 7.14. This would 
explain why in the present paragraph, immediately after giving this 
compressed definition of analysis, Pappus immediately follows it with a 
paraphrase that corrects a flaw in the short definition. 


— established (оиолоуооиєроо): Literally, “agreed upon", either as 
true or as false. 


— look for the thing from which it follows: The logical operation used in 
analysis is the reverse of inference. We assume B, then look for A such 
that A implies B. The short definition misleadingly suggests (“by way of its 
consequences") that normal inference is used in analysis. 


— fitting them to each other (@AdAnAovs етіисурбдертес): 
Etymological play on gv» 0eotc. 


(2) Meyer]: The origin of this corruption is not clear. No words seem to 
be missing. - 


— but if we should meet with something established to Бе false: In 
that case no synthesis is needed, because the analysis is a proof by reductio 
ad absurdum. 


— given: ‘Given’ almost always means either ‘fixed’ or ‘findable’ 
(порістос̧) in Greek mathematics (but see Marinus’s introduction to 


5 The final phrase erroneously repeats the preceding definition. Originally 
it probably read $nrovpevor, “that one is seeking". 
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Euclid's Data for a long review of the various other senses the word could 
have). See also the Introduction, section $18. Things given ‘in position’ are 
fixed (Data def. 4) and can themselves be constructed or located. The other 
varieties of being given postulate that it is possible to construct an equal or 
similar thing. Points can be given only in position. Lines, areas, and 
angles can be given in magnitude (‘line’ here having its usual meaning of 
‘bounded line segment’). Lines (line segments) can also be given in position, 
which means that the line segment, though its boundaries are not 
determined, lies in a straight line with another segment that can be 
constructed. Circles can be given either in magnitude or in magnitude and 
position (not position alone). Rectilineal figures can be given in shape 
(є (єг, which is sometimes rendered ‘in species’). Ratios too can be 
given. For those things (especially lines) that can be given in different 
ways, only context can show which way or ways are meant when the 
modifier is omitted. 


— something established to be impossible: That is, something that is 
inconsistent with prior assumptions. If we are given lines A, B, and 
required to construct a triangle with sides A, В, A+B, the analysis, 
assuming that such a triangle exists, leads directly to a contradiction, since 
by Elements 1,21 if we construct another triangle within it and with the side 
A+B as base, the other sides will be less than A+B, which is impossible. 
Note, however, that this kind of analysis proceeds by direct, not reversed, 
inference: if Г is false and Г implies A, then it does not follow that A is 
false, but if A is false, then Г too is false. 


— diorism (§toptapuoc): This term describes either the statement or 
proof of conditions such that a problem has n (> 0) solutions if and only if 
certain of the things assumed given in the statement of the problem satisfy 
the condition associated with n. A very simple example is in the problem to 
construct a triangle with sides A, В, Г (Elements 1,22): Euclid states (in the 
enunciation) that any two of the lines must together exceed the third. We 
may compare in more modern mathematics the use of the discriminant (b2 
-- 4ac) of the quadratic equation ax2 + bx + с which furnishes a diorism 
for the solubility of the equation in real roots, since depending whether it is 
positive, zero, or negative, there are two, one, or no roots. 


(3) In fact Pappus does not adhere to this order, the sequence in the 
epitomes being Data, Cutting off of a Ratio and of an Area, Determinate 
Section, Tangencies, Porisms, Plane Loci, Neuses, Conics. The lemmas are 
in the order Cutting off of a Ratio and of an Area, Determinate Section, 
Neuses, Tangencies, Plane Loci, Porisms, Conics, Loci on Surfaces. The 
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variations do not affect the divisions between the three classes of method 
(‘plane’, ‘solid’, ‘curvilinear’) employed in the books. See also chapter 29 
and its commentary. 

The titles of several of the books do not have standard English 
translations. I have preferred ‘Tangencies’ to ‘Contacts’ as being more 
idiomatic, and ‘Loci on Surfaces’ to ‘Surface Loci’ as more accurate (‘Surface 
Loci’ falsely suggests an analogy with ‘Plane Loci" see the next note). The 
term ‘neusis’ (see chapter 27 and commentary for its meaning) has no 
adequate English rendering; ‘verging’ is not satisfactory and ‘inclination’ 
positively misleading. In this instance to retain the Greek word in 
transliteration, as several historians have done, is the sensible solution. 
For the verb peve uv we can say “to make a neusis". 


— Loci on Surfaces: Literally “loci on surface”. The exact form of the 
title in Greek is open to doubt. More often than not, the transmitted text of 
Pappus has roro. трос entdavecap, although the dative also 
occurs. The testimony from other authors is also ambiguous: Eutocius 
(Apollonius, Opera 2 p. 184) has the accusative, Proclus (Elements I ed. 
Friedlein, p. 394) the dative. But the necessary meaning, namely that the 
locus of a point or line is on or part of a surface, calls for the dative, and 
that form of the title is adopted in the present text. 


— On Means (rept ueoormrov): This might be a corruption of “трос 
цєооттас̧” (“[Loci] with respect to means"). On the other hand, 
nothing is very wrong about the transmitted title. There is no other 
authority for the title of Eratosthenes's book that contained the loci “трос 
uecormrac^". 


— 82 books: If the preceding list is correct, the sum should be 33, as Halley 
made the figure. But in chapter 14 Pappus seems to count ten books of loci 
in the a»yaAvouevoc (see the commentary to that chapter). We аге 
assured that Apollonius's Plane Loci was in two books, and Aristaeus's 
Solid Loci in five, on the basis of other passages in Book 7. Hence one of 
the remaining books of loci, either Euclid’s Loci on Surfaces or 
Eratosthenes's On Means (which discussed the ‘loci with respect to means’ 
of chapters 14 and 22) was in only one book, and so one of the “two’s” in 
the text must be an intrusion. But if we delete the “two” of the Loci on 
Surfaces, the title can no longer remain in the genitive case, TO TOV трос 
ENL parve (аш. No such double corruption has to be assumed if the “two” 
of Eratosthenes’s book is false; that one is therefore bracketed in the 


present text. 


— as far as the Conics: Pappus cannot have intended to include the Loci 
on Surfaces when he wrote this. Either the incomplete lemmas at the end 
of Book 7 are an afterthought, or they are the remains of a more ambitious 
plan abandoned almost at once, before the introductions were written or 
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revised. Since the epitomes give the numbers of lemmas, they must have 
been worked over after the rest was finished. 


— with the number of dispositions and diorisms and cases: І do not 
understand what use these statistics could have had for the student. 


— dispositions (толору): This meaning of romoc 18 not to be confused 
with the sense ‘locus’ or the special usage in gvaAvouevoc тотос. In 
a problem in which the enunciation is generally stated, the ‘dispositions’ are 
the various significantly different ways that the given objects are disposed 
with respect to each other. For example in the general problem of 
Apollonius’s Cutting off of a Ratio (see chapter 5) the given lines can be 
parallel or intersecting, the fixed end-points of the abscissas on them can 
coincide at the intersection or not, and so on. The ‘cases’ (rrwoetc, 
literally “fallings”) are the different possibilities of solution: in the same 
example, the line to be found may fall on one side or the other of either of 
the limits of the abscissas, and so on. 


- that are wanted (ra &nrovueva) $nrovuevov appears to have 
the sense of an ‘unresolved reference’. 


(4) Epitome of Euclid’s Data. The chief interest of this chapter is its 
description of a different recension of the Data from the extant one. Thaer 
[1942] pp. 202-203 makes an interesting concordance among Pappus’s 
version, the surviving Greek text, and the Arabic translation, this last 
however only in the recension of Nasir al-Din al- Tusi. We will consider 
only the Greek text һеге. 6 

As far as proposition 62, Pappus’s recension agrees with ours. The 
only proposition that calls for mention is 62. The transmitted text of 
Pappus states “тоу бе  exouevov є TO цер 7 PWT OV 
урафошерор естар”, “Of the following five the first is written”. Halley 
marked ypagouevov as corrupt. Hultsch retains it, and follows 
Commandino in translating it as “in lines”, a rendering that is both 
meaningless and impossible to extract from his text. Now Data 62 proves 
that "If two straight lines have a given ratio to each other, and there is 
erected (ap ay paó) оп one a figure given in shape, and upon the other a 
parallelogram area at a given angle, and the figure has to the 
parallelogram a given ratio, then the parallelogram is given in shape." The 
central concept is that of figures erected upon lines, for which the technical 
term is avaypad¢e uv, and this must lie behind the corrupt T PWT OV 


6 Modern translations: German by Thaer [1962]; English by Ito [1980], 
based on a medieval Latin version, but nonetheless usable. 
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урафоиє vov. The probable origin of the corruption 15 confusion between 
А (тротор) and some abbreviation of ava (А ‘?). mporov is 
superfluous following uev. I have restored еті on the assumption that it 
was written as E', which could easily have been missed by a copyist, to 
judge by the frequent loss of E elsewhere in the text. 

In the extant Data five, not four, propositions on triangles and the 
Squares on their sides follow 62. Corresponding to Pappus’s seven 
propositions on parallelograms are 68-70 and 73-74, with 71-72 and 75-76 
apparently being the ‘postscripts’ on triangles. Pappus’s version did not 
contain 77-78, on the ratios of areas of figures given in shape. The only 
other discrepancy is that the extant text has only three propositions, 81-83, 
on lines in proportion. 


— diagrams (§:aypauuara): This word is sometimes said to refer in 
Pappus only to constructions (or theorems), not to figures (for example 
Heiberg, LSE p. 73). The contexts where it appears (all in Book 7: 
chapters 18, 26, 29, 42) are at best ambiguous. 


— applications of areas: This kind of construction plays a role in Greek 
geometry comparable to that of the solution of quadratic equations in 
algebra. One form of the problem is, given line AB, to find a point T on the 
line such that АГ.ГВ equals some given magnitude (in area). The problem 
can also be expressed as: “To apply to line AB a rectangle either exceeding 
АВ by a square (Г then falls beyond В) or falling short by a square (Г 
between A and B.)” It can be made more general (not more difficult in 
essence) if ме substitute “parallelogram” for “rectangle”, апа 
“parallelogram given in shape" for “square”. In this form the problem is 
solved in Elements VI,28 and 29, 


— [that are in ratio that is, and] (ауаХоуоу ovoov таб” естер... 
T€): This appears to be an intrusion (a dittography from the line above, 
with slight adaptation to try to make it fit), since the lines in Data 84-86 
are not in ratio, while “that is” is entirely inappropriate. 


(5) Epitome of Apollonius's Cutting off of a Ratio. 
— abscissa: I use this word to refer to a segment of a line that is bounded 


at one end by a fixed point, and cut off at the other by an unfixed point or 
crossing line. The corresponding Greek word is az or oum (“cutting off”). 


— the figures (тас урафас̧): Like 6:aypauua, ypagn (or 
" ypaóouevor in chapter 7) could mean ‘construction’ instead of ‘figure’. 
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See also chapter 13, the only other occurrence of урафт in the Collection. 


(6) Maxima... minima: That is, diorisms in which if and only if a given 
quantity (here the given ratio) is less than or equal to (or greater than or 
equal to) some quantity can the problem have solutions. 


— it reduces... to the first: The problems in Book 2 are shown to be 
reducible to problems in Book 1. 


— twenty lemmas: There are indeed twenty in our text, counting the 
‘problem’ 7.64. The same lemmas are required by the Cutting off of an 
Area, so there is no separate count in chapter 6. 


— Pericles: We know nothing about this person, or why Pappus should 
have thought his opinion on the number of theorems worth noting (after all, 
Pappus had the book). Perhaps Pericles produced an expanded edition of 
the Cutting off of a Ratio. The sentence could be a later reader's marginal 
comment that has slipped into the text (it would be consistent in character 
with the other marginal notes to Book 7; see Appendix 1). Although most 
of the marginalia seem to have stayed where they belong, the scribe of the 
Vaticanus, or one of his predecessors, was capable of mistaking a scholion 
for an insertion. For example, іп 3.21, a marginal label “пос 6et vo 
бобекооу еобекоу aviaoaov vo uecac avaAoyov Aafetv ev 
ouvexet avaroytac” (“How to take two mean proportionals in 
continuous proportion of two given unequal straight lines”) is wedged 
impossibly into the middle of a sentence (the type, with its standard “How” 
phrasing, is well attested elsewhere, as in the manuscripts of Pappus’s 
Almagest commentary). 


(7) Epitome of Apollonius’s Cutting off of an Area. 


— enclose a given area: That is, the rectangle contained by lines equal to 
the two abscissas must have a given area. Compare the standard phrase 
“the rectangle contained by two lines”, where the line segments seldom are 
orthogonal, and often are collinear. 


(9) Epitome of Apollonius’s Determinate Section. 


— have been passed down (after these) (араб є отаг): This appears 
to imply that an order of the books of the avaXvouevoc was already 
established. 


— The transmitted text of the enunciation is corrupt, but its mathematical 
sense, at least, was restored by Simson, correcting Snel’s incomplete 
though interesting effort. The problems are these: Given a line and on it 
points A, B, Г, A, to find E such that one of (a) AE? : TE2, (D AE? : k IE, 
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(c) AE? : TE-EA, (d) AE-EB : КЕГЕ, (е) AE-EB : TE-EA is equal to a given 


ratio. 


— admits choice twice: Pappus has given three possibilities for one side 
of the equation, two for the other. 


— Apollonius proves it: The transmitted text seems to be corrupt, which 
IS Inconvenient in a passage essential to any reconstruction of how 
Apollonius solved the problems of the Determinate Section. There is an 
obvious affinity between the problems and Elements Book 2, where various 
identities are proved to hold between sums of (hypothetical) rectangles 
whose sides equal line segments bounded by certain given points and an 
arbitrary point on a straight line. Those theorems are proved by means of 
parallelograms erected on lines (avaypagat), so that the transmitted 
reading 6óet£avroc (Euclid proved) is correct — hence the second 
таотту, which was already suspect, must be corrected to тарта. The 
editors of this passage of Pappus, starting with Snel, missed this point, 
because they adopted the erroneous and meaningless manuscript scripture 
елауаурафор for en’ avaypagwr, and so they changed 6óet£arvroc 
to 6ec£ac (Apollonius proved). Thus Apollonius is made to solve the 
problems three times, as if twice were not enough. Now the manuscript 
reading бескуоочу бе таотп» AmodAdAjWYLOS uev nadur is 
twice suspect, first because wep lacks a proper response in what follows, 
secondly because талер, “again”, is inappropriate here to describe 
Apollonius's first solution. If we assume that the two words are a 
corruption of аратадар, “backwards”, then Pappus is seen to be 
describing Apollonius's approach in the analysis of the problems as by 
means of *pure straight lines", while the semicircles enter the solutions in 
the syntheses. This is in agreement with the conclusions arrived at below 
in Essay A, section $4, where the semicircles turn out to be used as a 
substitute for Euclid’s theorems in ‘geometrical algebra’ in Book 2 of the 
Elements. A 


— these things (ravra): Vaguely referring to the kind of problem that is 
common to Elements Book 2 and the Determinate Section. The manuscript's 
таотту would mean that Euclid solved exactly the same problem, which 
is certainly false. Heiberg may be right to excise the word. 


(10) six problems... three problems: Some of the five problems listed 
above must be subdivided. 


— assignments (ел(тауиата): Cases dependent on the permutations of 
the points. The missing words in the list of diorisms are supplied by the 
repetition in chapter 119. 
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— twenty-seven lemmas... twenty-four lemmas: These counts include 
variants of the same lemma, and subsidiary lemmas. 


(11) Epitome of Apollonius’s Tangencies. 
— (straight or circular) lines: y pauu is any line, straight or curved. 


— out of three unlike kinds, ten different unordered groups of three 
result: This passage, and the corresponding one in chapter 12, are 
remarkable as evidence of knowledge of some elementary rules of 
combinatorics in Greek mathematics. Whether this theory was based on 
more than an empirical foundation cannot be determined. However, the 
rule was probably known that by increasing the number of elements taken 
from three classes, one progresses through the triangular numbers. 

There are a few more traces of combinatorical mathematics in 
antiquity. Plutarch (De Stoicorum repugnantiis 29, 1047 c-d, and 
Quaestiones conviviales Book 8, 9, 732 f) tells us that Xenocrates computed 
that the number of possible syllables that the Greek alphabet can express 1s 
1002, and that Hipparchus found that 103049 (or 101049) affirmative and 
310952 negative conjuctions can be generated by the rules of Stoic logic 
from ten axioms. The derivation of these numbers has defied efforts at 
reconstruction (see Biermann —Mau [1958]), and of course they may have 
been wrong. On a much more elementary level is Boethius's statement of a 
rule for the number of distinct unordered pairs taken from any number of 
classes (again triangular numbers). A note in the manuscript Vat. gr. 
1038, f. 1297 gives Pascal's triangle with indications of how to obtain from 
it the number of distinct unordered groups of m taken from n classes; the 
hand is thirteenth-century, but the date of the text, and its sources, are 
unknown (see Rome [1930] for further details on this topic). 


— and these (Apollonius) omitted to write (Gà Taopmnkev ypadetv): 
The manuscript reading, 0T ep Тиеу үрафоу 18 meaningless, but from 
its placement the corrupted phrase must have said something about the 
first two tangency problems. The first, to draw a circle through three given 
points, 16 solved completely in Elements IV, 5. The second, to draw a circle 
tangent to three given straight lines, has two cases. The first, where no 
two of the lines are parallel, has four solutions, which are equivalent to the 
problem of inscribing a circle within a given closed triangle and of drawing 
a circle touching one side of the triangle and the other two sides produced. 
Elements IV, 4 inscribes a circle within the closed triangle, and the identical 
method can be used also to draw the other circles, by bisecting external 
angles instead of only internal angles of the triangle. The other case is that 
of two parallel lines crossed by a third line. The solution of this case is 
essentially the same as that of the other: the centers of the two circles that 
solve it are the intersections of bisectors of the angles that the third line 
makes on either side with the parallels. If Apollonius had given proofs of 
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the whole second problem, he would certainly have kept the cases together. 
Pappus says, however, that the case of parallels was placed *as a part of 
the subdivision of" another problem (which problem, is a question we will 
consider presently). That can only make sense if Apollonius omitted the 
proof of the first case entirely. Returning to the corrupt passage, we can 
see that Friedlein's emendation (slightly modified here) yields the necessary 
sense: Apollonius left out both the first problem and the first case of the 
second, because they were substantially proved by Euclid. It is reasonable 
to suppose that Apollonius explained at the beginning of the book why these 
could be omitted. 

The transmitted text says that the parallel case was treated as “a 
part of the subdivision of the sixth". If this is sound, the only possible 
interpretation of "sixth" is the sixth problem of the list of ten, which 1s the 
problem in which we are given two circles and a point. There is no rational 
reason to put the parallel case there, of course, and since numerals are 
particularly liable to corruption, this one must be regarded as suspect. 
Now the only sensible place for the case of two parallels and a third line is 
at the beginning of the work, since it is, in the first place, a left-over case of 
a problem that has otherwise been dismissed as having been solved 
elsewhere, and in the second place is much more easily solved than any of 
the others. We may confidently presume, then, that this case was prefixed 
to the third problem, the first to be treated completely by Apollonius. I 
explain this error as a misreading of an abbreviation “є £ (nc )" (“next”) as 
“ен” (“six”), which, when subsequently written as a numeral, was 
indistinguishable from the ordinal “sixth”. 

The fact that the two problems reserved for Book 2 of the Tangencies 
are the seventh and tenth in the list of ten is probably no more than a 
result of Pappus's carelessness. In writing the list he probably worked out 
the combinations afresh, rather than checking the order of Apollonius's 
book. 


(12) the people.who passed them down: Pappus avoids saying whether 
he believes that Apollonius originally treated these further tangency 
problems. Of course the problems that Pappus proposes are trivial in 
comparison to those of Apollonius, since having the radius of the circle to be 
drawn, we know that its center must lie on lines or circles easily obtained 
from the given objects. 


— one might have given them too (rpocareóokev áv тіс): 
Substantially Friedlein's emendation. The preceding sentence makes it 
clear that these theorems were notin the copies Pappus saw, so a potential 
-construction must be restored. Hultsch's conjecture (“I have given them 
too") is improbable. 


— more abundant in (the number) of assignments (TepuirTevovoa 
бе emi TQ yuaT t): Surely this statement is false, no matter what 
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exactly Pappus means by ‘assignment’. The word йт (“already”) in the 
next sentence may imply that Pappus had still more variations in mind, 
that he did not describe for some reason. 


— seven problems... four problems: These counts are confirmed in 
chapter 184. The extra problems arise because Apollonius counts 
separately the cases of the fourth and seventh problems where the two 
lines are parallel, and of the tenth where two circles have equal radius. On 
the other hand he does not count the omitted first two problems. To add to 
the confusion, the first of the lemmas to the Tangencies (chapter 158) has 
the title “For the fifth problem” (the rest of the lemmas omit the noun, 
saying only “for the sixteenth” and so on). Since the numbers associated 
with the lemmas go as high as fifty-two, they are manifestly proposition 
numbers (Pappus tells us here that there were sixty propositions), and the 
word “problem” in 7.158 is a careless mistake. 


— twenty-one lemmas: Twenty-three by Hultsch's count. Pappus 
probably did not count 7.163 as separate from 7.162, and perhaps this time 
also omitted the alternate proof 7.161 from the tally. 


(13) Epitome of Euclid’s Porisms. The general meaning of these obscure 
chapters will be discussed in Essay B, section §2. 


— for many: By implication, not for all. The antithesis in this difficult 
paragraph seems to be the following. Most geometers value the Porisms 
because Euclid’s book is a mine of propositions that make problems easy to 
solve; these people are so far below Euclid’s level that they cannot do 
anything original of a comparable kind. The few, including Pappus of 
course, appreciate the Porisms for the esthetic enjoyment inherent in them. 


— second constructions: It is not clear whether these are alternative 
proofs, variant hypotheses, or additional figures. > 


— each of them, as I have shown, has a fixed number of proofs: I 
understand neither the meaning nor the pertinence of this remark. Where 
has Pappus shown it? 


— suggestive (0rTeuóatvovoav): If Hultsch's emendation is right (the 
manuscripts ameugatvovoav impossibly means “appearing to be 
false”), it signifies a subtle hinting. LSJ’s definition, “cogent” (from this 
one passage) is not warranted. 


- how to find (roptéeuv): A play on the word ‘porism’. 


(14) the ancients: Although Pappus does not make it clear who he means 
by the “ancients” and the “moderns”, Euclid is probably included in the 
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first group here. Тһе gnomic definitions, like Pappus’s first definition of 
analysis in 7.1, probably come from some now lost book on the 
fundamentals of mathematics such as Geminus’s (Heath, HGM 2 pp. 
223-26). Ignorant as we are of the extent of this didactic tradition in Greek 
mathematics, it would be hopeless for us to try to identify the source. 


— what is proposed (rpofjaAAouevov): A play onmpof^nua. 
— these elements: That is, the Porisms. 


— what is short by a hypothesis of (being) a theorem of a locus 70 
AEtTov отобєоєг TOTLKOU беортиатос): A locus theorem states 
that, given a certain group of objects (points, lines, circles, and so on), any 
point that satisfies a stated condition with respect to the given objects must 
be, or be part of, another given object (usually a curve or surface. This 
description applies to most, but not all, Greek loci; see also chapter 21 and 
commentary). For example, given two points, any point such that the line 
segments joining it to the two given points are in a given ratio (not of 
equality) will le on a given circle (‘given’ in the sense that it can be 
constructed from the given points and ratio). The meaning of the ‘debased’ 
definition of porism seems to be a locus theorem in which instead of having 
the group of objects in the hypothesis all given, some are either not given or 
only incompletely given; a line for example being given only to the extent 
that it passes through a given point, or a point to the extent that it lies on a 
given line. For an example of this kind of porism, see chapter 16 and 
commentary. 

Pappus does not make the reason why the moderns changed the 
definition of ‘porism’ very clear, but perhaps we can retrieve some sense. 
Euclid’s porisms were enunciated rather like the propositions of the Data, or 
like this example (see Essay B, section §2 for argument): “If four points A, 
B,I, A are so disposed on a plane that the five straight lines AB, AT, AA, 
BI, BA intersect a straight line in five given points, then ГА makes a 
neusis on a given point.” Euclid’s proof would probably have been of the 
same kind as in the Data, that is, only an analysis ending in the conclusion 
that the point is given. Now according to the ‘ancient’ definition a porism 
was supposed to be for the ‘finding’ of an object, in our example the point. 
Pappus says that the moderns “could not find everything”, but could only 
use Euclid’s Porisms to prove that the object satisfying certain conditions 
exists. This can only mean that the moderns were incapable of producing 
syntheses of the porisms, so that if in the course of one of their own 
propositions they came across a situation that matched the hypothesis of 
one of the Porisms they could only refer to Euclid’s proposition and say, 
“Euclid has proved in such and such of the Porisms that there exists” an 
object satisfying certain conditions. Since this falls well short of ‘finding’ 
the object, the moderns, Pappus alleges, could not help being embarrassed 
by a definition of porism that made their inadequate mastery of the genre 
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conspicuous, so that they contrived a new definition of porism that said 
nothing about ‘finding’. On what this new definition means, see Essay B, 
§ 2. 


— The form of this class of porisms is the loci: In other words, other 
kinds of porism could not be cast in this form. The remarks on loci in the 
‘domain of analysis’ that follow here are a digression, and have no direct 
bearing on the Porisms. 


— diffusible: Perhaps Pappus means that it is easier to compose many new 
loci than other kinds of porism. 


— ten <books>: Halley and Hultsch delete “ten”; but a spurious intrusion 
of the number is not easily explained, and its removal makes the neuter 
relative pronouns problematic. Rather, something seems to have dropped 
out. This cannot be yevn or eín since only three kinds of locus are 
named. Only “books” fits aptly in the context (see also the note to chapter 
1, “32 books”). 


— [kat]: This word cannot belong here. Chapter 22 explicitly denies that 
the ‘loci with respect to means’ are a class distinct from the three foregoing, 
and the grammatical construction (even if we emend emi to éru) is 
intolerably strained. кас (ав a compendium) can have intruded by a 
dittography of the к at the end of ypauutkov , since the final—wy would 
likely have been represented only by а diacritical mark (see the 
introduction, section §8). 


(15) one or a few (ер 7 оХоуа): Littre’s correction of the manuscript’s 
еу ht OACYa is certain. This is merely the scribe’s miscomprehension of 
ENH in an exemplar without accents and iota adscript. 


— (Trpoc apxnv) 6e: The manuscript’s бебошерор is an erroneous 
expansion of what the scribe took for an abbreviation. This is further 
evidence that abbreviation was common in one of the Vaticanus’s 
ancestors. 


(16) ‘hyptios’ or ‘paryptios’: Literally “a ‘supine’ or ‘parallel-supine’ ”. 
Simson deduced that these obscure nicknames referred to the figures 
produced by four lines on a plane, with no more than two meeting at any 
one point. We can therefore restate the theorem as, “If in a quadrilateral 
ABT TAEZ three vertices АВГ on one side are fixed, and two others A and E 
are allowed to travel on any two straight lines, then the remaining vertex Z 
will also travel on a straight line.” The ‘paryptios’ is the special case where 
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two of the lines are parallel, so that a vertex is at infinity.7 Several of 
Pappus’s lemmas manifestly pertain to certain of the cases of this general 
problem; see Essay B, section §4 for a discussion of them. 

Pappus goes on to state two extensions of this theorem to figures 
produced by more lines (without allowing the complications of parallels any 
longer). The first, in which all the vertices on one line are fixed, and all the 
vertices on another line are constrained to travel on straight lines, is 
immediately reducible for each of the remaining vertices to the four line 
theorem. Pappus’s statement of the second generalization requires some 
explanation. We have n lines 1,... lẹ and on one of these lines l, the 
intersections p,... р, у with 1, ... 1, — 1 are fixed. Since each pair of 
fixed points corresponds to one other vertex, there are (n —1).(n —2)/2 other 
vertices, that is, a triangular number whose ‘side’ is n —2. Let n —2 of the 
other vertices travel on straight lines т у... Ma o, choosing the vertices to 
constrain in such a way that no three of them are the three mutual vertices 
of any three Ll. For Pappus’s generalization to this form to be correct, we 
would have to show that on every line I; other than |, there is at least one 
constrained vertex other than the fixed point p;. This statement in fact 
does not hold for п> 5. For example let n— 6, and let the four intersections 
(l1, , 1,), (1, , 1,), d,, 1,), (1,, 1,) be constrained to travel on other lines 
m,.. m,. Then l, is independent of the other lines, so that the vertices on 
it are not limited to travel on fixed straight lines. The correct condition for 
the theorem to hold (disregarding certain degenerate cases where part of 
the figure becomes rigid) is that lines 1, through l1, у cannot be separated 
into two sets, such that no member of the one set has a constrained vertex 
in common with any member of the other. Pappus's mistake in describing 
the general rule is perhaps less interesting than his awareness that such a 
generalization is possible. 


— three points on one (line): ‘Points’ meaning the vertices, or the points 
of intersection with the other lines. 


(17) It is not likely...: е(шкос governs both halves of the sentence, but 
only the first half can be negated if it is to make sense. The construction is 
clumsy. 


7 In this I differ from Simson, who ([1776] p. 348) distinguishes between 
different kinds of quadrangle whose sides produced make a complete 
quadrilateral with six vertices. But the parallel case is explicitly 
described here by Pappus, and is represented in the lemmas. 
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- (unintelligible text): тог raura yevn may be the remnant of some 
marginal jotting. 


(18) Except only for the first, the enunciations in this and the next two 
chapters omit the hypotheses, so that we can only guess at the figures to 
which they refer (see Essay B, sections $5ff). However, some readers, 
including most notably Halley [1706] pp. xxxv-xxxvii, have mistakenly 
assumed that the text in these chapters is lacunose. Halley believed (p. 
xxxvii) that there was originally a single very complicated figure to which 
all the following enunciations referred, a theory that the most superficial 
examination of the lemmas proves untenable. 

It should be kept in mind that most of these classes describe several 
different porisms, and their order here only indicates the sequence of the 
first occurrences of each class. 


— In the beginning of the book is this diagram: The manuscript has 
“in the beginning the seventh diagram is this", which I do not think can be 
sustained. Heiberg’s conjecture that for то $ we should read rov B“ 
(that is, rov But Xtov abbreviated) is attractive, and adopted in this 
text. What follows is therefore the enunciation of the very first porism, and 
so we must understand Pappus's earlier statement that the ten variations 
of the ‘hyptios’ porism were put “прос apxnv TOU T0COTOU 
BBA tov” as meaning only “near the beginning of the first book”. All this 
agrees with the evidence from the lemmas (see Essay B, sections $3-4). 


— (по. 1) inflect: To say that “a straight line AB makes an inflection at Г” 
means the same as "straight lines from A and B form an angle at ['". The 
pretense is that a straight line has been ‘broken’. 


— (по. 8) drawn down (karmyuevmv): Drawn across some line from a 
point not on it, so that the angle the lines make is given. 


— (no. 10) an abscissa: That is, an area cut off by some line. 


— (no. 13) the (rectangle contained) by a given and this (line) (ro ото 
600evroc kat tnode): Because бодертос is not feminine (as ‘line’ 
is), Breton, Chasles, Vincent, and Hultsch assume it to be a point, and 
render the phrase as "the triangle whose vertex is a given point and whose 
base is this (line)". That is an extremely difficult sense to force out of the 
Greek. Leaving aside the possibility that a copyist here, as many times 
elsewhere, has mistaken the gender of an ambiguous compendium 60, we 
can understand the neuter u ey e6 0c , ‘magnitude’ as intended. 


(20) (nos. 6 and 7) (line) joined to this (a. emiSevyvupevat ENL 
тобе): Simson, understanding ‘this’ to mean a circle, emends rode to 
торбе. But one can join a line only between two points. rode either 
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refers to a vague ‘this construction’, or is an error for rade, ‘these points’. 
See Essay B, section §5, for likely restorations of these classes of porism. 


— thirty-eight lemmas: Two alternative proofs (7.194 and .197) are not 
counted. 


(21) Epitome of Apollonius’s Plane Loci. 
— his own elements: Apparently the Plane Loci. 


— path Іосі (6c¢0o085cKot): In the sense that a point or line can travel 
along its locus. 


— domain loci (ағаотрофіко(): The pertinent meaning of 
арастрофт is probably ‘abode’, not ‘turning back’. 


(22) curvilinear (ypauutKko t): This must refer to some of the ‘loci with 
respect to means' of Eratosthenes. 


— ‘plane’... ‘solid’... ‘curvilinear’: The concept of locus in Greek 
mathematics differs in an important respect from the modern concept. A 
locus is, in ancient usage, not the aggregate of all possible points or lines 
subject to specified conditions, but a definable geometrical object on which 
any point or line satisfying the conditions will be found, and such that any 
point that lies on the object will satisfy the conditions of the problem (the 
locus of a line is slightly more difficult, but to my knowledge we have no 
instances of such a locus). The ‘solution’ or ‘demonstration’ of a locus is the 
construction of that object, and proof that it 15 indeed the locus. The 
postulates of the Elements admit three basic objects: points, lines, and 
circles. These can be 'plane' loci. Solid geometry admits a less well defined 
set of fundamental objects. The plane, sphere, cylinder, and cone seem to 
have been the basic equipment, but as early as Archytas in the fourth 
century B.C., more complex solids, such as the torus, were sometimes used. 
In principle, the intersections of any admissible solids with each other, or at 
least with the plane, should have been considered solid loci, and in fact 
when Eutocius mentions solid loci (Apollonius, Opera 2 p. 184) he writes 
that they are named "from the fact that the curves by which the problems 
regarding them are drawn arise from the section of solids, such as are the 
sections of the cone and numerous others."? But in practice the conic 
sections were the only curves that we know were added to the geometer's 


8 Proclus (ed. Friedlein p. 394) includes the cylindrical helix among the 
solid loci. On the other hand, throughout the pertinent parts of Book 4 
Pappus treats such curves as 'curvilinear'. 
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repertory as ‘solid’ loci, as Pappus says here. One reason for this 
limitation may have been that complex surfaces such as the torus were not 
recognized by enough geometers as simply generated and fundamental 
objects. On the other hand, the curves generated by the intersection of 
cones, cylinders, and spheres with each other were not found to enable the 
solution of problems that the conic sections did not, while they were much 
less tractable than curves in the plane. 

This classification of loci into plane and solid is a natural consequence 
of the way that they were conceived by the Greek geometers, and must be 
as old as the discovery that loci definable by conditions in the plane could be 
on sections of the simple solids, cylinders and cones. The curvilinear loci 
are harder to place. They were undoubtedly those ‘path-loci’ of points that 
were not lines, circles, or conic sections. But since we do not have any 
texts that deal with ‘curvilinear’ loci explicitly so called, it is hard for us to 
know how they were handled. In some cases, it must have been possible to 
prove that they were curves that could be generated by “mechanical” 
methods involving moving rulers and the like.1° Pappus’s statement, 
immediately above, that “the curvilinears are demonstrated on the basis of 
the (loci) on surfaces” becomes intelligible when we compare chapters 51-52 
of Book 4, where he proves that a certain “mechanically” defined curve 
called the ‘quadratrix’ can be proved to be the projection onto a plane of the 
intersection of two surfaces (see also Essay C, section §7). 

The idea of extending the typology to embrace all kinds of problems, 
using as criterion whether conic sections or special curves are needed for 
their solution, may be later than the first classification of the loci; the 
‘ethical’ restrictions forbidding the use of solid loci and special curves when 
they can be avoided may have been later still (see Pappus 4.58-59, the 
locus classicus on this topic). 


— among those named above: This implies, apparently, that some of 
Eratosthenes’s loci were in the plane or solid category as well as in the 
curvilinear. Chapter 29 too indicates that part of Eratosthenes’s book 
concerned plane problems. 


9 I cannot agree with Knorr’s ([1982,2] p. 13) opinion that loci cannot 
have been classified into ‘plane’ and ‘solid’ in the early third century, 
which is one of his principal reasons for reassigning Aristaeus the 
Elder’s work on Solid Loci to a later mathematician of the same name 
(see above, p. 380). 


10 An example of such special equipment is Nicomedes’s device, part ruler 
part compass, for drawing the conchoid (see Heath, HGM pp. 238-39). 
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— have been named (exAn@noav): Editors have retained the 
manuscripts exeuvorc and marked a lacuna before it. A corruption is 
at least as likely. The passage is concerned only with the nomenclature of 
the loci, so a verb of naming is all that is needed. 


(23) Here Pappus claims to know something of the history of the plane loci 
before Apollonius. We do not know his source. For an explanation of the 
list of locus propositions in 7.23-26, see Essay A, section $8. 


(24) Charmandrus: Not otherwise known. To judge by the simplicity of 
his loci, he must have been very early. 


— that are more harmonious: With each other, or the preceding loci? 
— (no. 2) touch: Not tangent to, but merely lying on the arc. 
— eight lemmas: In agreement with the extant text. 


(25) (no. 8): The necessity of Simson's emendation (in the manuscript, the 
second option has the abscissas on the parallels, not the lines that cut them 
off, containing a given area) is explained in Essay A, section $8. 


(26) (no. 4) greater... by a given amount than in ratio (uectov ... 
бодерті m ev oywe): The expression is grammatically paradoxical 
but standard. “A is greater than В by a given Г than in the ratio АСЕ” 
means (A — D) : B = AE. 


— (no. 7): In the manuscript the rectangle contained by the two inside 
segments is optionally added to the other side of the equation (that is, the 
rectangle contained by the whole line and the segment outside). Simson’ 8 
emendation (changing the cases of ; 7701 uovot 7) TOUTWL T € ка! 
TOL ото TOV ертос 600 TunuaroOv to jTOL uOvVOV T] TOUTO 
T€ каг TO...) is defended in Essay A, section $8. 


(27) Epitome of Apollonius's Neuses. Pappus's definition of ‘neusis’ is in 
agreement with the examples to be found in Greek mathematics (usefully 
discussed together by Heath, Archimedes pp. c-cxxii) The only reservation 
that might be made is that in some neuses the condition imposed on the line 
(besides passing through the given point) may have been more complicated 
than simply specifying its length between two lines or curves. For 
example, a short treatise on the construction of the regular heptagon extant 
in Arabic under the name of Archimedes (it may be pseudepigraphic, but its 
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origin seems to be Greek) reduces that problem to that of drawing a line 
through a given point so that two areas that it cuts off in a certain figure 
have equal area (see Hogendijk [1984] pp. 204-213). One of Pappus's 
lemmas to the Porisms (7.232) imposes a similar condition. We do not 
know, however, whether such problems were called ‘neuses’. 


— the problem being... given two lines in position: The lines do not 
have to be straight, and if curved, may be the same, as the examples that 
follow demonstrate. Note also that the given point may lie either on the 
line segment cut off between the two lines, or on the same line produced. 


— some were plane, some solid, some curvilinear: No instances of 
‘curvilinear’ neusis problems are preserved from antiquity; if these actually 
occurred they probably involved at least one of the given lines being a 
special curve (not a straight line, circle, or conic). The most famous ancient 
neusis problems, outside of Apollonius's book, were ‘solid’, as in some of 
Archimedes's works. See Essay A, section $6, for some observations on 
the history of neusis problems and constructions. 


— making a neusis on the angle of the semicircle: The 'angle' is the 
point where the circumference meets the base. See Toomer, Diocles pp. 
156-57 for some other ancient references to ‘curved’ or ‘mixed’ angles in 
which one side containing the ‘angle’ is not a straight line. The usage may 
have been old-fashioned by Euclid's time (he defines such angles in Elements 
III def. 7, but never uses them in that work), and in any case the ‘mixed 
angle’ was probably more often used as a convenient name for this kind of 
junction than as a quantitative geometrical object (equivalent to the angle 
made with the tangent to the curved line). 


(28) volume (теохос): This word, which Pappus uses again for the 
individual books of Aristaeus's Solid Loci (chapter 29), refers specifically to 
papyrus rolls. We cannot infer that Pappus knew these works as rolls, and 
the others as codices, however, since the term may come from the books 
themselves, or be a stylistic variation of Pappus's. Papyrus rolls still were 
used for mathematical writings late in the fourth century, to judge by the 
separate survival of Theon's commentary on Book 3 of the Almagest (Rome 
[1926]). The Collection is an example of a book that must have been 
assembled in a codex. 


— with four cases: We might prefer Horsley’s conjecture, ‘five’. The 
perpendicular may fall outside the semicircle, on either side of it with 
respect to the base point on which the neusis is to be made, or it may be 
drawn through the other base point, or it may fall inside the semicircle. 
These may be counted as four cases, but the last has two subcases, 
depending whether the segment making the neusis is to fall inside or 
outside the semicircle. In 7.157 Pappus counts a total of nine ‘problems’ in 
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Book 1 of the Neuses, which would suggest that he (or Apollonius) counted 
these two subcases separately. However, paleographical errors of four for 
five (A for E), though possible, are not common, and it is conceivable that 
Pappus was not consistent in his counting. 


(29) The introduction of Aristaeus in this chapter is very clumsy, seeming 
to be a false start for the ‘history’ of the conics in the next chapter. 
Possibly Pappus changed his mind about the way to begin the section on 
Apollonius’s Conics, but failed to delete the first effort. 


— which are the earlier ones to be proved: This is not a historical 
remark, but merely a description of the order of the reading list of the 
avadvouevoc. Eratosthenes’s book is reserved for last surely because 
its mixed contents included ‘curvilinear’ problems or loci. 


— conic elements: Presumably these are the Solid Loci, not some other 
treatise on conics. 


— passed down earlier: Than Apollonius. 


— 38 lemmas: Thirty-four according to Hultsch’s count; there are only 
thirty-four figures. While it would be possible to increase the number by 
counting certain analyses as lemmas separately from the syntheses, there 
is little point in trying to reconstruct Pappus’s numbering. 


(30) Epitome of Apollonius’s Conics. 


— filled ош (vamtdAnpwoac): Тһе manuscripts avamAooac 
(“simplified”) may be right, but J doubt it. Simplifying is just what 
Apollonius is least likely to have done, as even Pappus is sure to have 
known. 

— Euclid’s four books of Conics: The evidence that Euclid compiled 
Conics is slender. Among the ‘fragments’ that Heiberg (Euclid, Opera 8 pp. 
282-84) assembles, Archimedes’s citations of certain theorems as having 
been proved “in the Conical Elements” are of little value: they may not be 
references to one specific collection of elements of conics (Toomer, Diocles р. 
5), and Archimedes says nothing about their authorship. That leaves only 
Apollonius’s assertion, which Pappus quotes below, that Euclid had not 
made a complete synthesis of the three and four line locus. But Apollonius 
himself does not prove the locus in his Conics, only providing some 
necessary theorems, and there is no compelling reason to presume that, if 
Euclid did write Conics, the locus was a part of that book. It is of course 
possible that Pappus had some other source to inform him of Euclid’s 
Conics — the work itself, however, did not exist in his time, as his 
contrasting reference to the “five volumes of Solid Loci, which have been 
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transmitted until the present” shows — but it is also possible that Pappus 
induced, from Apollonius’s allusion to Euclid and his statement (Apollonius, 
Opera 1 pp. 2-4) that the first four books “fall into the approach of 
elements" (теттокер etc aywyny aroutxetóón), that Apollonius 
adapted the first four books from Euclid. In any case, it is improbable that 
Books 1 to 4 of the Conics, exhibiting as they do Apollonius's penchant for 
extreme generalization and thorough consideration of all the cases of the 
theorems they contain, owe much to the structure of any earlier work. 


— immediately following the Conics (guvexn trots KwreKkots): 
This seems to mean that there was some connection between them in the 
means of transmission, if Pappus is not merely referring to the order of a 
curriculum. 


— section of an acute angled cone, etc.: Pappus's portrait of a puzzled 
Apollonius wondering where these names came from is ludicrous. It now 
seems, from Diocles’s use of the terms, that ‘ellipse’ and ‘hyperbola’ were 
in use already before Apollonius's Conics (Toomer, Diocles pp. 9-15), 
although ‘parabola’ may still have been his invention.! ! Again we find 
Pappus reconstructing his story from little more historical data than we 
have. 


— falls short by a square... exceeds by a square: As Heath (Apollonius 
pp. Ixxxiii-Ixxxiv) noted, Pappus errs in imputing to Apollonius a definition 
of the properties of the sections in which the applied area exceeds or falls 
short by a square. Apollonius's fundamental properties, or ‘symptomata’, of 
the conics аге as follows. Let А be any point on the section, and 1 a given 
line (the diameter) with point B (the vertex) given on it, and r a given line 
segment (the latus rectum); and let line segment АГ be drawn in a fixed 
direction from A to meet 1 іп Г. Then for the parabola, the square of АГ 
equals the rectangle applied to ғ with breadth equal to ВГ. For the ellipse, 
the square of AT equals the rectangle with breadth equal to ВГ applied to г 
and falling short of it by a rectangle similar to some given rectangle. For 
the hyperbola, the square of AT equals the rectangle with breadth equal to 


11 Since the terms ‘ellipse’ and ‘hyperbola’ are used (as the sections 
themselves are used) only in one passage of Diocles, one might 
maintain that a redactor has capriciously normalized one proposition to 
post-Apollonian usage. On the other hand, it would be odd if 
Apollonius, who goes out of his way to draw attention to his new 
nomenclature of the diameters and axes of the conic sections in Book 2, 
should have allowed a complete overthrow of the very names of the 
curves to pass unremarked. 
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ВГ applied to r and exceeding it by a rectangle similar to some given 
rectangle. Apollonius’s symptomata replaced an earlier set of symptomata 
that is found in earlier texts (Archimedes) and texts that draw from pre- 
Apollonian conics (parts of Pappus). All three symptomata differed from 
Apollonius’s in requiring that the line drawn from A be perpendicular to the 
diameter. The symptoma for the parabola was otherwise similar to 
Apollonius’s version, but for the central conics the symptomata were rather 
different: We are given both ends of the diameter B, A, and it is required 
that the square of АГ be equal to the rectangle with breadth equal to ғ 
applied to line segment BA and either falling short of it (ellipse) or 
exceeding it (hyperbola) by a rectangular figure similar to the rectangle 
contained by BA and r. This still is not compatible with Pappus’s 
application of a rectangle falling short or exceeding by a square. However, 
a slight modification of the pre-Apollonian symptomata of the central conics 
yields the squares: we require that the square of AT be in given ratio to the 
rectangle applied to BA and falling short of it or exceeding it by a square. 
Another way of expressing this is that the ratio АГ2:(ВГ.ГА) be given 
(with Г required to be either between B, A for the ellipse, or on ВГ 
produced for the hyperbola). This variant of the  pre-Apollonian 
symptomata is attested in Archimedes (see Heath, Archimedes p. Ixxxi) and 
several times in Pappus. Since Pappus uses the older symptomata in 
passages concerning conic sections as loci, he may have been drawing on 
Aristaeus’s Solid Loci (see Essay С, section $3), which preceded 
Apollonius’s work. Knorr’s suggestion that Pappus’s confusion in the 
present passage was caused by familiarity with Aristaeus’s use of 
applications of areas exceeding or falling short by squares is therefore quite 
plausible (Knorr [1982,2] pp. 9-10). 


(31) parallel: An authorial blunder, for “at right angles”. 


(32) There are several variants in Pappus’s quotation of the preface to 
Book 1 of the Conics, compared with the directly transmitted text (“Apoll”). 
It is not always clear whether Pappus has fiddled with the wording, or the 
divergences belong to a separate tradition. Only some more significant 
variations are noted below; see the apparatus for the rest. 


— the generation... and the opposite branches: “and of the opposite 
branches” (Apoll). 


— symptomata: The properties of the sections by which they are defined in 
the plane. Apollonius begins by defining the curves as sections of a cone, 
but immediately proves these properties, relating the lengths of an 
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ordinate, drawn to a diameter of the section, to the abscissa from the 
section’s vertex, and he uses these symptomata henceforth instead of the 
constructions in three dimensions. 


— more thoroughly examined (даХХоу e£mraoueva) “more worked 
out" (даХХору єёєгруасиєра), Apoll. 


— in how many points a section of a cone or an arc of a circle meets 
(opposite branches), and in how many points opposite branches meet opposite 
branches: “in how many points a section of a cone or a circle's 
circumference meet" (Apol). The transmitted text of Apollonius is 
manifestly defective here (a copyist’s eye skipped from guuBarAeu to 
ouuBarAovo rt), while Pappus's is sound, except for the accidental 
omission of the word р (“or”) in the first phrase, which Halley corrected. А 
variant that both provides the required sense and explains the origin of the 
wrong reading is very likely to be authentic. Yet although editors of 
Apollonius starting with Halley have seen that the direct transmission did 
not correctly describe Book 4, while Pappus's did (see Heath, Apollonius p. 
lxxi), for no good reason conjectural restorations have been preferred to the 
Pappian reading. 


(33) (The three and four line locus is discussed in Essay C, section $5.) 
While Pappus's extolling of Euclid’s character testifies to the reverence with 
which the ‘Elementarist’ was regarded in the late schools, it surely tells us 
nothing about the authentic Euclid or the mathematical milieu of his time. 
Proclus, who had every reason to tell us as much about Euclid as he could 
in the introduction to his commentary on Book 1 of the Elements, says only 
(ed. Friedlein, p. 68) that he was of the Platonic sect (an assertion that he 
ludicrously supports by pointing to the construction of the ‘Platonic’ solids 
at the end of the Elements) and that his career coincided with the reign of 
King Ptolemy I. And here he proves the poverty of his sources, for the 
only evidence he can give is, first, that “Archimédes, who also overlapped 
the first (Ptolemy), mentions Euclid",! 2 secondly the old chestnut about 
Euclid telling the King that there is no royal road to geometry. That 
Pappus knew of some biography of Euclid that escaped Proclus seems 
improbable. 


12 Probably referring to Sphere and Cylinder Book 1, 2 (Opera 1 p. 12), 
the only allusion to Euclid in the extant works (Proclus read this book; 
see Friedlein p. 71). If the passage is not an early interpolation, it still 
does not prove that Euclid flourished as early as 300 B.C., for 
Archimedes, who died an old man in 212/211, will have been only a 
boy when Ptolemy died about 282. 
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The data from which Pappus constructs his story were probably no 
more than the following. Apollonius says, describing Book 3 of his Conics, 
that the propositions in it are useful for making the syntheses of the Solid 
Loci. Aristaeus’s book therefore may have given analyses only, and among 
the loci treated in that way would be the three and four line locus. Pappus 
had Aristaeus’s book, and so could see for himself that it must have come 
before Euclid’s incomplete synthesis. Euclid’s contribution he knew only 
from Apollonius’s criticism, so far as we know (notwithstanding his claim 
that Euclid did not say that he had completed the locus); if it had still 
existed, it would surely have been included in the “Domain of Analysis”. 
That accounts for Pappus’s tale of the relationship between Euclid and 
Aristaeus. 

As for Apollonius, the geometer himself writes in the preface to the 
Conics (Opera 1 p. 2) that he first wrote the eight books after the geometer 
Naucrates spent some time visiting him in Alexandria (eoxo^ate тар” 
ut у mapayevnde tc etc АдлеФаубресау). Pappus’s words 

“охохасас Tots уто Еокћєг боо ua8nTatc" "studied with the 

pupils of Euclid") suggest that he misinterpreted *egxoAate" as meaning 
“went to school”. This conception is perfectly understandable in a teacher 
of late antiquity, who can scarcely have comprehended the open and 
cosmopolitan ‘social structure’ of Hellenistic mathematics (see Toomer, 
Diocles p. 2 for this view, which is supported by the contemporary 
documents). If Pappus had anyone in particular in mind for the “pupils of 
Euclid”, Eratosthenes and Conon are likely candidates, but it is straining 
Pappus’s authority to state that these geometers actually attended lectures 
by Euclid, or that Euclid himself worked at Alexandria (which in fact 
Pappus never says). Euclid may indeed have flourished later than the 
conventional 300 B.C. acme derived from  Procluss unimpressive 
argument; from this passage Pappus appears to believe so. 


— to commit to writing (єтгкатаВалћ\єобаг): karafaAAXecv can 
mean (among other things) “to lay a foundation”, or “to write down”. The 
prefix еті emphasizes the overlapping nature of the action (which I have 
not attempted to render in the translation). This sense of 
emukatraBbarretv — itself a rare word — is not elsewhere attested, but 
it alone makes sense in this passage. 


— But either Euclid...: The sentence is clumsy and complicated, as 
Pappus tries to imagine every excuse for Euclid’s incomplete treatment of 
the locus. 
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(34) published already: Pappus implies that Aristaeus and Euclid were 
contemporary, but does not say so explicitly. It is pointless to try to refine 
this already tenuous information by speculating which was the older man. 


— the other's Conics: The Solid Loci. 


— leaving most things incomplete: Although he may have in mind the 
absence of the actual syntheses of the three and four line loci in Book 3, 
Pappus avoids a specific criticism. Pappus’s criticism of Apollonius is 
surprisingly vehement, but it is surely not necessary to follow Knorr in 
attributing the invective to a hostile contemporary of Apollonius, whom 
Pappus for no apparent reason plaigerized (Knorr [1982,2] p. 18). 


(35) which was not without defect (ouk атабт): Ап emendation of the 
vox nihili ^oukavma0m". A pejorative adjective ending with табес 
surely underlies the corruption (Friedlein’s “орк anað”, “not 
unlearned”, puts a clumsy compliment to Apollonius where we should least 
expect it). If my suggestion is correct, the phrase has medical overtones 
(é ıç as a state of physical or mental health, as well as intellectual grasp) 
that can hinted at only imperfectly in translation. 


(37) the locus has been proved to be plane: In Apollonius’s Plane Loci. 
See above, chapter 25, no. 6. 


— They: Geometers in general. 


— none, not even the first: The manuscript reading “Әр utav ovée 
rv тротту” means “(they have given a synthesis of) one, nor this the 
first...”, which clashes with the context, and would amount to saying that a 
Greek peo raBtet somehow made a synthesis of a cubic curve (which could 
only mean that they found some way of generating it independently of the 
locus definition). Descartes (Geometrie p. 307) notoriously interpreted the 
passage in that way. Later commentators have translated it more or less 


as I have, but without correcting the text to yield the necessary meaning. 


(39) Our immediate predecessors: I believe that Pappus means writers 
on algebra. Diophantus admits, for example, fourth, fifth, and sixth 
powers, which he calls 'square-squares', ‘square-cubes’, and ‘cube-cubes’. 
Pappus’s own advocacy of the use of compound ratio (0 guynuue voc) is 
manifested here and in numerous proofs among the lemmas, where he 
gives alternatives using and not using the compound ratios. 


(41) They who look at these things: That is, Pappus’s “immediate 
predecessors”. 
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— I am ashamed (а‹ӧориєрос̧ éxo) The manuscript’s eyw is an 
obvious corruption. 


(42) Solids of complete revolution (reXetwv audotortiKwp): This 
theorem is often cited as an anticipation of Guldin’s theorem, that (in his 
obscure terminology) “a round quantity moved in a direction of rotation 
produces a round power one degree higher than the power or quantity that 
was rotated” (Guldin [1641] Book 2.8 prop. 3). It may indeed have 
influenced Guldin,! з but in spite of the ambiguous expressions Pappus сап 
hardly have meant the rotated figures to be anything but polygons (and 
perhaps circles), since Greek mathematics never attained to a rigorous 
method of treating general figures with curved boundaries.14 It is to be 
noted that among the theorems encompassed in his enunciation, Pappus 
alludes only to Elements Book 12, not to any more sophisticated proofs by 
Archimedes or others. Dionysodorus is known to have proved the 
comparable theorem for the volume of a torus (Heron, Metrics Book 2, 
Opera 3 p. 128), for which he must have had the theorem for a regular 
polygon rotated. But I see no reason to deny Pappus the credit for this 
extension to any polygon, which is one of the very few theorems he claims 
as his own. 


— at <right angles>: The supplement is necessary both for grammar 
and for mathematical correctness. 


— twelfth book of the First Elements: The manuscript has, by a trivial 
error, “the twelfth book of these elements”, from which Heath (HGM 2 pp. 
403-404) deduces that the Collection originally had at least twelve books. 
Pappus is of course referring to Elements Book 12, 10-15, on the volumes of 
cones and cylinders. 


13 See Bulmer-Thomas [1984], who refutes the often repeated assertion 
that Guldin could not have seen the passage in Pappus because it was 
allegedly missing in Commandino’s translation. It has to be remarked 
that Commandino’s rendering is almost unintelligible. He seems not to 
have understood the proposition, since there are blank spaces and 
inconsistencies in the printed translation. 


14 Archimedes did determine the volumes of solids of rotation of conic 

sections in his On Conoids and Spheroids, but the level of his work is 
far above what we could expect of Pappus. Pappus would have 
encountered serious difficulties in finding the centers of gravity of areas 
bounded by conic sections. 
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— 70 lemmas: In his Greek text Hultsch counts seventy-two lemmas, 
while in his translation, the numeration being different, he counts only 
sixty-six. Neither numeration follows the numbers in the manuscripts B 
апа S, which he usually adopts, and those in turn are not based on 


anything in the archetype. Clearly the figure seventy is beyond hope of 
confirmation. 
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(43-67) Lemmas to Apollonius’s Cutting off of a Ratio and Cutting off 
of an Area. 


(See Essay A, section §2) Lemmas 7.43-59 are basic problems and 
theorems on lines and magnitudes in ratio. In the Cutting off of a Ratio as 
also, certainly, in the Cutting off of an Area, they are applied numerous 
times. Particularly, lemmas 7.45-53 develop for inequalities of ratios the 
kinds of ratio operation that Elements Book 5 develops for equations of 
ratios (see the introduction, §11). A scholiast to the Theonine recension of 
Euclid’s Optics (Euclid Opera vol. 7 p. 275) says that Heron set the ratio 
inequalities out in one of his writings. Of course they were well known long 
before Heron. 


(43) 
' AG:OB = AZ:ZH ДВЕ А 
= AL CE 4” AO:OB = Г:Д 


— (Numeration of the lemmas): There are two established continuous 
systems of numeration to identify passages in the Collection and 
particularly Book 7: the proposition numbers (first given in Commandino’s 
translation, and indicated in this edition by the figure numbers), and the 
chapter numbers (first given by Hultsch). Of these the chapter numbers 
are by far to be preferred, because they cover the entire text, not merely 
the mathematical parts, and also because anomalies in Commandino’s 
translation caused some chapters (for example 7.153-154) to lack 
proposition numbers. A further source of confusion is the existence of 
numbering systems starting from one within each part of Book 7. 
Occasional proposition numbers appear in the margins of the Vaticanus, 
enough to show that the lemmas to at least certain of the commented books 
were numbered in the Vaticanus’s exemplar. Some of the Vaticanus’s 
descendants һауе complete series of numbers, sometimes consistent with 
the attested numbers in the Vaticanus, sometimes not. Hultsch put in his 
Greek text the numbers that he found in his manuscripts B and S. 
Unfortunately he did not invariably follow these numbers in his translation, 
so that different lemma numbers identify the same proposition in the facing 
text and translation. 

The practice of this edition is as follows. When a lemma number is 
attested in the margin of the Vaticanus, I have put it at the beginning of 
the proposition in text and translation. Where possible I have completed 
the numeration by interpolation and extrapolation, indicating these 
additional numbers as restorations (“< >” etc.) in the text, but not in 
the translation. When there is not sufficient evidence for a reliable 
restoration of the lemma numbers, I have omitted them entirely (they are 
of little importance). The apparatus does not report variant numbers in the 
recentiores or printed editions. Reference to propositions should not be made 
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by these lemma numbers, because of the discrepancies between the various 
systems. 


— Q.E.D. In the manuscript the standard formula ómt ep é6e« etar 
(“which had to be proved") is invariably abbreviated to a curt óT ep or 
even just the initial ó (in these latter cases I have expanded the 
abbreviation in the text, as “б(тер)”, without reporting in the apparatus). 
The final punctuation : — marking the end of the paragraph is the only such 


sign regularly used in the manuscript. 


(44) 
! АВГВ = HZIZ 
2 ^ АВ:ГВ = HZ:A 


— Similarly too if the third (line) is given, we will find the fourth: 
That is, given AB, ВГ, A, we can find E such that АВЗВГ = A:E. 


(45) 
! AB:BI’ > AE:EZ e ,. АВ:ВГ = OE:EZ 
2 АВ:ВГ = H:EZ 7 «АГВГ = ZO:ZE 
з“ H:EZ > AE:EZ 8 OZ:ZE > AZ:ZE 
4..Н > AE a. ALES ЗАЛ 
5 ӨЕ =H 


— The propositions of 7.45-50 and .52-53 are enunciated in terms of 
general magnitudes, as indicated by the neutral article (то AB) in place of 
the feminine (7 AB) required for lines. Nevertheless for convenience 
Pappus demonstrates his theorems on linear magnitudes, shifting 
inconsistently between the two genders to refer to them. 


(46) 
' АВВГ < AE:EZ 4. АГ:ГВ = OZ:ZE 
2 АВ:ВГ = EO:EZ 5 OZ:ZE < AZ:ZE 
з EO < AE 6»АГ:ГВ < AZ:ZE 
(47) 
' АВ:ВГ > AE:EZ ^ e AB:EH = ВГ:Е? 
? АВ:ВГ = HE:EZ 5 AB:AE > AB:EH 
3 НЕ > AE 6“. AB:AE > BI':EZ 


— (end of chapter) That it is to something less than AE: This is 
apparently Pappus's slip, since one expects “That it is less than ДЕ”. 
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(48) 
ALB > ДЕДЕ ““ГА:АВ < ZA:AE 
2 АГ:ГВ = AZ:ZH 
СУОГА с SLE S ALD < AZ:ZE 
^ ^. ГА:АВ = ZA:AH 7 ГА:АВ > AZ:AE 


> ZA:MH < ZA:AE 


(49) | 
"АВЗВГ > AE:EZ “ ГВ:ВА < ZE:EA 
2 АВ:ВГ = AE:EH 
3 “ЕН < EZ 6 АВ:ВГ < AE:EZ 
4". ГВ:ВА = ЕН:ЕА 7 ee ГВ:ВА > ZE:EA 
5 HE:EA < ZE:EA 

(50) 
' AB:AE > BT:EZ 4” АГ:ЛН = AB:AE 
2 AB:AE = ВГ:НЕ SAT AH > AL AZ 
3 НЕ < EZ 6". AB:AE > АГ:А2 


— (after step 6) Obviously all АГ has to all AZ a ratio less than has AB 
to AE: Such fatuous trivialities are typical of Pappus's style. 


— And if the part (has) a lesser (ratio to the part than the remainder 
has to the remainder), the whole (will have) a greater (ratio to the 
whole than the part has to the part): By extreme ellipsis Pappus 
reduces the enunciation of this converse to six words in the Greek. See also 
the end of 7.51 for a similar compression. 


(51) : 
1 АГ:А? > AB:AE ^ BI EZ > BI:HZ 
2 АГ:А? = AB: AH i ВГ:Е2 > AT:AZ 
3 ВГ:НА = AT:AZ 


o 


(52) 
"АВ > Г,Д = Е 4 ABT > BZT 
2 BZ = > АВ:Г > A:E 
3 . BZT = A:E 

(53) 
АВ > Г, ДЕ < 2 Р о | ^ 5 
2 АВ:Г = HE:Z ^ ^. HE > AE 
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5 s HELZ 2 AEZ AABI ZAZ ARTE 
e HE:Z = АВ:Г 


— Pappus enunciates this proposition in terms of lines named AB, Г, A, and 
Е. In the proof and figure, however, he confusingly replaces lines A and Е 
by lines AE and Z. 


— This is obvious; and by proof: That is, Pappus will first give a brief 
argument and then a full-scale proof. 


(54) 
' AA < AT 5 EA > AR 
2 AB > Br s EB < BT 
з 2. AA:AT < AB:BT 7 2. БА:АГ > ЕВ:ВГ 
4 2 AA:AB < AT TB ^ АЕ:ЕВ > АГ:ГВ 
(55) 


1 ASAB t IA Al + 
2? ^ AQ-AB + ГА? = АГ.ГВ 
3 ^ AT TB > AQ-AB 


(56) 
WADARS Os = "AL ¢ 
PAB EBT TUE АГ? 
$9 AMAB TAL = ABEB TIE 
SA) 2 жары 
> ^ АД.ДВ > AE-EB 


(57) 
"А +B = Г + AE 5 uw A Be Sear 
2 B < AE „А = Г + ZE 
3 AZ = B ЖОРА» 
(58) 
"АВ>ГА 5. EA<AA 
2 A:B =T:E 6 Е.А = В.Г 
S se RE) с Ван 7" ВГ < А.Л 
а а EB A 
(59) 


А.Д > В.Г ? BE = АД 
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3. BE > В.Г 5 А:Д = BE! 
е fu Ж» (See notes for rest) 


— (step 5 to end): Pappus should have concluded after step 4, “But as A is 
to B, so is E to A. Апа E has a greater ratio to A than has Г to A. And 
thus too А has to B (a greater ratio than has Г to A)." The author seems to 
have lost all track of what he was doing. 


— And similarly in the converse: That is, that if A-A < В.Г, then АВ < 
r:A. The word avaorpewWavrt, which would here have to mean 
"making the converse", elsewhere invariably means the ratio operation 
convertendo. Perhaps the text is a corruption of ro avaorpodtop, “the 
converse". 


(60-63) These lemmas were invoked in the diorisms of cases 1.6.2, 1.6.4, 
1.7.2, and 1.7.4 of the Cutting off of a Ratio, where in the transmitted text 
the arguments of the lemmas seem to have been interpolated (see Essay A, 
section $2, and especially the translation of 1.6.2 in Appendix 4). Since 
some of the diorisms of the Cutting off of an Area lead to similar 
expressions, the lemmas may also have been used in that work, as the end 
of 7.63 appears to say. Note that the order of points on the lines in the 
figures are significant, although not stated explicitly in the text. 


(60) 
' BA? = АВВГ 5 (2 BA)? = 4(АВ.ВГ) 
2 AE = АЛ SE DE SAAB. TSBD) — X, 
3 (АВ +ВГ) - (AB +ВЕ) = ГЕ х2 = 4(АВ.ВГ) 


4 АВ + ВЕ = 2 ВА 


(61) 
! BA? = АВ.В 
ZAE = АА 
STE —IA TAE 
4..ГЕ = АД + AT = AB + ВГ + 2 ВА 
5 (2ВД)2 = 4(АВ.ВГ) 
6 „ГЕ = АВ +t BI тх, 


x? = 4(АВ.ВГ) 
(62) 
- 1 BA? = АВВГ 5 BA? = 4(АВ.ВГ) 
2 AE = ГА | 6 АЕ = AB + BT) — x, 
3 (AB +ВГ) - (EB +ВГ) = АЕ x? = 4(АВ.ВГ) 


^ EB + BF = 2654 
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(63) 
1 BA? = АВ.ВГ 
AB STO 
3 AE = АД t AE 


^. AE" AA + ДГ = АВ + ВГ + 2BA 
5 (2BA)2 = 4(АВ.ВГ) 
6 АЕ = АВ + ВГ + х, 
х2 = 4(АВ.ВГ) 
(64) 
АЕ = АВ + ВГ - х, 8 TE given 
x? = 4(АВ.ВГ) 9 e A given 
2 BA:AA = ГАЗАЕ 
3  BA:AT = AA:AE 10 TA-AE = ВГ.ЕА 
^ “ВГ:ІГА = AE:EA 11. ВГ:ГА = AE:EA 
5 e ВГ.ЕА = ГА.ДЕ 12 „. BA:AT = AA:AE 
6 БГ.БЕА given 13 4. BA:AA = ГАЗБА 
7 


~ ГА.ДЕ given 


— In the transmitted text this proposition is stated to be “useful for the 
summation of the thirteenth disposition” of Book 2. This is clearly wrong. 
The problem has an apparent relation to lemma 7.62 above, which is in 
turn relevant to the diorism of 1.7.2, while none of the cases of disposition 
2.13 is reduced to any of the dioristic cases of Book 1. However, the cases 
of disposition 2.14 are reduced to those of disposition 1.7, and specifically 
2.14.2 reduces to 1.7.2; and there is in the transmitted text of the Cutting 
off of a Ratio an appendix that summarizes disposition 2.14, to which 
Pappus’s problem 7.64 might apply. Hence I have emended the “13” to 
“14”, (The summation of 2.14.1 and 2.14.2 is translated in Appendix 4.) 

The problem is not really very useful, and is in no way necessary for 
the reading of Apollonius’s book. The summation òf disposition 2.14 treats 
cases 2.14.1 and 2.14.2 simultaneously on one figure. 2.14.1 has no 
diorism, but 2.14.2, because it reduces to the dioristic case 1.7.2, does. It 
turns out that the minimum given ratio for which the problem of the 
Cutting off of a Ratio is soluble in case 2.14.2 is that of a certain determined 
line segment to another determined magnitude 


c =a + b— 2y (a.b), 


where a, b are line segments corresponding to AB, BI in Figure 18 to 
lemma 7.62. In 7.62 segment EA is equal to c, and point A is the 
intersection on line AB of the line required to be drawn in the problem of 
the Cutting off of a Ratio so that it cuts off a minimum ratio on the two 
given straight lines in accordance with this case. Now what if we also 
want to draw the line sought in accordance with case 2.14.1 that cuts off 
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the same ratio? Pappus’s lemma 7.64 furnishes a second point A that is 
the intersection of the line for case 2.14.1 with line AB. However, the 
minimum ratio for case 2.14.2 has no significance whatever for 2.14.1, so 
this lemma is only useful to the extent that one might want to draw the 
figure for the summarization of the two cases simultaneously, where two 
lines, drawn each in accordance with one of the cases, cut off the same 
ratio, and the line for case 2.14.2 is the minimizing line. 


— and producing line AA, to find a point A Qafetv етекфаХорта 
rnv AA ev@etav то A): єу0бєїар is my emendation of the 
manuscript's 60@ev. With that reading the text says “and producing AA, 
to find a given point A”, which is obviously absurd. For the confusion of 
єубєта and бобе(с see 7.167 and the notes to that chapter. 


- The combination cannot be made any other way..: Pappus 
parenthetically describes a way by which a specific solution of the problem 
can be found numerically, by making certain simplifying assumptions about 
the data. The shift into infinitives in the second half of the sentence is hard 
to explain (if it is not corrupt) except as a clumsy revival of the olov те 
construction. The intended sense seems to have been, "The only other way 
of combining cases 2.14.1 and 2.14.2 is if AE + AT = EA and AA = AB; 
as a consequence of which furthermore EA, AB, ГВ all have ratios to each 
other of square number to square number, and ГВ is twice AE." 

Two corrections have to be made to the transmitted text: AE for the 
manuscript's AB in one place, and AB for AI in another; these are both 
commonly confused pairs of letters. Note too that point E is not actually 
defined until the following sentence (was this remark originally in the 
margin?). 

We have to find point A such that 


BA:AA = ДГ:АЕ, 
where 
AE = AB “ВГ-2/(АВВГ) = (/AB – y BT2. 
Hence for an arithmetical solution AB, ВГ, and AE will have to be squares 
of rational numbers in terms of some unit. The simplifying assumptions 
are that 
AE + АГ = EA 


and 


AA (=ДЕ + EA) = AB. 
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Hence 
2 AE = АВ- АГ = ВГ, 


which is one of the corollaries that Pappus states. Further manipulation of 
the above equations yields 


9 AE = 8AB, апа ЭВГ = 4AB, 


so that all the points are determined, and the segments EA, AB, ВГ are in 
the proportion of 1:9:4, that is, of square number to square number, which 
is Pappus's other corollary (it turns out, therefore, that point Г les between 
A and E, not between A and B as in the figure). 


(66) Compare 7.8 and .10. 


(67) Disposition 2.7 of the Cutting off of a Ratio postulates that two lines 1, 
and 1,, and a point Q on neither line, and a ratio are given, and it is 
required to draw a line m through Q to intersect l, in К, and 1, in К, 
such that if a parallel to 1, through Q intersects 1, in P, and a parallel to 
І, intersects 1, in P,, then P, R,:P,R, equals the given ratio. If we 
require instead that P, R,.P,R, equals a given area, then the problem is 
easily seen from Elements I, 43 to be either indeterminate or insoluble, 
depending on the given area, because P, К.Р, R, is constant for all lines 
К, QR,. 
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(68-119) Lemmas to Apollonius’s Determinate Section. 


(See Essay A, section §4) The order of presentation of these lemmas, 
as well as the many repetitions, suggest that Pappus was combining 
several different sets of lemmas to the Determinate Section. This, if true, is 
an indication that there was a much richer tradition of commentary on such 
mathematical textbooks than we have direct evidence for. The lemmas, 
which are all identities with respect to sums of products of collinear line 
segments (as one would expect for the Determinate Section), fall into a few 
groups: 7.68-88, all identified as pertaining to assignments of the first book; 
7.89-94, without identification; 7.95-98, without specific identification but 
apparently pertinent to both Book 1 and Book 2: 7.99-112 and .117, 
pertaining to specific assignments of Book 2; and 7.113-116 and .118, 
pertaining to the singularities of certain assignments in Book 2. An 
interesting discussion of the lemmas, independent of their pertinence to the 
Determinate Section, is in Heath, HGM vol. 2 pp. 405-412. 


(68-88) Within this group of four related lemmas (beginning in 7.68, .77, 
.83, and .86) we can identify four distinct sets of proofs, perhaps originally 
from different commentaries. Set 1 consists of 7.68, .77, .84, and .86, in 
which the arguments use compound ratios. Set 2, avoiding compound 
ratios, consists of 7.69, .78, .83, and .87. Set 3 is distinguished by the use 
of subsidiary lemmas; there are only two representatives: 7.70-72, 7.79-80. 
Set four, comprising 7.73-76, .81-82, .85, and .88, uses circles. 


(68) 
1 AA-AT = BA-AE 
2. АЛ:АВ = EA:AT 
3 e АЕ:ВГ = EA:AT 
^ ALI:AE = ГВ:АЕ 
AA-AT = BA-AE 
^ AA:AE = BA:AT 
“АВ:ГЕ = BA:AT 
ВГ:ЕА = l'A:AE 
9 4 (АВ:ГЕ).(ВГ:АЕ) = (ВАСАГ)Х(ГА:ЕА) 
10 (АВ:ГЕ).(ВГ:АЕ) = (АВ-ВГ).АЕ-ЕГ) 
11 BA:AT)-(TA:AE) = BA:AE 
12“ BA:AE = (АВ.ВГ):(АЕ.ЕГ) 


on o а A 


— For the application of this lemma to assignment 1.5.1 (that 15, 
- assignment 1 of problem 1 of Book 1), see the summary of Simson’s 
reconstruction of 1.4.1 in Essay A, section §5. The remaining lemmas of 
this set (7.77, .83, .86) are used in the analogous stages of the assignments 
to which they are related. 


416 


Notes 7.68 


— The marginal figures 22a and 22b represent a method of keeping track of 
ratios that is found in the margins of other geometrical texts (see Heiberg 
in Apollonius, Opera vol. 1 pp. vii-xii). Figure 22a may be read across as 


(АВ:ГЕ)(ЖВГ:АЕ) = (BA:AT (AT :EA) 


which is step 9 of this proposition. Figure 22b, which should belong to 


09; 


(69) 


3 


4 


seems to be hopelessly corrupt. 


AA-AT = BA-AE 

^ AA:AB = EA:AT 
“АЕЗВГ = AA:AB 

^ (АЕ +ГВ:ГВ = AB:BA 
^ (AE+TB)-BA = АВВГ 
AA:AB = EA:AT 

^ AETB = EA:AT 

S TA:AE = ВГ:АЕ 

^ ГЕ:ЕЛ = (АЕ Ғ“ГВ)АЕ 


о. (AE+TB)-EA = АЕЕГ 


1% (AE+TB)-BA : AE+TB)-AE = BA:AE 
= (АВ-ВГ):АЕ-ЕГ) 


BZ = 21 

ee (АГ-ГА) + TZ? = ZA? , and 
(AE-EA) + ZE? = ZA? 

^ ATTA) + Г22 = (AE-EA) + ZE? 

LE? = ВЕЕГ) + TZ? 

^ ATTA = (AE-EA) + (BE-.ET) 

B SAL 


^ (BE-ET) + FZ? = ZE? 
 (ВЕ-ЕГ) + Г22 = (AA-AE) + AZ? (?) 
AZ? = (ВААГ) + TZ? 


5 ^ BEET = (AA-AE) + BAAT) (?) 


(See notes) 


— The proof is spoiled by a consistent substitution of AA-AE for the correct 
АЕ-ЕА, an error that is more likely Pappus’s than а copyist’s. The correct 
argument would be as follows: 


AB = ГА, and A is between E апа Г. 
To prove that ВЕ.ЕГ = AE-EA + BAAT. 


Proof: 
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Let BZ = ZT 


, e BE-ET + PZ? = ZE? (II, 6) 


AZ = ZA 

“ВЕ-ЕГ + Г22 = AEEA + AZ? 

^ BEET + TZ? = AEEA + BAAT * TZ? 
“. BEET = AE-EA + BAAT, Q.E.D. 


(72) 
1 TE = ZA 
? АВВГ = AB-BE 
з. AZ-BE = (ZB-BE) + (АВ.ВГ) 
4  —ZLrTrE 
5 = AE.EF 
6 ^ (ZA-AE):(ZA-BE) = EA:EB = (ZA-AE):(AE-ED ) 
7? AB:BE = (ZA-AE + AE-ET) : (АЕ-ЕГ) 
в (ZA-AE) + (АЕ.ЕГ) = AA-AT 
з. AB:BE = (ААЛ.АГ)ХАЕ-ЕГ) 
(73) 


ІВГ.ГА = НГ.ГА 

2 BE-EA = ZE-EA 

з /BAT + ZAAE = 21 

^ . /ААЕ = /ВАН 

5 /AAE = ZZBA 

6 /BAH = ZBZH 

т ,/2ВА = ZBZH 

в ^. HZ // BT 

9 ,. НГ:ГА = ZE:EA 

10 м, (НГ.ГА)ГА? = (ZE-EA):EA 2 

11. (BF.AX(BEEA) = ГА 2:АЕ?2 
^ (ВГ.ГА)ГА? = (BE-EA):AE2 


— Hence (the theorem) is valid (цеуеш ара): This special sense of 
uéevetp as ‘to remain valid’, ‘to hold true’, is also attested in 7.183 and 
.272. The copyist of the Vaticanus, not understanding the expression, 
added inappropriate word divisions and omitted accents (see the apparatus). 
Here as in 7.272 Hultsch did not recognize the idiom and hence made an 
unnecessary emendation. 


(74) 
/ВАГ + /ДАЕ = 21 
1 EZ // AT 
^ /ВАГ + ZAZE = 21 
2, /ДАЕ = ZAZE 
e$ tr-AHE-~ “ДАЕ 
^ AE:EH = ZE:EA 
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3 ZE-EH = AE? 

^ AT:ZE = ГВ:ВЕ 

5 ГА:НЕ = ГА:ДЕ 

6 ,. (TA:ZE)-TA:HE) = (ГВ:ВЕ)(ГА:АЕ) 
7 (CA:ZE»-TA:HE) = TA?:GE-HE) 

8 -— ГА 2 "АЕ? 

9 (FB:BE--TA:AE) = (ВГ-ВЕ)(ГА.АЕ)! 
10 “(ГВ.ВЕ)(ГА.АЕ) = lA?:AE? ! 


See notes. 


— At the very end of this proof Pappus makes a curious blunder. The final 
steps should be: 


(CB:BE)(TA-AE) = (ВГ-.ГА):(ВЕ-ЕА) 
^. (ВГ.ГА):ВЕ.ЕД) = ГА2:АЕ? 


Instead Pappus forgets to permute the elements of the first of these steps, 
and carries the mistake through to his conclusion, apparently not noticing 
that his result is not what he intended to prove. 


(75) 
1 ZH // AT 
АЛАТ 
3 /ZAH 1l 
4 e ZA-AH = AA? 
5... ГА 2:АД2 = TA2:(ZA-AH) 
6 TA2:(ZA-AH) = (ГА:АН)«ГА:2А) = (ГЕСЕА)(ГВ:ВА) 
т ГЕ:ЕД):(ГВ:ВА) = (ВГ.ГЕ):(ВА.ДЕ) 
8 X. ВГ.ГЕ):(ВА.ДЕ) = ГА 2:АЛ 2 


— This lemma is not really needed here, and anticipates 7.81 (which is in 
its correct place). Pappus may have been repeating lemmas that were 
originally presented in a different order, so that the model of 7.81 followed 
immediately after the mathematically related model of 7.74. 


NALA = AZ? 

ave LEZA = ZA 

! BAAE = AZ? 

Жо ZALES ZB 

S ee LILE = ZA t ZB 

LAT EB On AGBS 

^ ZAZB + /TZE = 21 

8 BZ?:ZE? = (AB. BD): (AE-ET) 
"BASE ДД 

10 se BA LE: = ВАДЕ 


~) 
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11. BA:AE = (АВ.ВГ):(АЕ-ЕГ) 


(77) 

' BA:AE = АД:ДГ 

2. BATE = BA:AE 

3 ВД:ДА = EA:AT 
~ BE:AT = EA:AT 
^ (ВД:ДЕ ).(ЕЛ:ДГ) = (АВ:ГЕ).(ЕВ:АГ) 
(BA:AE)-(EA:AT) = BA:AT 
(АВ:ГЕ)«ЕВ:АГ) = (AB-BE):(Er TA) 
^ BA:AT = (АВ-ВЕ)ХЕГ-ГА) 


on o а $ 


(78) 

1 AA:AB = TA:AE 

2”. AT:EB = AA:AB 

3”, (AT +EB):EB = AB:BA 

4”. (AT +EB)-BA = АВВЕ 

5 BA:AA = EA:AT 

e ,. BETA = EA:AT 

т. ЕВ +АГ:АГ = EFT A 

в. (ЕВ-АГ)ГА = ETTA 

9 4 (AT +EB)-BA:(AI ҒЕВ)ГА = BA:AT = (АВ.ВЕ,:(ЕГ.ГА) 


ИВ zr 

2 AEEA + EZ? = AZ? 

з APTA * TZ? = AZ? 

4 AEEA + EZ? = АГГА + TZ? 
5 = APIA + BEET + EZ? 

6 AEEA = АГГА + BEET 


ГД = AZ 

2 ZB.BA = ZITA + AB-BI 
3 АВ.ВГ = AB-BE 

4 ,.7Г-.ГА = AB-ZE 

5 ,АЛ-АГ = AB-ZE 

6 АВВГ = AB-BE 

7” AB:BE = АВЕВГ 

8 X AE:EB = АГ:ГВ 

9. AE:EB = 2А:ВГ 

10. ZE:ET = AE:EB 

11  ZE-EB = l'E-EA 

12 ZE.BA = AAAF 

1з, (ZE-BA):(ZE-EB) = AB:BE = (AA-AT):(AE-ED) 
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(81) 

1 /BAE and /TAA 1 

2 ВЕ and ZH diameters 

3 %() center 

^ X. ZO = ӨН 

5 ^ АГ:ГН = AA:AZ 

e X. LZA:AA = НГ:ГА 

т ГН:ГА = (АГ.ГН)ГА? = (ВГ.ГЕ)ГА? 
8 ZA:AA = (ZA-AA):AA2 = (BA-AE):AA 2 
9 (ВГ.ГЕ)(ВА.АЕ) = ГА 2:АД 2 


— (Lemma 81.1): Supplementary figure 81.1. Let triangle AZH be given, 
and let ZH be bisected at Ө, and through Ө let a straight line AOT meet AZ 
in A and AH produced 1р Г. 

To prove that АГ:ГН = AA:AZ. 


Proof: 

Let HK be drawn parallel to AZ, meeting ДГ in K. 
Then /AZO = ZOHK, hence AZ = KH. 

Also, because of the parallels, АГ:ГН = AA:HK. 
Thus АГ:ГН = AA:AZ, Q.E.D. 


This is a special case of the plane form of Menelaus's theorem. Note 
that lemmas 7.85 and 7.88 also tacitly invoke nontrivial lemmas; this fact 
suggests that there was more to the original source of 'set four' (see above, 
note to 7.66-88) than Pappus repeats. 


(82) 
1 AZ? = AA-AE = BA-AT 
2  /AZE and /Г2В 1 
3 (AB.BEX(AT TE) = (AB.BEX(EF T A) = В22:2Г 2 
^ ф72:7Г2 = BA:AT 
5 ^ BA:AT = (AB-BE):(AT TE) 


(83) 

! AB.BE =TB-BA 

2“ AB:BA = ГВ:ВЕ 

3%. AI:AE = AB:BA 
4.” AT:(AT — AE) = BA:AA 
5 e (AT — EAXAT = BA:AA 
6 e (AT — EA)-AB = AA-AT 
7 AE:EA = ГВ:ВЕ 
8 АГ:ДЕ = ГВ:ВЕ 
9. (АГ — EAXAE = ГЕ:ЕВ 
10. (АГ — AE)-EB =TE-EA 
11 (AT — EA)-AB = AA-AT 
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12. (AT — AE)-AB : (AT — AE)-BE = AB:BE 
= (ЛА.АГ):(ГЕ.ЕД) 


(84) 
’ АВВГ = AB:BE 
2.АА:ГЕ = АВ:ВГ 
3 AB:BA = ГВ:ВЕ 
4”. АГ:ДЕ = ГВ:ВЕ 
5 e (АВ:ВГ):(ГВ:ВЕ) = (АА“ГЕУ«АГ:АЕ) 
6 (AB:BI)-TB.BE) = AB:BE 
7  AB:BE = (AA-AT X: CE-EA) 


AB-BE = BZ? 

2 AB.BE = ГВ.БА 

3 ГВ.ВА = BZ? 

“ГВ:ІВ/ = ZB:BA 

П ГВА tt: ABA 
“ВАЛ = ZBIZ 

AB:BZ = ZB:BE 

$^ tr. ABZ ~ tr. ZBE 

5 ^ZBZE = ZZAT 

6 ZAZE = ZAZT 

7  (AA-ATX:TE-.EA) = AZ2:ZE? 
BA:AZ = BZ:ZE 

4 AB?:BZ? = AZ?:ZE? 
AB?:BZ? = AB:BE 
AZ?:LE? = AB:BE 

^ AB:BE = (ДА.АГ)/(ГЕ-ЕА) 


A 


о о 


— (Lemma 85.1): See figure 35b. Let triangle AZE be given, and let ZT, 
ZA be drawn across it such that /А2Г = ZAZE. 
To prove that (ДА.АГ)(ГЕ.ЕА) = AZ?:ZE?. 


Proof: 

АГ:ЛЕ = їг. ZAT : tr. 2ДЕ 

But /А2Г = ZAZE 

^ AL:AE = (AZ-ZT):(AZ-ZE). 
Similarly, АА:ГЕ = (AZ-ZA):TZ-ZE) 

^ (AA-AD):(E-EA) = А22:2Е 2, Q.E.D. 


In Book 6 of the Collection Pappus gives a different proof of a variant 
of this lemma, which may be adapted to the present situation as follows 
(Supplementary figure 85.1): Let a circle be circumscribed about triangle 
lZA, and let ZA, ZE meet it in H, Ө. 
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Because /Г2Н = /02Д, therefore arc ГН = arc ӨД. 
^ HO // ГД 

^ ZA:AH = ZE:EO 

^ ZA? :CA-AH) = ZE?:GE- E09) 

But ZA-AH = AA-AT’, ZE-EO = ГЕ-ЕА 
Қ27А2:(ДА-АГ) = ZE?:(TE-EA) 

^ (AA-ATD):TE-EA) = AZ?:ZE?, Q.E.D. 


The proof remains valid if A, E lie between Г, A; this case is applied 
in 7.88. 


(86) 
! AB:BA = ГВ:ВЕ 
2. AT:AE = ГВ:ВЕ 
3 АД:ГЕ = AB:BE 
4. EB:BA = ЕГ:ЛА 
5 .. ((B:BE)-(EB:BA) = (АГ:АЕ)«ЕГ:ДА) 
6 B:BA = AT T EX:(AA-AE) 


— In the manuscript this lemma is identified as belonging to the “first 
assignment of the first problem”. Simson’s correction of this and a few 
other comparable errors in the titles (7.100, .102, .109, .112, .113, and 
.116) are practically certain; see Essay A, section $4, and the notes to the 
other lemmas. Some of the mistakes seem capricious, as if a copyist, 
unable to read the numbers, substituted arbitrary new ones. 


(87) 
1 AB:BA = ГВ:ВЕ 
2. АГ:ДЕ = ГВ:ВЕ 

^ АГ:(АГ — AE) = ГВ:ГЕ 

^ ATTE = (AT — АЕ)ВГ 

АГ:АЕ = AB:BA 

^ (AT — AE):AE = AA:AB 

^ AA-AE = (AT — AE)-AB 

^ (AT — AE)-BI : (AT — AE)-AB = FB:BA 
= (AI TE):(AA-AE) 
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(88) 

AB-BE = ГВ.БА 

ГВ.ВА = BZ? 

^ AB-BE = BZ? 

“ /BZE = ZA 

LBZA = ZZITB 

Қ LEZA = ZAZT 

ADZ?:ZA? = (AT TEX(AA-AE) 
[Z?:ZA? = ГВ:ВА 
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9 ГВ:ВАД = (AI TE):(AA-AE) 
— (Lemma 85.1): See the notes to 7.85 above. 


(89-94) These lemmas, although coming before the title that announces the 
lemmas to Book 2, seem to belong to the second book.! 5 They are invoked 
in the dioristic assignments 2.1.3 (7.89, .93), 2.2.3 (7.89, .91), and 2.3.3 
(7.90, .93) іп Simson’s reconstruction. 


(89) 
"ГА = AE 
2. ArT TB = (ГА.:АЕ:ГА 2 
^ ArT TB = (CA-AEX:(EA-AT) 
АГ:ГВ = (ГА.АЕ)(АЕ-ГВ) 
^ (CA-AEX:(EA-AT) = CA-AEX:(AET B) 
“АЕ-ГВ = EA-AT 
^ AE:EA = АГ:ГВ 
^ AA:AE = АВГ 
^ AA:AT = АВ:ВГ 
о. AB:BA = AB:BI 
1... АВ.ВГ = BA? 
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(90) 


--А 


АЕ - ГА 

АВ:ВГ = АА?:АГ? 

^ AF:ITB = (ЕА.:АГ):(ГА.ДЕ) 

^ ЕА .АГ):(ЕА.ВГ) = (EA-ATX:(CA-AE) 
“АЕВГ = ГА.ДЕ 

^ AE:EA = АГ:ГВ 

^ AA:AE = АЛ:ЛГ = АГ:ГВ ! 

* ГВ:ЛВ = АГ:ГВ ! 

^ АВ.ВГ = BA? 

(see notes) 
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— The proof goes awry in steps 6 and 7. I have preserved the manuscript 
readings in this part, although some post-Pappian corruptions may be 
present. The final steps should be: 


6 AA:AE = AA:AI = АВВГ 


7“. AB:BA = ДВ:ВГ 
$ ee АВ:ВГ = BA 2 


15 Simson [1776] p. vi. 
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I suspect that Pappus (perhaps working from a kind of geometrical 
shorthand that summarized the ratio operations without giving the letters) 
actually wrote 


6 AA:AE = АД:ЛГ = AT TB, 


forgetting to perform the componendo operation on the second ratio, and 
then, subtracting the corresponding members of the second and third ratios, 


"““ГАЗСАВ “АГТВ, 


apparently without noticing that this (false) assertion did not lead to the 
conclusion in step 8. 


' AZ-ZA = BZ-ZE 

2" AZ:AZ = (BA-AE):(BA-AE) 

3 (BA-AE):BA-AE) = АГ?:ГА? 
ее АЕА -АҒФАД? 

5. (AZ-ZA) = ZT? 

6” (BZ-ZE) = ZT? 

7 ^ В2 Е = BI? TE? 

8 BZ:ZE = (AB-BA):(AE-EA) 

3 ^ (AB-BA):(AE-EA) = BT? TE? 


— point of equation: This looks like a reference to a case of the 
Determinate Section itself, but since the ratio is of equality the problem is 
easy. If Z is chosen such that AB:AE = AZ:ZE, by subtracting 
corresponding members BZ:ZA = AZ:ZE, hence BZ-ZE = AZ-ZA as 
required. The “point of equality” is used again in 7.93. 


! ZAZB + ZAZE = 21 

2. (BA-AE):(BA-AE) = AZ2:ZA2 
з (BA-AE):(BA-AE) AT? (TA? 
4. AT?:DA? = AZ?:ZA? 

5 АГ:ГА = AZ:ZA 

6 ,,7/Г bisects ZAZA 

7 ZAZE = ZHZA 

e ^ ZEZI = /ГУ/Н 

3 ee BT TE = BZ:ZE 

10 ВГ2:ГЕ2 = BZ2:ZE? 
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17 В22:2Е? = (AB-BA):(AE-EA) 
12. (AB-BA):(AE-EA) = BF? TE? 


— (step 10): À more extensive use of this shorthand (leaving out the letters 
while indicating the manipulations) is in 7.304. I do not know of its being 
attested elsewhere. 


(93) 

А2:2В = Г2.2Е 

“Г2:2Е = (АГ.ГВ):(АЕ.ЕВ) 
АГ.ГВ :(АЕ.ЕВ) = ГА 2:ДЕ 2 
“Г2:2Е = ГА2:ДЕ 2 

elDZZE = ZA? 

^ AZ-ZB = ZA? 

^ AZ:ZB = AA?:AB? 

AZ:ZB = (ЕА.АГ):(ГВ.ВЕ) 

^ (ЕА-АГ)(ГВ.ВЕ) = AA?:AB? 
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(94) 

LAZT = ZEZB 

^ (AF -FB):(AE-EB) = Г272:7Е? 
(AT -C'B):(AE-EB) = FA?:AE? 
“ГА2:АЕ?2 = lZ?:ZE? 

ret OAL = ГА 

“ JIT ZA = ZAZE 

LAZY = ZBZE 

> ZAZA = ZBZA 

^ AZ?:ZB? = AA?:AB? 

10 AZ2:ZB2 = ŒA-AT):TB TE) 
11. ЕА.АГ):(ГВ.ГЕ) = AA?:AB? 
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(95-98) Although 7.98 uses the preceding three lemmas to prove yet again 
the three lemmas to Book 1 (7.68, .77, and .86; 7.83 is omitted), they are 
also useful for Book 2, for example in lemmas 7.100-110, and in various of 
Simson’s reconstructions. 


(95) 
1 AA-AT = BA-AE 
2". AA:BA = AE:AT 
з. AT:AE = BA:AA 
4”. (AT +ВД):(ДЕ +AA) = BA:AA 
^ ВГ:АЕ = BA:AA 
5 .. ВГ +AE):AE = BA:AA 
.7-АЕ = BA:AA 
^ ZAA = BA-AE 
7 АЕ:ГВ = EA:AT 


о 


CJ 
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8 (АЕ +ГВ:ГВ = ГЕ:ГА 
See LAB = ГЕТА 
to se LTA = BITE 


(96) 

1 AA-AT = BA-AE 

2”. AA:BA = AE:AT 

3 ^ AT:AE = BA:AA 

4”. (BA — AT ):(AA — AE) = BA:AA 
“ВГ:АЕ = BA:AA 

5 se (AE +ГВ:АЕ = BA:AA 

6 АЕ-ГВ =Z 

т Z:AE = BA:AA 

8. Z-AA = BA-AE 

9 AA:AB = EA:AT 

10 ,, AETB = EA:AT 

!Ó! & (AE ҒГВ)ТВ = ЕГ:ГА 

12, ZB = ЕГ:ГА 

13. ZLTA = BITE 


(97) 
' AA-AT = BA-AE 6,,2-.АА = BA-AE 
2". АД:ВА = AE:AT 7 AE:BI = EQOA 
3 ^ АЕ:ВГ = AA:BA 8 ы (АЕ — BI):Br = ETTA 
4..АЕХАЕ- ГВ) = AA:AB 3 ^ (АЕ – ВГ)ГА = BITE 
АБ ВЕ reo W410 = ВІЧЕ 

(98) 
' Z-BA = АВ.ВГ 


2 АЕ = АЕБ 
3 es (Z, -AB):(Z-AE) — АВ.ВГ :(АЕ.ЕГ) 
4“ BA:AE = (АВВГ).АЕ-ЕГ) 


(99-110) These nine lemmas (7.107-110 are variants of опе lemma) form а 
set of identities, one for each of the assignments of Book 2. See the 
summarization of the analysis of assignment 2.3.3 (Simson’s 
reconstruction) in Essay A, section §4, for an illustration of how these 
lemmas were probably applied. 


(99) 
ІНДЕ = АББ 
^ NAL = AEE — WBZ 
3 AEE —H-EZ SABIS — BAZE 
4 АҚ-Г2 -ІВ2Е SALLI — BZZE 
5 ^ AZ-ZI —BZZE = Н.А? 
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(100) 

' H-AE -АЕЕГ 

? ^ HAZ = AE-EI + AE-EZ + BI-EZ 
3 AE-ET + AE-EZ = AETZ 

^ ^ HAZ = AETZ + ГВ-Е2 

| FBES = FZE + EZ-ZB 

S ABTA + 1Z-ZE -А?72Г 

! ^ H-AZ = AZ-ZT + EZ-ZB 


— (Title: Simson's emendation. The manuscript specifies the third 
assignment of the third problem. 


(101) 
' H-AB = АВВГ 
“Н.А? = АВВГ + H-BZ 
^ H-AZ = АВ.ВГ + AE-BZ + ГВ.В2 
АВВГ + ГВ.В2 = А?-ГВ 
> ^. HAZ = А?/-ГВ + AE-BZ 
6 А/.ГВ + AE-BZ = AZ ZI = EZ-ZB 
7 ^ HAL = AZ-Zl — bZ-ZB 
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(102) 
ROIS БІЗГЕ 
Z ^ RAZ “ңҺЕГЯВ -n21 
ЕГЕ ПАГ ЕСГВ -AEL 
^ EZTB - AEZU = Е22В – А2:2Г 
5 ^ EZ-ZB —AZ-Zl = DAL 


— (Title): Simson’s emendation, of “the second assignment of the same 
problem”. Alternatively, we could conjecture that Pappus rearranged the 
lemmas (the present order stresses the mathematical symmetries of the 
nine assignments in Book 2, at the expense of Apollonius’s order), and that 
this one originally followed the lemma to 2.2.1 (7.106). 


— (step 4) subtracted in common: Of course the author meant “added in 
common”. This can hardly be a copyist’s mistake. 


(103) 
! HAF = BITE 
2 ^ HAZ = BFTE + HIZ 
. 3S HAZ = BF TE + AETZ + BF TZ 

^ ЕГ-ГВ + BP TZ = EZAB 

5 ^EZTB + AETZ = H.AZ 

6 EZTB = EZ:ZUT + BZ-ZE 

7 Е22Г + AETZ = А?2Г 

8 AZZT + BZZE = HAZ 
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(104) 
' Н.ДВ = АВВГ 
2... H-AZ = АВ.ВГ + H-BZ 
3 Н.А? = АВВГ + AEZB + ГВ.В2 
4 АВВГ + ГВ.В2 = А/-ГВ 
5. AZTB + AE-ZB = H-AZ 
6 AZ.BT + AE-ZB = А2:2Г — EZ-ZB 
T ^ AZZ — EZ-ZB = HAZ 


(105) 
' Н.ВА = АВВГ 
2  H-ZA = АВВГ + H-BZ 
^ HZA = АВВГ + (AE — ВГ).В2 
АВВГ = А2.ВГ + 2В.ВГ 
^ HZA = А?ВГ + ГВ.В2 + (АЕ – ГВ)В2 
ГВ.В2 + (АЕ – ГВ)В2 = AE-ZB 
^ HZA = AZ-IB + AE-ZB 
А?-ВГ + AE-ZB = AZZI — EZ-ZB 
^ AZALI — EZ-ZB = H-ZA 
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(106) 
ULA = BEES 
ПРА = ЕВ T HI 
3 HZT = АЕ--ВГ)2Г 
^ BEMD — BITA BZ BI 
5 ^ HZA = EZ-BT + BITZ + (АЕ – ВГ2Г 
6 (AE — ВГ):2Г + BF TZ = AETZ 
7 ^ H-ZÀ = AET'Z + EZ-BI 
8 EZBI -“ЕАГ + EZ-ZB 
3 Е2ЖФГ + AE-ZU = AZ-ZI 
10 AZ-ZT + EZ-ZB = HZA 


(107) 
"Н.ГА = ЕГ-ГВ 
“Н.2А = ЕГ-ГВ -HTZ 
“Н.А = ЕГ-ГВ - (АЕ--ГВ»Г2 
ЕГ-ГВ — АЕ--ГВ)»Г2 = Е?ВГ -- AETZ 
ELBA — АЕГ2?/ = Е22В -- А2? 2Г 
^ AZZI = EZ-ZB —H-ZA 
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(108) 
'HTA = ЕГ.ГВ 
2 ^H = НГЕ BIB 
SHI —bI IB SAET. —EZBI 
*ABTZ — ELBI = AZZI — EZ. ZB 
5 ^"^ А221 - Е22В = HAZ 


1.104 
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(109) 
' H-BA = АВ.ВГ 
? ”.H-ZO = АВ.ВГ + HZB 
* АВВГ = AZ-BF + 2В.ВГ 
^ (AE — ВГ)2В + ГВ.В2 = AE-BZ 
^ AE-BZ = BZ-ZE + AZ ZB 
6 AZ-ZB + AZ-BT = AZZT 
7 ^ А227 + BZ-ZE = H-ZA 


— (Title): Simson's emendation, from *the third assignment of the third 
problem”. The copyist has accidentally repeated the title of the preceding 
lemma. 


(110) 
' H-AA = ВА.АЕ 
2”. HAZ = BA-AE + (АЕ – ГВА 
з ВА.АЕ + (AE— ГВ)А? = ZB-AE — ZA-BI 
4 s H-ZA = BZ-AE — ZA-BI 
5 ZB-AE — LABI = BZ-ZE —TZ-ZA 
6,В22Е —TZ-ZA = HZA 


(111) 
' AE-EA = АЕ-ЕГ +AETA 
2 ^ AE-EA = BE-EI + АВ.ЕГ + AETA 
3 ^. AE-EA — BE.ET = ЕГ-АВ + AETA = ЕГ-ГА + AETA 
-АГ-ГА 


(112) 
' AEEA -АГ-ҒА “ГЕЕА 
2 ^, AEEA + BEET -АГ-ҒА “ГЕЕА + BEEF 
? ГЕЕА * BEET = BATE 

s TE-EA + ВЕ-ЕГ -АГ-ГЕ 

АГЕА + AFTE -АГ-ГА 

^ AE-EA + BEEF -АГ-ГА 
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— (Title): Simson’s emendation, from “the first assignment .of the first 
problem". 


(113-118) The ‘singularities’ (yop axoc) of the dioristic assignments 2.1.3, 
2.2.3, and 2.3.3 are the extremal values of the given ratio in the problem of 
the Determinate Section (see Essay A, section $4), for which the problem 
has exactly one solution (generally there are two, or none). Depending 
whether there are solutions when the given ratio is greater or less than the 
singular ratio, the singularity is a minimum or a maximum. In his 
diorisms Apollonius must have derived the values of the extremal ratios in 
the form that Pappus gives first in lemmas 7.115, .116, and .118, and then 
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asserted that these were equivalent to the second form stated in those 
lemmas. Pappus proves the identities in those lemmas; 7.113 and .114 are 
subordinate lemmas. 


(113) 
t AZ ond ДАВУ 6 ^. /AHB = /ВГН 
2, ZAZB = /BAZ 7 e ГВ.ВА = BH? 
з /ZHB and /ZAB 1 8 AB-BA = BZ? 
^ Z,A,B,H on circle 3 e AT -AB = ZH? 
LAZB = ZAHB 10 АВ.ВГ = BE? 
^ [ВАХ = ZBEZ 11 TB-BA = BH? 
5 ^ /BAZ = /ВГН 12“ AATB = EH? 


— (Title): My emendation, following Simson, of “for the singularities of the 
first and second and third assignment”. Part of the original title has 
slipped into the first line of the text (not represented in the translation). 


(114) 
' AO = НА т. ZBAH = /ВГӨ 
2 ^X LO = /ВНГ 8. /БАН = /НГА 
з LO = ZZHE 9 /ГНА = ZAHZ 
4 /ZHE + ZA = 21 10 fA = ZZ 
> /ВӨГ + ZA = 21 7.2214 
e A, B, OG, on a circle 


— The transmitted figure contradicts the transmitted text consistently in 
identifying the points E and Z. Hultsch retains the figure and exchanges 
all the E's and Z's in the proposition. I regard a simple exchange of the 
letters in the figure as more probable. 


(115) 
! (AB.BAX:(AT TA) = BE?:ET? 
? ^^ BZ?: TH? = BE?:ET? 
^ В2:ГН = ВЕ:ЕГ 
4 ^. Z,E,H 1р line 
5 АГ.БА = ZK? 
6 ABTA = OK? 
; 
2 


C 


^ OZ —y(AT-BA) – у(АВ.ГД) 
LZOA = LETH 
9 ZA = ZH 
10 Ж tr. ZOA — tr. ГЕН 
11. AZ:OZ = ЕН:ЕГ 
12 X. AA:ZO = ЕН:ЕГ 
13 .%. АД2 922 = ЕН2:ЕГ2 = HE-EZ):BE-EDP) 
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= (AE-EA):(BE-ET) 


— (between steps 4 and 5) let ZO be joined: After ZO in the manuscript 
is a symbol, a kind of asteriscus consisting of a large X with small circles 
above and below it. The symbol seems to have no significance here at all. 
I suspect that in the exemplar this was in the margin (ZO perhaps being 
the end of a line), and that it was meant to mark something, perhaps the 
reference to a preceding lemma. 


(116) 
' (AA-AB): (AT TB) = AE?:ET? 
2%. (AA-ABX:(ATF TB) = AZ? TH? 


3 AQ-AB = ZA? 
4". AT TB = ГН? 
5 AA-AB = AZ? 


e . /BZA = ZZAB 

т /ВНГ = /ВАН 

5 /BZA = /ВӨН 

9. ZBOH + ZBHO = ZAAK 
10 м /KBZ = ZAAK 

11. А, Л, В, К on a circle 
12%. /K,ZA 1 

13 BM 1 ZA 

14 ^ ANZ І ZA, // to HA 

15 ZA 1 MB 

! 6 ,^ НГО 1 BN 

17 АГ.ГВ = FH? 

18 “/ВНГ = /НАГ 

19 /ВНГ = /ГМВ 

20 /HAB = /БАМ 

21  /BNIL = ZBAN 

22... ЛВ.ВГ = BN? 

23 ZA? — АВ? = ZN2 — NB? 
24 Z5? — AB? = АВВА 

25 ..ZN2 — NB? = AB-BA 
26 АВ.ВГ = BN2 

27 NZ = V(AT BA) 

28 NH? — NB? = НГ? — ГВ? 
29 HT? — ГВ? = АВ.ВГ 

30 ,. HN? — NB? = АВ.ВГ 
3! AB-BI = BN? 

32 „МН = V (AA-BI) 

33 ZN = V (AT -BA) 

34% ZH = /(ААВГ) + V (AT -BA) 
35 /ZKH and /AEH 1 

36 » tr. ZEA ~ tr. ВЕН 
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36 ,, AE EB = ZE-EH | 

37 * (AE-EBX:TE-EA) = (ZE-EH):(E-EA) 
38 (ZE.EHX:TE-EA) = ZH?:T'A? 

39  (AE-EBX:TE-EA) = ZH?:TA? 


— (Title): Simson's emendation, from “the third problem of the second 
assignment". Possibly the trivial transposition is Pappus's. 


— The shorter method of proof used in 7.115 and .118 cannot be applied to 
this singularity. One would have to describe a semicircle on diameter AB, 
and erect perpendiculars on [ and A to meet it, which is of course 
impossible when Г and A are outside A and B. 


— There is a curious marginal figure to this proposition (see Figure 62a and 
apparatus), which I am not able to explain. It may have been someone's 
attempt to keep track of the many perpendiculars drawn in the complex 
higure 62. 


— (after step 14): Pappus forgets that НГ has already been joined 
implicitly in step 8 where point © is used. 


— (step 19) in the circle: This phrase suggests that Pappus means to 
apply 7.114 again. To prove that /ВНГ = /ВЬГ, we have to show that 
ZNIH, like ZNOH, is right (/НГП obviously equals /МГО). Since /МОГ 
and /МЕГ are known to be right, /МПН 15 right by the converse of 7.114, 
which Pappus has not proved. 


(117) 

"BISBI = Bis + Bi 

? BEBI = ВГ.ГЕ + ГЕ.ЕА + ЕГ.ГА 
BITE + ЕГ.ГА = BATE 
“ВГ-ГЕ + ЕГ.ГА -АГ-ГЕ 
^ ВЕ-ЕГ -АГ-ГЕ + ГЕ.ЕД 
АГ-ГЕ = АГ.ЕА + APTA 
АГ.ЕА + ГЕ.ЕА = AE-EA 
8 ^ ВЕ.ЕГ = AE-EA + ATTA 
? ВЕ.ЕГ = AE-EA + BA-AT 
10 BEE АССА = BAAT 
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— This lemma is displaced, since its companions come before the lemmas 
relative to the singularities. Simson (p. 53) observed that it is the same in 
substance as 7.71. 


(118) 
' (AB.BAX(AT TA) = BE?:ET? 
2 AB-BA = BZ? 
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3 ATTA = TH? 
4" BZ?:TH? = ВЕ2:ЕГ 2 

5“ ВА:ГН = ВЕ:ЕГ 

6 BZ //TH 

T ^ ZH, in line 

8 AO, AK 1 ZHE 

9 (AE.EA):(BE-ET ) singular 

19 ZE-EH = AE-EA 

11 .(Е-ЕН) (ВЕ ЕГ) singular 

12 (ZE.EHX:(BE-ET) = HE?:ET'? 

13 /© and /Г 1 

14 ӨО, А.Г, Н опа circle 

15 ”. (ZE-EH):BE-ET) = АЕ 2:ЕӨ?2 

16 EA?:EO? = AA?:OK? 

17 ” AA? :@K2 singular 

18 OK =y (Ar -BA) +y ABTA) 

19 2. AA? :(/ (AF BA) + y ABTA)) singular 


(119) Compare 7.10. 
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(120-157) Lemmas to Apollonius’s Neuses. 
(See Essay A, section §6) 


(120-124) These lemmas pertain to the first of the four general problems 
treated in the Neuses, namely given a circle and a point not on its 
circumference, to draw a line through the point and across the circle such 
that the segment of the line within the circle equals a given length. See 
Essay A, section §6, for a tentative reconstruction of the two cases, with 
the given point outside or inside the circle. 


(120) 
' HB > 6A 
? AE-EB = l'Z-ZA 
HB Bar 
«о АЕЕВ T ПВА LZ à. 1. ӨД? 
S AGED + HB? = ЦЕ? 
Ө гоа т OAA ӨХ 
T s Hbf Z nz? 
8 “ПЕ > Ө2 
> AH > rO 

КАН LA 


ое АВП? 

3 AO? = AZ-ZB t ZO? 

5 1H? STEES + HE? 

> ^Q»AÀZLB t ZO? <TE-EA + HE? 
6 AZ.ZB = ГЕ-ЕА 

! 24024 < H* 


5 02 < HE 
3 AO <TH 
У У S Ih 
115 ZB > ЕД 
(123) 
VAD жән. % AR 7pDAT2 
If AE = ЕГ: 5 ^ AZ > AE 
277 AB, ZIA 6 АЕ - BEZB 
3 AZ > АВ +2 lT ee В > ZB 


(124) 
If AE > ЕГ: 
8 АВ > гд 
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OB = AB 2 
rin DAT 
^ OB > ГН 
^ OB? > TH? 
OB? = AZ-ZB + 202 
ГН? = ГЕ.ЕД + ЕН? 
^ AZ.ZB + ZO? >TE-EA + EH? 
AZ-ZB - ГЕ-ЕА 
022 > ЕН? 
^ OZ > EH 
A® > АН 
^ AZ > AE 
А2:ГЕ = AE:ZB 
se M E -> 4B 


RO N AD e -А -А 0 -А A -л A оа - (О 
К а ӨО. Q "Qe ^ О.Ж 057 209, Е.А ст 


(125) 
ӨВ < НА 
2 12:24 = AE-EB 
зөв? = пд? 
t es АБ ЕВ TOB? <TZ-ZA t HA? 
> АЕ-ЕВ т ӨБ? = ӨБ? 
S IZ +. HA? = Н2 2 
7. BO < HZ 
8s AO < FH 
2AE SIA 


— This is the only lemma pertaining to the second general problem, given a 
semicircle and a line perpendicular to its base, to draw a line through one of 
the ends of the base such that the segment cut off between the semicircle 
and the perpendicular equals a given length. Note that this lemma is 
equivalent to 7.120 above, and that the end of 7.120 states exactly this 
proposition. The Situations in the Apollonian problems to which these are 
lemmas are, however, different; see Essay A, section §6 for a tentative 
reconstruction. 


(126-131) These propositions are related to the third general problem, given 
a rhombus, to draw a straight line through one vertex such that the 
segment of it cut off between the extensions of the two sides not adjacent to 
this vertex, or between one of those sides and the other produced, equals a 
given length. See Essay A, section $6, for discussion. 


(126) 
! ZATZ = /2ГК 5 ИГЛЕ = /ГНЕ 
2" АГ = ГК 6. /THE = /ГКЕ 
3 AE = EK BE:EZ = 2Е:ЕГ 


te LL AE = ZI KE ^ BE:EK = КЕЗЕГ 
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^ tr. ВЕК ~ tr. КЕГ /ГКЕ = /ГНЕ 
7”. /TKE = /ГВК “Г.К. Е, Н on a circle 
8 X. JT BK = /ГНЕ 11% ZTEH + ZPKH = 21 
9 /НГЕ = /ВГК 12 ы /TKB * ZTKH = 21 
10. /ГЕН = /ГКВ 13, line BKH is straight 


— Overlooked (rapa@ewpovuevorv) in the eighth problem: This 
sense of тараб ewp ew is more probable than ‘to see besides’. In any case 
this theorem has to be understood as something not required for the 
Apollonian problem, but a supplement to it. 


— for this is a lemma: Not proved by Pappus, but obvious. 


(127) 
1 EO //TA 
2”. ZUEO 1 
ҒАУ Өй 
4, /TEH = ZABH = ZZEO 
5 /ZOE = ВАН 
e EO = BA 
7 e EZ = HB 
8 BZ? = BE? + EZ? 
^ ZB-BA + BZ-ZA = EB-BH + BE-EH + EZ? 
9 A,Z,E,H опа circle 
10. ZB-BA = EB-BH 
11 2 BZ-ZA = BE-EH + EZ? 
12 «X. BZ-ZA = BE-EH + BH? 
з BE.EH + BH? = EB-BH + EH? 
14 В2.2Д = EB-BH + HE? 
15 BZ-ZA = ZB-BA + HE? 
161 242 = BA? + HE? = ГА? + HE? 


— This is a subsidiary lemma to the following proposition. Hultsch 
misunderstood the title, and emended it to read Алиша xpno : PESE ELS 
TO елі TETPAYWYWY TOLOUPTOV та аота TOL роцВог, “lemma 
useful for the (proposition) on squares equalling the rhombus” (see PAC vol. 
3 pp. 1260-61). He then invented a theorem (p. 1261) that this lemma 
could have been required for (it is not directly related to the known contents 
of the Neuses). All that the title really means is that the following 
proposition 7.128 is the special case of Apollonius’s general problem where 
the rhombus is a square. 


(128-129) An alternative proof of the Apollonian problem, where the 
rhombus is a square. A geometer Heraclitus is not otherwise known; he is 
probably rather early, certainly earlier than Apollonius. 
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(128) 
1 TA? + ZE2 = AH? 8 ,^ semicircle BH given pos. 
2 TA, ZE given mag. 3 E on semicircle BH 
3 ГД2, ZE? given mag. 10 Е on AE, AE given pos. 
^ .. AH? given mag. 11 ЖЕ given 
5 ^^ AH given mag. 12 В given 
6 ... BH given mag. ! 3 e BE given ров. 
7 BH given pos. 
(129) 
HA > Ar e 
2 HA-AB > AT? ! МА = EZ 
з E is not between A, Г ? ZB ^ NB 
5 ^ lA? t EZ? = HA? 3 BA < BE! 
5 AH? = l'A? + (3? 66 E 
e ^ 1A? TO? = ГД2 + EZ? "АВ > BE 
7" ^O? = EZ? ? BZ > BN 
859 = EZ 3 NA > ZE 


(130-131) Once again, an alternative to something that must have been in 
Apollonius’s book, this time attributed to ‘the ancients’. The theorem of 
7.130 may have been the ‘ancient’ part, with Pappus providing the 
application to the diorism of the neusis in 7.131. 


(130) 

' ZABT = /АГВ > ZBZE ЖОҒА SSBT 
2 /АГН = ZBZE 11 %4 BT < EZ 
3. ZA:AB = ГА:АН — 
47А >АВ — 12 /AEA = ZK 
5 TA > AH з KA > ZA 

6 ZA > AT (= AB) 14 EA > AA 

7 AT > AH 15. KA:> EZ 
8. ZA > AH 16... ӨК > EZ 


9 ZA:AB = АІ :АП 


(131) 
1 AA diagonal 3 e tr. EAZ isosceles 
2 EZ 1 AA 4. EZ is minimum through A 


(132-156) Lemmas to Book 2 of the Neuseis, which was devoted entirely to 
the fourth general problem, given two semicircles whose bases lie on the 
same straight line, to draw a straight line through one end of one of the 
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bases such that the segment of it cut off between the circumferences of the 
two semicircles equals a given length. Most of the lemmas are various 
cases of a single theorem; see Essay A, section §6. Arabic adaptations 
have now revealed Apollonius’s method of solution. Lemmas 7.132-133 are 
not associated with specific problems, but are applicable to situations that 
recur repeatedly in the following lemmas. Nevertheless in the following 
lemmas Pappus does not explicitly invoke lemmas 7.132-133, but repeats 
part of their argument each time. 


(132) 
ӨК // AA // BE 5 и AK = KE 
2 ZK = КН e ZK = KH 
3 OK // AA // BE 7 ^X. AZ = HE 
^ AQ — OB 5 ^. AH = EZ 
(133) 
t /HAT 1 3 АН = HB 
2 .. AH // AE // BZ 4. ЕД = AZ 
(134) 
' AA =TZ 6 AO = OF 
2 e semicircles concentric 7 ВК = КГ 
3 OK 1 EH 5 EK — KH 
^ e EK = KH 3 ВЕ = НГ 
5 AB // OK 10 ВН = ЕГ 
(135) 
! ZHET 1 ^ AH = ГН 
2 ZABT l >... BE = ЕГ 
3 АВ // EH 
(136) 
' BH 1 OK 6. EK = KZ 
2 e BK = KH т BK = KH 
3 AE // OK 8 X. BE = ZH 
^ AO = ӨГ 9 ° BZ = EH 
5" AO = OZ 
(137) 
1 AM 1 КЕ 3 AA = ZH 


2“. EM = MK “АЛ = AZ 
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> ^ AA = AH 5 EM = MK 

6 AB // MA // ӨН 3 ^. BE = КӨ 

т. BM = MO 10 “ВК = EO 
(138) 

LAE LB 3 AA = AH 

2". AB // EA // HO 4”. BE = EO 
(139) 

' AM 1 EZ 6 AE // AM // HO 

2 .. BM = MK 7. EM = MO 

ЗАЛЕ AL 5 BM = MK 

^ AA = НГ 9 ,. BE = ӨК 

5 AA = AH 10 ,, OB = EK 
(140) 

! AM 1 EK е BA // MA // HO 

2. EM = MK 7 X ВМ = MO 

3 AA — ZH 8 EM = MK 

^ ЛАЛА = AZ, 3 ee BE = KO 

5 АА = AH 10 “ВК = EO 
(141) 

' AE 1 BO АЛАН 


>. 


2 "АВ // AE // HO «Br spe 


(142-144) In proposition 17 of Book 2, the two semicircles are not 
concentric, but one contains the other, and it is required to draw the 
straight line through that end of the base of the outer semicircle that lies 
closer to the inner one (compare the hypotheses of 7.140-141). There are, 
as usual, two cases, depending whether the segment that is to equal the 
given length extends from the concavity of the outer semicircle to the 
convexity of the inner one, or from the outer semicircle's concavity to the 
farther concavity of the inner semicircle. In the first case the problem can 
be subject to a diorism (see Essay A, section $6) where some position of the 
line produces a minimum segment cut off. The extreme positions, where 
the line coincides with the bases of the semicircles, and where it is tangent 
to the inner semicircle, are local maxima. Lemma 7.142-144 determines 
which of these extreme positions produces the absolute maximum segment. 
We first construct a situation where they produce equal segments 
(7.142-143), then demonstrate a test by which comparison of a given 
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situation with this constructed one determines whether the tangent or the 
base line produces a longer segment. 


(142) 
! AA:ET = EB:ET 
2 ^EB*:ET? = AA ET? 
з BE? Er? = АН2:НГ2 
* ЕГ2 = ЕН? -“НГ? 
5 ^ AA?:TH?2 — HA?) = АН?:НГ? 


6 AO = AA 

7 AK = КГ 

в АН2:НГ2 = АА? (ГН? - HA?) = (AH? — AA? (HT? - AH? — НГ?) 
= (OH-HA):HA 2 


3 ^ (AH-HOXHA? = АА? (ГН? — НА?) 
19 (AH-HO):HA2 = OH:HA 

11 Hr? — AH? = ХАГ-НК) 

12 “.QOH:HA = AA?:2Z(AT HE 

13 2(AT-A) = AA? 

14 АД2 given 

15 e 2(АГ.А) given 

16 ,АГ.А given 

17 AT given 

18 , A given 

19 НӨНА = AA? : Z(AT-HK) = 2Z(A-ADT) : Z(AT-HK) = AHK 
20 4^ ӨН:НА = AHK 

21 X OH-HK = AHA 

22 OA, AK, A given 

23 ..H given 

24 ,, semicircle AEZ given 

25 Г given 

26 ,, tangent ВГ given 


— It has been reduced to, in the Determinate (Section),..: The problem 
corresponds to assignment 2 of problem 3 of Book 1, in the reconstructed 
scheme of Simson (see Essay A, section $4). Given a straight line, with 
points A, B, l in that order on it, and a (linear) magnitude h, it is required 
to construct point X between A and B, such that h.BX : АХ-ГХ equals a 
given ratio. 


- The same (argument) will be applicable if the point «is given» at 
«Z2»: According to my conjectural reading, Pappus asserts that the same 
lemma can find a semicircle satisfying the requirement of the hypothesis, 
wien the end of its base nearer to point [ is given; this is a correct and 
pertinent observation. The transmitted reading would mean, *the same 
argument will be applicable if the point is below". Which point, and below 
what? This makes no sense, and it clearly will not do merely to delete the 
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sentence ав ап interpolation, ав Hultsch does: whatever the authenticity of 
the remark, it must have meant something to someone. 


(143) 
' ЖАГ.А) = АА? 

2 AO = ДА 

^ AK = KT 

“АНА = OHHK 

5 ^, OH:HA = AHK 

^ ӨННД = OH -HA)HA2 = (HA? — AA? НА 2 

7 AHK = ZAAT): ЖАГНК) = AA"? : (HT? — AH?) 

P НА? — АА2/НА2? - АА2:"ТН2 — HAZ. 

2 ,МАН“2НГ? = AA*:TH? — НА?) = AA?:TH? — HE?) = АА 2:ЕГ 2 
10 АН“НГ? = ВЕ““ЕГ? 

11/7. BE?^:ET? = АА? ЕГ? 


— for let some other (semicircle) AMN be described: Note that 
semicircle AMN is assumed to be inside semicircle AEZ. 


— for in the Determinate (Section) it was proved to be greater: The 
relevant proposition of the Determinate Section must have included a 
demonstration that (in the notation of the commentary to 7.142) if there 
are two points X,, X, between A and B, with X, nearer to B, then 


BEX. ТАЖ PX oO AX TX. 


(144) 
' A-AO < BOOK 
2” AOK < ӨООД 
5 АЖО = AA?:TO? — OA?) 
^ 90:04 = (OA? — AA? OA? 
5%. AA? :TO? — OA?) < (OA? — AA? ) ОД? 
6". AA2:TO2 —OA?) < AO? ОГ? 
. 7 "s AA?:TM? < AO? ОГ? 
2". AA?:TM? < ZM?:MT'? 
З 


' AM 1 ВК 2 ^, MB = MK 
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з AA = ЛГ | 7 «EM = MO 

4 AA = HT 5 BM = MK 

5 AA = AH 9». BE = OK 

е AE // AM // HO 10 BO = EK 
(146) 

! AA = ZB 4 AZZI = АД? 

PAS B82 5 ZB l AT 


3 5 AA? = 47.7Г 6 ,. BZ tangent and = AA 


— This lemma had the same application to the diorism of proposition 19 of 
Book 2 as 7.142-144 had to proposition 17. Proposition 19 dealt with the 
same configuration as 17, except that the line was to be drawn through 
that end of the base of the inner semicircle that is nearer to the outer 
semicircle (see Essay A, section $6 for discussion of the diorism). The 
extreme positions of the line, either tangent to the inner circle or coincident 
with the bases, can both be local maxima for the case where the segment 
cut off extends from the concavity of the outer semicircle to the convexity of 
the inner one, and we want to determine which is the greater. 

The second part of the proposition, that the tangents to smaller inner 
semicircles are longer than those to larger ones, is obvious, but nevertheless 
Pappus goes to some length to prove it. Part of his proof (between 
asterisks in the translation) seems to have been written to accompany 
another figure in which point Ө was labeled as A, and point A as Г. Since 
the incomplete correction of the discrepancy is certainly authorial, the 
resulting mistakes have been preserved in the text, with the correct 
notation indicated in the translation in parentheses. 


(147) 
! AM 1 BZ 6 HO // AM // AE 
2“. BM = MK 7“. ӨМ = ME 
HA TA 5 BM = MK 
TANTEA, 3 ӨВ = KE 
"e HA. = AD "0M —BE 
(148) 
"КВ 1 BZ 3 HK = KA 
2 HO // BK // AE 5 OB = BE 
(149) 


' AM 1 EO ? ^ BM = MK 
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SHATA 7 ~. ӨМ = МЕ 
4 АЛ = AT 8 BM = МК 
5 HA = AZ э „ӨВ = KE 


6 HO // AM // EZ 


— Commandino (followed by Hultsch) introduced into this proposition a 
series of ‘emendations’ that falsified its content. Instead of making AH 
equal [Z and then proving that OB equals KE, he makes AH equal ГА, and 
proves that OB equals KA (see the apparatus). The transmitted text, with 
a few necessary corrections, gives a theorem that is exactly analogous to 
the other lemmas to Book 2 of the Neuses, and should therefore be retained. 
Proposition 23 of Book 2 was, like propositions 17 and 19, subject to 
a diorism. In it the bases of the two semicircles do not overlap, and it is 
required to draw the line through that end of one of the bases that lies 
nearer to the other semicircle (the semicircles of course lie on opposite sides 
of their collinear bases). In the case where the segment cut off extends 
from the concavity of the one semicircle to the convexity of the other, there 
is a minimum position of the line, and the extreme positions (tangent to the 
other semicircle, or coincident with the bases) produce local maxima. We 
might expect a lemma comparable to 7.142-144 and 7.146 to determine 
which of these local maxima is the greater, but Pappus disappoints us. 


(151) 
AAA 7 SHA = AA 
2“. A between A, A 8 HO // AM // AE 
3 АМ 1 BZ 9 ӨМ = ME 
4 ,. МВ = MK 10 BM = MK 
5 AH = AT 11. BO = EK 
6 AA = ЛГ 

(152) 
! АД < ГА 7 & AA = АН 
2». A between A, Н 8 AE // AM // HO 
3 AM 1 ZB 9”. EM = MO 
4”. BM = МК !9 BM = MK 
5 АД = ГН 11. ВЕ = KO 
6 АЛ = АГ 


(153-154) These propositions substantially repeat 7.151-152, and for this 
reason Commandino omitted them. Nevertheless, since they are assigned 
to specific problems in the Neuses, we should probably keep them as 
evidence for the structure of Book 2, and attribute the repetition to 
Pappus's negligence. 
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(153) 
1 AM 1 BZ 6 HO // AM // AE 
2 .. BM = MK 7 ,. OM = ME 
3 AA = АГ 5 BM = MK 
^ AH = АГ з ӨВ = KE 
5 ^ HA = AA 10 ,, OK = BE 
(154) 
If HK 1 BZ: 8 AA = НГ 
| TAM ВА 9 e AA = AH 
2 “ВМ = MK 10 AE // AM // HO 
3 AE // AM // HO 11. EM = MO 
4 AA = AH 12 BM = MK 
5 „ЕМ = MK 13 “ЕВ = KO 
6 “BM = ME! 14 “ЕК = BO 
7 AA = AT 
(155) 
АГ ^ IZ 6. АЛ = AH 
2 ĉe A between A, Г 7 AB // AM // HO 
3 AM 1 BO 8 ^ BM = MO 
^ EM = MK 3 EM = MK 
4 AA = ZH 10 ВЕ = KO 
5 AA = AZ 11. BK = EO 


— Obviously it falls outside the circle: 


The argument is from 


symmetry: AA = ZH, апа /AAB = Z/ZHO. AB falls outside the circle by 
tacit hypothesis, the alternative case being treated in 7.156. 


(156) 
1 AM 1 EK 5 „ BM = MO 
2”. EM = MK 6 EM = МК 
3 AB // AM // HO 7 ^ BB = КӨ 
+ AN. = AH 


— Clearly it falls inside the circle: See the note to 7.155. I do not 
understand why Hultsch deletes this sentence, while retaining the 
analogous one in 7.1595. 


(157) This summary is quite different from that of 7.28-29. Clearly the 
numbers in 7.157 refer to the same units as the titles of the individual 
lemmas. 
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(158-184) Lemmas to Apollonius’s Tangencies. 


Note that the numbers of the problems to which lemmas are referred 
again are different from the ten tangency problems described in 7.11 and 
from the eleven problems that Pappus counts in Apollonius’s work (7.12, 
1.184). They must correspond instead to the sixty ‘theorems’ mentioned at 
the end of 7.12. See Essay A, section §7, for discussion of the relevance of 
the individual lemmas to the tangency problems. 


(158) 
1 AE tangent, EZ cuts 
2 X ZAEZ = ZEOZ 
AZ tangent, ZE cuts 
3 ZAZE = /ZHE 
^ LAEZ = ZAZE 


^ LEOZ = /EHZ 

ZEOZ + ZEHZ = 2 rights 
^ LEOZ, / EHZ right 

^ arcs FOZ, EHZ semicircles 
^ EZ diameter 


о о N о о 


— (Title): Since this (obvious) lemma is useful for the solution of the 
problem of drawing a circle tangent to two parallel lines and a transversal 
(a case of problem Ш), which seems to have been the first solved іп 
Apollonius’s work (see the commentary to 7.11 and Essay A, section $7), 
the title may originally have read ‘for the first problem’ (tpwrov for 
neuttov). On the other hand, some preliminary propositions may have 
preceded the first of the actual problems, so that the fifth was really the 
first. 


— In the figure points H and © may be any points (other than E, Z) on the 
circle. The manuscript, as usual, prefers the most symmetrical possibility. 


(159) 
1 АГ tangent, ГА cuts 5 /АГА = /ВГА 
2 АГ.ГЕ = FA? АГ = ВГ (ІП 36) 
3%. ZAAT = /АЕГ 6 ZAAE = ZABE 
ВГ tangent, ГД cuts 7. /ДАЕ, ZABE right 
4 e /ABI = /ВЕГ 8 », AE diameter 


— Lemma for problem pll? (See Essay A, section $7). The transmitted 
text of this proposition exhibits an unusually high frequency of corruptions 
in the label letters (see the apparatus). The errors are not systematic, and 
all can in principle be attributed to misreadings; the present edition 
therefore adopts the emendations necessary to restore mathematical sense. 
In one of the ancestors of the Vaticanus this lemma may have been 
inserted (in the margin?) in an illegible hand. 
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(160) 
! ABE tangent to circles ^ AE tangent to circle BI 
2), /АВД right 5 e center of BF on ВГ 
3%. /АВГ right 


— This lemma could be useful for any of the problems involving given 
circles. 7.162 is another case of this theorem. The circles in the figure of 
course do not have to be equal. 


(161) 
1 AE tangent to circle АВ 5 ДЕ tangent to circle ВГ at B 
2 7, / ABA right 6 AE tangent to circle AB at B 
3  / ABT right 7 .. circles AB, ВГ tangent at B 


^ ВГ through center of BT 


— This lemma is not really a second proof of 7.160, as its title suggests, but 
rather its converse. 


(162) 
1 AE tangent to circles 5 ZABA = /В2Г = ZAHB 
2 AB through center of AB 6 /АНВ right 
3%. /АВГ right 7 * [ВАГ right 
^ e ВГ through center of BT 8 7 center of BT on ВГ 
(163) 
! ABE tangent to circle AB 5 ,,ГА.А7 = AB? 
2 e / ABE right ^ .. AE tangent to circle ВГ at B 
3 ВГ diameter 7 AE tangent to circle AB at B 
8 


e /Z, ZB right 


^ circles tangent at B 


(164) 
1 ZH tangent to circles at B 5 / ABZ = ZEBH 
2 BZ tangent, BA cuts 6. /ATB = ZEAB 
3. ГАВА = /АГВ 7 ГАГВ, ZEAB alternate 
BH tangent, BE cuts 8 AI // AE 


4. ZHBE = ZBAE 


— This lemma (proved again in 7.166) can be useful for any of the problems 
in which circles are given; since 7.167 apparently refers to the same 
proposition in the Tangencies the lemma here was applied to the problem 
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ррс. In the manuscript figure (as also for 7.166 below) АГ and AE are 
made parallel to ZH; this is not required by the proposition. 


(165) 
If АГ through center: 6 ZHAI = /НВН 
2 B right 7. ZEAH = ZABH 
! ^ LEAT right 5 /ABH right 
Otherwise: 3 e /EAH right 
3 Z center 10 AZ through center 
4, / ABH right 11 e AE tangent to circle 


> "LEAL =ZABr 


— ВГ 15 not required to be parallel to AE, as in the manuscript figure. 


(166) 


1 ZH tangent to circle АВГ 5. /HBE = ZA 
2. /ABZ = ZT 6 ĉe ZH tang. to circle ABE at B 
? / ABZ = ZEBH 7 ZH tangent to circle АВГ at B 
5 /l — ZA 8 .. circles tangent at B 
(167) 
! ZA tangent to circle 14 E given 
2 AT / AE 15,7 given 
3 -/Г = IT AE 16 ZA tang. to circle given pos. 
^ ZA tangent, АГ cuts 17 e ZA given pos. mag. 
5 JT = ZZAE 18 7 given 
6 ^ LZAE = Zl'AE 19 А given 
7А, В.Д, 7 опа circle 20 Е given 
8 AE-EB = ZE-EA 21 AE given pos. 
9 AE-EB given 22 circle АВГ given pos. 
10» AE-EZ given 23 ,. B given 
11 AE given mag. 24 A, E given 
! 2 s EZ given mag. 25 AB, BE given pos. 


3 EZ given pos. 


— This lemma (and the other cases of the same theorem, 7.170 and 7.172) 
is required for the solution of problem ppc (see Essay A, section $7). See 
also 7.182, which is reduced to this lemma. 


— to inflect a straight line: The copyist (of the Vaticanus or one of its 
ancestors) has repeatedly distorted the standard phrase клар ev@etar, 
‘to inflect a straight line’ (that is, to draw straight lines from two points 
that make an angle at some point on a curve) in this chapter and the 
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subsequent lemmas 7.170, .172, .174, and .182. The substitution of 
600eicoav» (‘given’) for evO@etav (straight line’) is absurd — if the 
inflection is given, we do not need to construct it — and paleographically 
plausible. 


(168) 
' ZE-EA = tangent? 
AE-EB = tangent? 
^ AE-EB = ZE-EA 


2 
3 
^ "А.В, А, 7, are оп a circle 
5 


6 /ZAE = /АГВ 
7 e ZATB = /BAE 
з /АГВ, ZBAE alternate 


9 AT // AE 
e [ZAE = /BAE 
(169) 
' ZH tangent to circles 2 e [ZAA = T 
? ^ [ZAB = ZATB = ZAEA 3 ZT = ZE 
з“ AE // ВГ 5 Ae FAIT VE 
ыы See 5 


^ ZH tangent to circle AAE 
1 ZH tangent to circle АВГ 


(170) 
! BZ tangent, ВГ cuts 12 ZB tang. to circle given pos. 
2”. /ZBI = ZAZB = ZA з ZB given pos. 
„А,В, Е, Z опа circle 14 circle АВГ given pos. 
4. AA-AB = EA-AZ 15 “В given 
5 AA-AB given 16 A given 
6 .. EA-AZ given 17 АД given pos. 
7 AE given mag. 18 circle АВГ given pos. 
8 ,, AZ given mag. 19 А given 
3 AZ given pos. 20 E given 
10 A given 23 , AA, AE given pos. 
11... Z given 

(171) 


' EA-AZ = tangent? 
2 AA-AB = tangent2 
3 BZ tangent, ВГ cuts 


(172) 


! BZ tangent to circle 

^ JZBA = [Г = ZE 
^B,Z,A,Eona circle 
^ BA-AA = ZA-AE 


> оо N 


4.ZA = /ГВ7 = /BZA 
> /T BZ, ZBZA alternate 
6 , ВГ // AE 


5 BA-AA given 

6 ZA-AE given 

7 AE given mag. 
8. ZA given mag. 
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3 A given 

10. Z given 

11 ZB tang. to circle given pos. 
12 ZB given pos. 

13 circle given pos. 

14 В given 


5 A given 

6 e BA given pos. 

7 circle given pos. 

8 А given 

9 A, E given 

0 e AA, AE given pos. 


No è -. -ь -. — 


(173) 
1 A,B, E,Z опа circle 4. ZEBA -/Г 
? ^ ZZBA = ZE БАСУҒА БА о 
з ZB tangent, BA cuts 6 ВГ // AE 


— let an arbitrary (line) AAB be drawn: This is deceptive, since a 
determined line AAB will be drawn later as part of the inflection that solves 
the problem. At this stage we need to know AA.AB only, which is 
determined by point A and the circle. It would have been better to use a 
different line, but Pappus is too lazy to add another to the figure. 


(174) 
! BZ tangent to circle 3 A given 
2 A, Z, B, Eon a circle 10 ,— Z given 
3  AMAB = EA AZ 11 BZ given pos. 
^ AA-AB given ! 2 circle given pos. 
5 ^ EA-AZ given 13 В given 
6 AE given mag. 14 A, E given 
7 


^ AZ given mag. 5 AA, AE given pos. 


8 AZ given pos. 


— This lemma, as transmitted, duplicates 7.172-173. Since there are only 
three possible cases of the problem (with the two points either inside the 
given circle, or outside, and in the latter case with the inflection made 
either on the inside or on the outside of the circumference), and these have 
been dealt with in 7.167-168, .170-171, and .172-178, no alteration of the 
figure can make the present lemma other than superfluous. Perhaps 
Pappus was trying to distinguish between two subcases where the given 
points are inside the circle (there are two solutions, corresponding to the 
two tangents drawn from Z to the circle, but no difference in the method of 
construction). 


(175-178) The application of these lemmas is not evident. Some of them 
probably were used for the solutions of problems ple, lec, and Пе, which do 
not seem to be reconstructible from the extant data. 
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(175) 
1 ZH tangent to circles 
2 LABZ ZZBE right 


3 Л, B, E on a line 


4 AA = АВ 

S El = ЕВ 
(176) 

1 АЕ // BZ 

2 ^^ AZ = АВ 

? AA = AE 

4 ^ AB = ZE 

5 AB = BI 
(177) 

' АД.ДЕ = AB? 

2 AB? = АГ? 


1.175 


6 ^ AA:AB = ЕГ:ЕВ 
(ZA LE 

8. /ABA = TBE 

9 A, В, Е on a line 
10,,А,В,Г ona line 


6 ВГ = ZE 

7 BZ // ZE 

8 “ГЕ // BZ 

9 АЕ // BZ 

Oo 2» АБЕСГ- ота nne 


3 Фе AA-AE — АГ? 
^ АГ tangent 


— Hultsch, following Haumann, identifies this as the first lemma to Book 2. 
I have not seen Haumann’s restoration of the Tangencies. 


— Line AEA need not be drawn through the circle’s center, as in the figure. 


(178) 
1 AA //TE 
2 АЛ:АВ = ГЕ:ЕВ 
9 CE BAA w ВЕР 
^ e ГАВА = /ГВЕ 


5 А, В, Г ona line 
e A.B, E on a line 


7 e circles tangent at B 


(179-180) These lemmas were probably used somehow in the case of ccc in 
which two of the given circles are equal. The possibility that these lemmas 
were also meant for the comparable case of pec seems to be excluded by 
the title's reference to proposition 52 (if this is not corrupt — if it originally 
was, say, 32, then all Pappus's lemmas could refer to problems of Book 1). 


(179) 
' AE / BZ ^ tr. BAZ = tr. ATE 
2 AB // ГА See La = BI 
3% AE = BZ (eee BO 
* ZB, ZZ rignt 5 AB = lA 


> BÀ = AI 
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(180) 
' HK, OA 1 AA А Oy Aly ee А 
2”. HK = OA 6 HK, OA through centers 
3 HK //OA 7 e KA tangent to circles 


^ ^ KA = HO, KA // HO 


8 "TA cuts circles 


(181-184) Lemmas for the general case of сес (all circles unequal). Lemma 
7.182-183 is also required for pcc (see Essay A, section $7). Perhaps 
Apollonius himself provided the necessary steps in the solution of that 
problem (but see the note to 7.179-180). 


(181) 

! AZ = ГЕ з TZ intersects ВГ 

зар? TAG ^ 2. AE intersects ВГ 
(182) 

! BH // AZ 10,6 given 

2”. “BHI = ZA = ZTOZ 11 Z given 

“А, Г, Ө, А on circle 12 ГГ given 
3... AE-ET' = AE-EO 13 Е given 


^ AE-.ET given 

5 ,^ AE-EO given 

6 AE given mag. 
7. LO given mag. 
8 ZO given pos. 

3 E given 


(183) 


1 AE-EI’ = AE-EO = tangent? 


2 Л, Ө, Г,А on a circle 
з /ВНГ = /ГӨ2 
^ /BHI = /ВАГ 


14 ГЕ given pos. 
15 circle given pos. 
16 А given 

17 A given 

18 AA given pos. 


5 /ВАГ = /ГӨЕ 
6А,Г,А,Ө ona circle 
7 ” AB, BA in a straight line 


— The circumstances of the cases remain the same: The three given 
points of the hypothesis of lemma 7.182-183 can be either outside or inside 
the circle, and if outside, the inflection can be made on the outside of the 
circumference or on the inside. These cases correspond to the three cases 
of the problem to which this lemma is reduced, namely 7.167-168, 
.170-171, and .172-173. 


(184) 
1 HO tangent to circle ГД 
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2 EK // ZO 

з EH:HZ = EK:ZO 

^ ^. H,@,K опа line 

5 JO 1 

dud enu 

7 7 Tangent from Н to circle ГД is also tangent to circle AB 
8 Lines cutting ГД lie between A, Ө 

3 e Lines cutting ГД lie between К, B 

10 HK tangent to circles 

11 4 Lines betw. Bw K & A, Ө cut circle TA 
!2 Lines betw. B, K & A, O cut circle AB 
13 e Lines cutting circle ГА cut circle AB 
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(185-192) Lemmas to Apollonius's Plane Loci. 


All the lemmas belong to Book 2, specifically loci 1, 2, 4, and 5 in 
Pappus's list (7.26). See Essay A, section $8 for discussion. See also 
Appendix 3 for possible parallels with the ‘Book of Lemmas’ by ‘Hecaton’. 


(185) 


— 


ГЕ // AB 

2”. BA:AT = АВ:ГЕ = АВ? АВ-.ГЕ) 
3 ВД:ДГ = ВА?:АГ? 

^ ^. BATE = ГА? 

5... /TAA = ZB 

SU DAA UC. AAT 

^ BA-AT = AA? 


o 


- let straight line (ev@eta) AA be drawn: The transmitted text has 
"let arbitrary [rvxovoa] (line) АД be drawn”. This is nonsensical, since 
the line is determined by conditions immediately following. The word must 
be either a corruption (as I have treated it) or a slip of author or copyist, 
used to writing enunciations in which such a line is arbitrary. 


— The converse (араотрефошерор) is obvious: The manuscript has 
avaypagouevor, which would have to mean some kind of construction 
of two-dimensional figures on lines. The emendation adopted by Hultsch 1s 
plausible, since Pappus makes similar remarks about converses and variant 
cases at the ends of several other lemmas. 


(186) 

(АВ? = ВА? T АД? 

2 AT? = АД? + AI? 

3 ^ AB? — АГ? = (AA 2 + AB 2) ы ан; (AA? * AT?) 
4 .. BA? — ADU? — AB? — АГ 2 
5 BA? — AT? = 2(ВГ.ЕА) 
6“ AB? — AT? = 2(BF-EA) 


ОВЕ = ЕГ 

8 „ВА = ГЕ t BA 

3 BA? = (ГЕ +ЕД)2 

19 ГЕ +ЕД)2 - ГА? = 4ГЕЕД) = 2(Г.ДЕ) 
11 BA? — AT? = 2(Bl-AE) 


(187) 
1 (BA? —EXAT? = BA:AT 
Е = АВ.ВН 
2, (BA-AHXAT? = BA:AT 
3 7А:АГ = BA-AH 
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5 S (ZA-AD):AD2 = 2А:АГ = ВА:АГ 
5 ^ AA // ZB 

6 27727, = ҰГАА 

7 LL = ZAHL 

ЛАНГЕ ГАД 

э /AA0 > /ГАД 

10 ^4 ZTHA > ZAAO 

11 ^ ДВ.ВГ > АВВН (SE) 


(188) 
1 AE perpendicular to BT 
2. BE? + ET? = 2 (BA? + EA?) 
3 2AE? + 2 AE? = 2 AA? 
4 BE? + El? + 2AE? = BA? + AI? 
5 ,. BA? + AT? = 2 (АА? +AB2) 
6 = DEAS ct ЛА 2) 


(189) 
’ АВ:ВГ = 2Е:ЕГ 
^ АГ:ГВ = ZTE 
.. AZ:BE = АГ:ВГ 
^ LA:AT = ЕВ:ВГ 
ЕВ:ВГ = ДЕ:ЕГ 
“ГА:АГ = EATE 
^ AZ-EI = АГ.АЕ 
(А7-ГЕ) — (АЕ-ЕГ) = ?Е.ЕГ 
(AT-AE) — (АЕ-ЕГ) = (AZ-TE) — (АЕ-ЕГ) 
0. (AT-AE) — (АЕ-ЕГ) = ?Е-ЕГ 
1 (AT-AE) — (АЕ-ЕГ) = AE? - (ДА. АГ) 
2 AE? — (A-AA) = ?Е-ЕГ 
3 (ZE-EDXET? = АВ:ВГ 
14 (AE? —lA-.AAXET? = АВ:ВГ 


— (step 8) [four times] (re7paxkic): The intrusion of this word can be 
explained as a dittography of the preceding бе misinterpreted as a 
numeral. ; 


(190) 
1 АВЗВГ = Е2:ГЕ 
^ LA:BE = АГ:ВГ 
^ LA:AT = ЕВ:ВГ 
ЕВ:ВГ = ДЕ:ЕГ 
^ ГА:АГ = ДЕ:ГЕ 
^ ZA TE = EA-AT 
^ AE? = ZE-EI + l'A-AA 
?Е-ЕГЛЕГ2 = АВ.ВГ 


O N OO 0 ^ о м 
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8 (AE? —l'A-AAXET? = АВВГ 


(191) 
' AI:DTB = ZA:AB 


2" AZTA = (А7.ГА)ГА? = АВ:ВГ 

3 ^X (ZA-AB):AB2 = AI TB, 

4 (ЦАГ.ГВ)ГВ2 = АГ:ГВ, 

5 (А7.АГ)ГА? = АВ:ВГ 

9 АГ:ГВ = ZA:AB 

8 LATB = ZAAT + ZA-AB = АГ.АВ 

7 “АЛ.АГ + ZA-AB = АГ.ДВ + AZTA 

6 АД2 + BA-AZ = BAAT + AZTA 
(192) 

1 AA:AB given 

2 Д given 


Q3 


A, Г оп line AB 
eA + x= NEN? CRUZ 
X :['B? = AA:AB, 
Y: AB? = АД:ДВ, 
2:АГ2 = AB:BA 
5 y = AA. AB 
6 AT? + x = BAAA (given) + z, 
х:ГВ2 given, 
2:АГ2 given 


— Formally this proposition is a porism, as we define it in Essay B, section 
$2: Line segment АВ is given, point [ variable on the line, and it is proved 
that there exists a fixed point A such that a certain relationship holds 
between the segments joining [ with each of A, B, and A. The fact that 
Pappus expresses the lemma in this way implies that it was applied in the 
analysis of one of the loci. There is no strong reason to associate this 
porism with any of the contents of Euclid’s Porisms (its enunciation does 
not match any of the classes described in 7.18-20). 
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(193-232) Lemmas to Euclid’s Porisms. 


In this series I have put in the text only those lemma numbers (chapters 
193: no. 1, 211: по. 18) that appear in the margins of the Vaticanus, 
without restoring the intervening numbers. Pappus’s original numeration 
(if it is indeed his) cannot be reconstructed with certainty, since he seems 
here to have counted one of the alternative proofs 7.194 and .197 as a 
separate lemma. The traditional lemma numbers (adopted by Hultsch in 
his Greek text) do not count either of the extra proofs, so that he has to 
‘emend’ the attested number “18” for 7.211 to “17”. 


(193) 
! ZA // BA ^ ВА:АЛ = ГА:АН 
2 AZ:ZH = АА:АГ > ^ AH S ВГ 
^ HZ:ZA = ГА:ДА 6 ,. EB:BA = EOOH 
^ НА:А2 = ГА:АД 7 ЕВ:ВА = ЕК:К2 
3 ^ ДА:А2 = ГА:АН S “ЕКА2 = EOOH 
^ ДА:А2 = ВА:АЛ 3 e OK / AT 


— See Essay B, section $3, on the first porism and the application of this 
lemma to its proof. 7.194 is a second proof of this lemma. 


— figure ABTAEZH: As in some of the following lemmas, Pappus does not 
take the trouble to define his figure (the reader with Euclid's Porisms before 
him perhaps would not have needed such help). Let there be two lines AE, 
АГ, and let Z, Н, A, Г be two pairs of points on АГ, and let inflections ZEH, 
АВГ be made from the two pairs to points on AE. K and © are the 
intersections of corresponding lines making the inflections. Like the 
lemmas 7.137 and .138, this one has several alternative figures, all of 
them following the second proof (7.194), but two appear also after the 
present chapter. How nearly complete the series is depends on the criterion 
used for distinguishing them. It is likely that Pappus did not follow a rigid 
rule, but meant only to set out a representative group of drawings (he may 
have been following the figures in his copy of the Porisms). Thus there is 
no figure in which the points оп АГ are ordered А?НАГ, and (at the same 
time) in the order ABE on line AB. 


(194) 

1 AZ:ZH = AA:AT 

2. HZ:ZA =TA:AA 
ee HA:AZ = ГА:АЛ 
“ДА:А/ = ГА:АН 

3. AA:AZ = AT TH 

^ AA:AZ = (AB:BE)-(EK:KZ) 

5 АГ:ГН = (AB:BE)-(E0:0H) 
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6 ^ (AB:BE)-(EK:KZ) = (AB:BE)-(EO:0H) 
7 e EK:KZ = ЕӨӨН 
8 ӨК // AT 


— This variant proof is curious. Not only is it longer than the first, in spite 
of the use of compound ratios, but it invokes silently the plane form of 
Menelaus's theorem, that (see figure 127) in any quadrilateral formed by a 
triangle, say ABA, crossed by a transversal EKZ, 


AA:AZ = (AB:BE)-(EK:KZ). 


We first find the theorem in the treatise on spherical geometry by the first 
to second century mathematician Menelaus of Alexandria (Krause [1936] p. 
192), who used it as a lemma towards his eponymous theorem in spherical 
geometry. The theorem recurs, without accreditation, in Ptolemy’s 
Almagest 1, 13, and Pappus 8.10. Its assumption in this one lemma tells 
us nothing about whether Euclid knew the plane form of Menelaus’s 
theorem (I do not doubt that he did) but only that the author of this lemma 
(Pappus? or an earlier commentator?) assumed it as part of the equipment 
of his reader. 


(195) 
! HA // AE ^ BA:AO = ГН:НА 
2 AE:EZ = ГН:Н2 ^ AE:EO = ГН:НА 
3 АЕ:ГН = EZ:ZH ^ X. AETH = EO:HA 
AE //BA 5 EZ:ZH = EO:HA 
^ AE:EO = BA:AQ 6 EO //HA 
OA //HA 7 e OAZ is straight 


^ AO:HA = AK:KH = BATH 


— Lemmas 7.195 to .201 are lemmas for, and syntheses (more or less) of, 
some of the ten porisms that Pappus enunciated compendiously in chapter 
7.16. For all details, see Essay B, §4. 


— For the second porism: This is the last title that Pappus gives us until 
the displaced lemma 7.222. We are left to infer that the order of the 
lemmas from here on is approximately Euclid’s. 


— Figure ABTAEZH: Let AZ and BA be parallel, and let A, Г, E, Н be two 
. pairs of points on AZ, from which inflections АВГ, EAH аге made to points 
on BA. Ө,К are the intersections of corresponding lines in the inflections. 


(196) 
! KA // ZA 
? AM // AA 
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S EZ:ZA = EO:0A 

OK:OH = OA:0M 

^ AZ:ZH = OA:OM 

e EZ:ZH = EO:0M 

^ O©E-HZ = EZ-OM 

^ @OE-HZ):EZ-HO) = (EZ-OM):(EZ-HO) 
^ (OE-HZ):(EZ-HO) = OM:OH 

OM:OH = AO:0K 

10 4 (EO-HZ):(EZ-HO) = AO:0K 

11 КӨЛ = ©A-BI):@BTA) 

12 % AO:OK = (ӨВ-.ГА)(ӨД-ВГ) 

13 ,. (EO-HZ):EZ-HO) = (OB. AX:(OA.BT) 


O o N Q0 ол ^ о 


— Тһе first of the fundamental lemmas оп cross-ratios, оп which see Essay 
B, section $5 (note that points B, Г, Д and E, Z, H are implicitly defined as 
the intersections of the two lines through © and the three lines through A). 
Two of the figures in the manuscript inconsistently waver between different 
configurations (see apparatus to figures), a circumstance that could occur 
either if the eye slipped inadvertently from one drawing to a similar one 
while copying, or if the mind of the author lost track of the case in hand. 
In either case, Pappus is probably to be blamed. The manuscript’s figures 
bear what look like authorial numbers, and the copyist who reproduced 
them can hardly have failed to notice if he had missed a drawing or two. 


— (after step 7) But (let) the rectangle contained by EZ, OH (be) 
another arbitrary quantity: Of course within the construction it is not 
arbitrary. Pappus means that if one quantity equals another quantity, 
then their ratios to an arbitrary quantity will be equal, and so we can make 
that arbitrary quantity, in this instance, EZ QH. 


— (step 11) By the same argument: The summary omits the repetition 
of the argument, since Pappus’s figures do not provide а point 
corresponding to M, namely the intersection of AO and МА. 


(197) 
' (OE-HZ):(OH-ZE) = (OE:EZ)-CZH:HO) 
? QE:EZ — OA:ZA 
3 ZH:HO = ZA:OK 
^ (OE.-HZ):(OH-EZ) = (ӨЛ:2А )- (2А ЮК) 
@A:ZA)-(ZA:OK) = OA:OK 
^ (OE-HZ):(OH-ZE) = OA:OK 
ОД ВГ ):(ӨВ.ГД) = OK:OA 
^ (ӨВ.ГА):(ӨД.ВГ) = ЛӨ:ӨК 
^ (OE-ZH):(OH-ZE) = (ӨВ.ГА):(ӨД.ВГ) 


о о чол 
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— A second proof of 7.196. 


(198) 
' (AZ-.BDX:(AB.TZ) = (AZ-AE):(AA-EZ) 
2” (AZ-BDX:(AZ-AE) = (ABI"Z):(AA-EZ) 
3 (AZ-BI):(AZ-AE) = ВГ:ДЕ 
^ ВГ:ДЕ = (ABIZ):(AA-EZ) 
^ КМ // AZ 
5 ВГ:ДЕ = (BI:KN)-(KN:KM)-(KM:AE) 
6 (AB-IZ):(AA-EZ) = (BA:AA»-TZ:ZE) 
^ ВГ:ДЕ = (BA:AA)-TZ:ZE) 
KM // AZ 
7. ВА:АД = NK:KM 
“Г2:2Е = (ВГ:АЕ)«МК:КМ) 
8" TZ:ZE = (BI:KN)-(KM:AE) 
3 ВГ:КМ = OF :KO 
19 KM:AE = KH:HE 
“Г2:2Е = OF :KO)-(KH:HE) 
11 EZ / OT 
12“ KH:HE = KO:EZ 
13 ((0:0K)-OK:EZ) = Gr:Ez 
14 “Г?7Е = ГӨЗ 
15 ГӨ / EZ 
16 , O=Z is straight 
17 7, ӨН? is straight 


— Figure ABI'AEZHOKA: Let there be lines AA, AZ, and on AZ let B, A, 
Г.Е be two pairs of points, from which inflections BAA, ГКЕ are made to 
points K, A on AA. The intersections of corresponding lines making the 
inflections are H, @. 


— (step 13) is converted (ueraBadrAerac): The manuscript reading of 
the participle we raBarAouevos is intolerably harsh. Still, I hesitate to 
rule out authorial carelessness, because the error is difficult to explain as a 
corruption. 


(199) 
! KA / AA 7. HA:AM = АД:ДГ 
2 AA:AT = АВ:ВГ 8 S AA:HA = l'A:AM 
3 AA:AT = KA:AH l'A:AM = АӨЮА 
^ АВВГ = KH:HM 9 e AA:‘HA = AQ0:OA 
5 КАЗАН = КН:НМ 10 HA // AB 


6 ,*. HA:AM = KA:AH 11 ,, AHO is straight 
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— If... then... So...: In lemmas 7.199 and .200 Pappus first states 
something as if proved, and then enunciates a converse which the lemma 
proves. Surely these gratuitous statements must imply that the first 
theorems were proved in the Porisms. I therefore interpret them as 
indications that these lemmas are in a sense syntheses of the porisms that 
they serve (see also Essay B, section §4, on this topic). 


— Figure ABIAEZHO: Let two straight lines EA, ЕГ be crossed by two 
straight lines AOZ, АГА, and let ZT be joined and EHB be drawn across it. 
Line AHO is also understood as part of the figure, but in the lemma it has 
to be proved straight. Points E and Z are not used in the lemma, but they 
are needed to define the figure. 


— (step 8) alternando (epvaA^A^at) Mathematical sense dictates 
Commandino's emendation of avadXoyov, although again this may be 
Pappus's mistake. 


(200) 
1 BO = HB Г2:2Е = OH:HE 
2" AO // TH, ^ X АД:ДЕ = Г2:2Е 
AH // Or 5 ^ AZ ГАГ 
3 e AA:AE = ӨН:НЕ, 


— Figure (ABrAEZH): Euclid's configuration: Let there be straight lines 
АЕ, ГЕ, and let AZ be drawn across them and parallel to АГ; and let АГ, 
ZA be joined with H as their intersection, and let EH be joined and produced 
to meet АГ at B. Pappus’s lemma does not assume that AZ is parallel to 
АГ, but defines В as the midpoint of AT. 


— then there results a parallelogram AOIH:~ Because BO = BH and 
BA = ВГ, hence BO:BA = ВН:ВГ (so AO // ГН) and ВӨ:ВГ = BA:BH (so 
ГӨ // AH). 


(201) 
' AK // AZ 6. AZ:ZE = КӨ:ЕӨ, 
2 ГВ:ВА = AB:BA ГН:НЕ = КӨ:ЕӨ 
3 АВ:ВА = KB:BO 7 А2:2Е = ГН:НЕ 
^ ^ ГВ:ВА = KB:BO в". ZH // АД 


5 АӨ // KT 


— Figure (ABl'AEZHO): Let there be straight lines AE, BE, ГЕ, АВГА, 
and let AOZ be drawn across AE, BE, ГЕ, and let AQ be joined and 
produced to H, and let HZ be joined. 
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(202) 
ВГ // AE 5 ^ tr. ABE = tr. AHZ 
! ^ tr. ABE = tr. ATE 6 $^ tr: APAY— іг: AZH 
2 X tr. ABE = tr. TAA mo ІТ. ГАН = tr. [ZA 
3 BZ // EH 5 “ГН // AZ 
4% tr. ВДЕ = tr. BZH 


— (Porisms related to chapters 7.202-213 are discussed in Essay B, section 
55.) Substantially the same theorem as 7.202 appears in the Book of 
Lemmas of ‘Hecaton’. See Appendix 2. 


— “altar” (BwutaKkoc): This term is applied to the figure in question only 
here. In Heron’s Stereometrica (Opera vol. 5 pp. 158, 160) a solid defined as 
a hexahedron with all faces unequal is so named. There is a vague 
resemblance between Pappus’s plane figure and a drawing of such a solid, 
although he has ZH added only in the course of the proof. His “altar” may 
be defined as follows: Let there be straight lines BAAH, ГЕА?, and let ZA, 
AE, EH be joined. The theorem is exceptional in arguing mostly by 
equalities of areas of triangles. Together with its reappearance in the 
‘Hecaton’ book, this fact suggests that Pappus has drawn this lemma from 
a separate source. 


(203) 
1 AO:OE = BOOT e ZM:AO = ZK:KO 
2”. BATE = AO:0E 7 HN:OE = HA:AO 
3 BA:EI = ZM:NH 8. ZK:KO = HA:AO 
4“. ZM:NH = ДӨ:ӨЕ 9 e KA / HZ 
5 ZM:AO = МН:ӨЕ 10 KA //TB 


— (Figure) Note that the figure is drawn, following the manuscript’s 
preference for symmetrical drawings, as if BO = er, AQ = OE, which are 
not required in the proposition. 


(204) 
1 KA // ГА 
2 AM // AA 
3 KN // AB 
АӨСӘӨК = АГ:ГА 
OK:ON = ГА:ГВ 
4. ЛГ:ГВ = AQ:ON 
5. ЛӨ:ГВ = AION 
6». (ДӨ-ВГ).АГ-ВӨ) = TA-ON):(AT-BO) 
7, (AO-BI'): Ar -BO) = ON:OB 
8 (AO-BI):(Ar-BO) = (ӨН.2Е):(ӨЕ.2Н) 
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9 ON:OB = KO:OA 
10. ON:OB = HO:0M 
12. ӨМ:ӨВ = (OH-ZE):(OM-ZE) 


1 

12 7, @H-ZE):@E-ZH) = (OH-ZE):(OM-ZE) 
13 . OE-ZH = OM-ZE 

14 “. MO:OE = HZ:ZE 

15 ,, ME:OE = EH:EZ 

16 ”. МЕ:ЕН = OE:EZ 

17 AE:EA = ME:EH 

18 4 AE:EA = OE:EZ 

tS ДЕКА 

20 KA //TA ` 


21“. [AZ is straight 


— A cross-ratio lemma, converse of 7.196. This and the following lemma 
immediately serve the proof of lemmas 7.206 and .207. 


— (Figure) Note that the figure is drawn symmetrically, so that ГА = AZ, 
ГВ = HZ, and soon. These equalities are not required in the proposition. 


— (after step 1) points K and A: Properly, “points A and K”, but the 
misordering seems to be Pappus’s. 


— The characteristics of the cases...: It is not clear whether this refers 
to whichever of Euclid’s porisms this lemma served, or to the lemma itself. 
In the latter case (which I think is the more likely) the reference has to be 
to 7.196 and .197, and Pappus is merely avoiding the repetition of all those 
figures. 


(205) 
1 ГӨ // AE 
2" TO:ZH = ГА:АН 
AA // ВГ 
3. EA:MH = ГА:АН 
^ X. ӨГ:2Н = EA:AH 
5 ^ TO-AH = EA-ZH 
6 ^ (AE-ZH):(AH-EZ) = (TO-AH/:(AH-EZ) 
7. (AE-ZH):(AH-EZ) = ГӨ:Е2 
8 .. (AE-ZH):(AH-EZ) = ГВ:ВЕ 


— Cross-ratio lemma. This is a special case of 7.196 where the transversal 
falls parallel to one of the fixed lines. The second case mentioned at the end 
of the chapter is suggested by the prolonging of AA in the manuscript figure 
(reproduced in mine); in this second configuration E has to be beyond Г with 
respect to B. 
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(206) 
1 AE // AZ 
2”. AZ:ZT = TE-HO):TH-OE) 
з ВЕ //TA 
4" Г2:2Д = (AE-AK):(AK-AE) 
5 Л2:2Г = (AK-AE):(AE-AK) 
6. (CE-HOX:TH-9E) = (AK-AE):(AE-KA) 
: 


““ HMK is straight 


— Lemmas 7.206 and .207 are the familiar “Pappus’s Theorem" of 
projective geometry: if the alternate trios of vertices of a hexagon А?ВГЕА 
Пе on two straight lines AEB, ГАД, the intersections Н, М, К of opposite 
sides will be collinear. Credit for the theorem of course belongs to Euclid, 
not Pappus. See also Essay B, section §5 for the probable form of Euclid’s 
enunciation. 


— (Figure) Note that the symmetry of the figure (AE = EB, [TZ = ZA) is 
not proper to the proposition, hence HK is not necessarily parallel to AB and 
ГА, as drawn. 


(207) 
1 ('E-HO):TH-OE) = (ГМ.2А)(МА-.Г2) 
2 (NI-ZA):(NA-ZT) = (QK-EA):(AE-KA) 
з. (TE-OH):THOE) = (AK-EA):(AE-KA) 
^ ”. HMK is straight 


(208) 
1 ЛӨ // ВГ 
? OK // TA 
з AE:ET = ДӨ:ГН 
= (AO.BZ):(TH-BZ) 

^ ДЕЗЕГ = (B-ZH):BZ-TH) 
5 e ВГ.2Н = AO-BZ 
e ,. ГВ:В2 = AO:HZ 
7 “ГВІВ7/ = rK:HZ 

^ (ГВ +ГК):(В2 +HZ) = ГК:Н2 
8 ĉe KB:BH = KT:ZH 
9 ,. KB:BH = AO:ZH 
10 KB:BH = OA:AH 

^ OA:AH = AO:ZH 
11 AO // ZH 
12 „. AZA is straight 


— Cross-ratio lemma, a special case of 7.204, used in 7.209. 


464 Notes 7.209 


(209) 
1 TZ:ZA = (AE-KA):(EA-KA) 
2 (AE-KA):(AK-AE) = ('H-OE):(E-HO) 
3°. AZ:ZF = ГЕ.НӨ):(ГН.-ӨЕ) 
4 HMK is straight 
5 ,, AMA is straight 


— A converse of Pappus’s Theorem (see above, 7.206 and .207). In the 
manuscript the enunciation erroneously requires it to be proved “that the 
(line) through H, M, K is straight”. Possibly the error is Раррив 5; it is in 
any case a mistaken recollection of 7.206. 


— (Figure) See the notes to 7.206. 


(210) 
! KA // BA 
2 (EH-ZAX:(AE-ZH) = (BO.TAX:(BA TO) 
3 (EH-ZA):(AE-HZ) = (HE:EA)-(AZ:ZH) 
^ HE:EA = KH:BA 
5 AZ:ZH = AT:HA 
^ (EH-ZA):(AE-HZ) = KH:BA) AT :HA) 
6 (BOTA):BATO) = ©B:BA) ATTO) 
7 ^ KH:BA) (AT :HA) = BO:BA) (ATTO) 
8 KH:BA = (KH:BO).(BO:BA) 
9 .. KH:BO).BO:BA)AT:HA) = BO:BA)-(Ar TO) 
10 4. KH:BO) AT :HA) = AT TO 
11. KH:BO) AT :HA) = ATHA) HA:Or) 
12”. KH:BO = HAD 
13 “. KH:HA = ВӨӨГ 
14 KA / BT 
15 ,. Line AHO is straight 
— That Pappus should have allowed a second, different proof of 7.204 to 
appear here to serve 7.211 is, I believe, yet another sign of the 
carelessness of the composition of Book 7, and possibly evidence that 
Pappus was combining several sources. What is strange is that it seems to 
be an afterthought here, clumsily splitting 7.209 and .211 which are the 
two halves of one lemma (a later insertion of this lemma would also 
explain, perhaps, why 7.211 is numbered “18” instead of “17” or “19”). 


(211) 
' NATZ):NT-AZ) = (ДЕКА): EAKA) 
2 (EA-KA):(EA-KA) = (ЕӨ.ГН):(ЕГ.ӨН) 
3% (БӨ-.ГН)(ЕГ-ӨН) = NATZ):NI-ZA) 
4 AOA is straight 
5 đe AMA is straight 
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— This chapter has to be read as a direct continuation of 7.209. 


(212) 
’ (ЕВ 2 ):(ЕГ.ГВ) = ВН:НГ 
ГЕ:ЕВ = (ЕГ.ГВ):(ЕВ.ВГ) 
^ (ЕВ 2 ):(ЕВ.ВГ) = (ВН:НГ).((ЕГ.ГВ):(ЕВ.ВГ)) 
^ EB:BT = (ВН:НГ).(ЕГ:ЕВ) 
^ (ЕВ 2 ):(ЕВ.ВГ) = (ВН:НГ).(ЕГ:ЕВ) 
^ (ЕВ 2 ):(ЕВ.ВГ) = (ЕГ.ВН):(ЕВ.ГН) 
ЕВ:ВГ = (AE-ZO):(AZ-OE) ! 
^ (ГЕ.ВН)(ГН.ЕВ) = (АЛЕ.2Ө): (А7 ӘЕ) ! 
^ OKT 15 straight 


oon о 0 ^5 омы» 


— (steps 7, 8): The cross ratio (AE-ZO):(AZ-OE) is the inverse of what the 
mathematical sense requires in both steps. The error is surely Pappus's. 


— for that is in the case-variants of the converses: A curious way of 
referring to lemma 7.204 or .210, for which see the note to the end of 
7.204. 


(213) 
1 AK // BE 6. EB:EA = KH:HA 
2 EZ:ZH = EO:0H 7 КН:НА = ВГ:ГА 
3 EZ:ZH = EB:HK 8 ee BE:EA = BIA 
^ ЕӨ:ӨН = AE:HA 3 se EB:BT = EA:AT 
5 e ВЕ:НК = AE:HA 


— Special case of the cross-ratio lemma 7.196, where the cross-ratios are 
harmonic. Characteristically, Pappus does not invoke the previous lemma. 


— The case variants likewise: Pappus may have meant to complete the 
sentence: *as for the foregoing lemma" 7.196. 


(214) 

' BH 1 АГ, EO 1 AZ 

2A = LA; ZI 708 

3  AB:BH = AE:EO 
AB:BH = (ВА.АГ):(ВН.АГ) 
AE:EO = (EA-AZ):(EO-AZ) 
^ (ВА-АГ)(ВН.АГ) = (EA-AZ)(EO-AZ : 
^ (BA-AI):EA-AZ) = (BH-AT):0-AZ) 
(BH-AT):(EO.AZ) = tr. АВГ : tr. AEZ 
^ (BA-ADX:(EA-AZ) = tr. АВГ : tr. AEZ 
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— On the porisms to which the following lemmas (to 7.221) may have 
referred, see Essay B, section §6. 


— (Figure) The triangles are drawn (as in the manuscript) as congruent, 
which is of course not required in the proposition. 


(215) 
' AH = BA 
2/A + ZA = 21 
з /БАГ + TAH = 21 
4“. /ГАН = ZA 
5 ee (HA-AT X:(EA-AZ) = tr. АНГ : tr. AEZ 
6 HA = AB 
7 tr. HAT = tr. АВГ 
8. (BA-ATX:(EA-AZ) = tr. АВГ : tr. AEZ 


(216) 
' 2АВ-ГА = ГВ? ? ^ AMA = Pht AB? 
ABTA = AAAF + BAAT АДГ SATTA +TA? 
IB? = DA? T 2ВА-АГ t 9. ^5 SALA TIA^ = Ав? 
АВ? “АЛ” АР + AB* 


— Note that 7.218 is only another configuration of this lemma. 


(217) 
1 АВВГ = BA? 8 S (АА-ҒАГ)АГ = АГ:ГВ 
2. AB:BA = ВА:ВГ 9 ,(АА-Ғ-АГ)ГВ = AT? 
3 e AA:AI = BA:BI 10 AA:AT = AB:BA 
4. TA:AA = ГВ:ВА 11 .ГА:ДА = AB:BA 
5 ^ (AA +ДГ):ДА = ГА:АВ 12 S ГД +ДА :ДА = AA:AB 
6,.(АД-АГ)ВА = AA-AT 13 % (АД +ДГ).АВ = AA? 
7 


AA:AT = ABBI 


— This lemma and 7.219 are equivalent except for sign changes according 
with the different orders of points on the line. See Essay B, section $8 for 
an application of this lemma to a porism from Book 3 that can be 
reconstructed from lemma 7.231. 


(218) 
! ГА? = 2АГ.АВ з. ZAT TB + AT? = AA? 
2.,2АГ-ГВ = ГА? + 2.АГ.ГД ^ ^ AB? = АА? t TB? 
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(219) 
' AB:BA = BA:BT 
2°. AA: AT = ВА:ВГ 
3% (AA — AT):AT = AA:AB 
4 e (AA — АГ)ВА = AA-AT 
> АД:АГ = AB:Br 
6). (АД — АГ)АГ = АГ:ГВ 


(220) 
LAB = 14 
2 ^ EA-AT + ГА? = AA? 
^ l'A-AE = AA? 
АВ:ВГ = АА?:АГ? 
““АГ:ГВ = (ЕА.АГ)(ГА-АЕ) 


“АЕВГ = ГА.ДЕ 
^ AE:EA = АГ:ГВ 
~ AA:AE = AB:BEP 
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7. (АД – АГ)ВГ = AT? 

5 АД:ДГ = АВВА 

3 ГД:ДА = AB:BA 

10 S (AA— AT):AA = AA:AB 
11.7. (AA — АГ)АВ = AA? 


^ (ЕА-АГ)ХЕА-ВГ) = (ЕА.АГ):(ГД.ДЕ) 


— Again, this lemma and 7.221 are equivalent theorems for different orders 


of points. 
(221) 
AA?:AT? = АВ:ВГ 
ДЕ = ГА 
2" ГА.АЕ “ГА? = AA? 
3% EA-AT = AA? 
4 АГ:ГВ = (EA. AT X:TCA-AE) 
5 ~. (EA-ADX:(EA-.TB) = (ГА-.АЕ)(ЕД.АГ) 
6 AETB = EA-AT 
7 ^. AE:EA = АГ:ГВ 
8 X. AA:AE = АВВГ 


i 


^ AA:AT = AB:BE 
10 ,, AB:BA = ВА:ВГ 
11. АВ.ВГ = BA? 


(222.231) These chapters present a series of lemmas concerning circles, 
and so almost certainly pertain to Book 3 of the Porisms (see 7.20). For 
reconstructed porisms related to these lemmas, see Essay B, section $7. In 
some of the lemmas, subsidiary lemmas are invoked, tacitly or explicitly, 
that are not in Book 7, nor immediately apparent from the Elements. 
Either these were provided by Euclid in the Porisms, or this part of Book 7 
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is not complete. 


(222) 
AASS AP ^ AA? = BA-AE 
2 AZZI + ZA? = ДА? 5 ^ BZ-ZE + AZ? = BA-AE 
3 А? Г = BZ-ZE 6 ^ BZ:ZE = ВД:ДЕ 


— Theorem on the pole and polar of a circle. This lemma is a converse of 
lemma 7.229. 


— (Figure) Line BA is not required to be the diameter of the circle, as 
drawn (following the manuscript). 


— Lemma 222.1 (Supplementary figure 222.1). Let AAT be a triangle 
with AA equal to ДГ, and let arbitrary AZ be drawn across it. To prove 
that AZ-ZT + ZA? = AA?. 


Proof: 
Drop perpendicular AH. 
АН = НІ. 


“А7 2Г + ZH? = АН? (П 5) 
^ AZZI + ZH? + HA? = AH? + HA? 
"А22Г + ZA2 = АА? (Simson p. 519) 


— Lemma 222.2 (Figure 154). Let BZ-ZE + AZ2 = BA-AE. To prove 
that BZ:ZE = BA:AE. 


Proof: 


BZ:ZE + AZ? = BA-AE 

^ BA-AZ — BZ-ZE — AZ? = BA-AZ — BA-AE 
^ BZ-AE = BA-ZE 

^ BA:AE = BZ:ZE (Simson p. 519) 


(223) 
' АГ:ГВ given 8 T given 
2 ГА tangent epe 
3 АГ2:ВГ?2 = AA:AB э АД:ДВ = E?:Z? 
4 АГ2:ГВ2 given 10 AT tangent 
5 ^ AA:BA given 11 AK АД:ДВ = АГ?:ГВ2 
6 A, B given eeu BUR c APS Bs 
7 ҚА given "S WEZ -—APTB 


— Lemma 223.1 (Figure 155) Let there be segment AT B and ГА tangent, 
and let AB be produced to A. To prove that АГ2:ВГ2 = AA:AB. 
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Proof: 


СГАА = /ВГА (ІП 32) 

oe Ur, AAT tr DAB 

ee AA:AT = ГА:АВ = AT TB 
ee AA‘AB = АГ2:ГВ 2 


I omit the trivial converse, which is invoked іп the synthesis of 7.223. 


(224) 
' AE І AB 5 ^Z/BZH = ZOZB 
2“ ZAAB = ZBAE e /А2В1 
з LAAB = ZOZB 7 ^ AH:HB = AO:BO 


^ ZBAE = /В2Н 


— “Because of the lemma” — Possibly in the text of the Porisms, but I 
think it more probable that Pappus forgot to insert this lemma. Pappus 
gives a converse of it in his excursus on Euclid’s Optics, 6.99, which I 
Summarize here (with lettering changed to fit the present context) instead 
of Simson's (p. 461) adaptation to the present context: ! 6 


Lemma 224.1 converse (Supplementary figure 224.1). Let HA:AO 
= HB:B6, and let /HZB = Z/BZO. To prove that /BZA is right. 


Proof: 


Draw ГВК // AZ; produce ZO to K. 
НА :АӨ = HB:BO 

^» АН:НВ = АӨ:ӨВ 

AH:HB = 2А:ГВ 

^ ZA:TB = AOG:OB 

AO:OB = AZ:BK 

^ ZA:TB = ZA:BK 


“ГВ = BK 
ГВ:ВК = FZ:ZK (VI, З converse) 
“ TZ = ZK 


^ ZI BZ = ZZBK 
Y /ГВ2, 12 ВК 1 
ГК // ZA 


16 See also Essay B, section §9, for a further affinity with the Book 6 
material on the Optics. 
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^ /В2А1 


(225) 
' ? AE-BA = АННВ 
2. ? EA:AH = HB:BA 
3 7? ГАНЕ = ZBAH 
5 LAHE = ZAZE 


1.229 


5 /BAH = /BZH 
6,2 /AZE = /BZH 
7 ZAZB 1, ZEZH 1 
8 /AZE = /BZH 


— The proof is by a form of argument that I call ‘quasi-analytic’. My guess 
is that Pappus had before him an analysis of the theorem, whose course 
was about the same as in the summary of my translation, but without the 
question marks. Pappus’s lazy contribution, then, was only to change the 
kind of argumentation from analytic to synthetic, without putting the steps 
in the right order. 

Both argument and figure are incomplete (in fact we may have here 
Euclid’s figure, since it has all the lines needed to state the problem, 
without the additional ones required for the proof). The following synthesis 
makes the proof clearer: 


Lemma 225.1 (Supplementary figure 225.1). Let there be semicircle AZB, 
and AE, BA 1 AB, and ZH 1 EA. To prove that AE-BA = AH-HB. 


Proof: 


Join AZ, ZB, HE, HA. 

ZEAH = ZEZH 

ee A, Е, Z,H on a circle (ІП 31) 
^ ГАНЕ = ZAZE 

LAZH = ZABH 

“eA, Z, B, H on a circle 

S BAH = ZBZH 

LAZB = LEZH 

S LAZE + /EZB = /EZB + /BZH 
^e LAZE = ZBZH 

^ ГАНЕ = /BAH 

e» tr. АНЕ ~ tr. BAH 

ee EA:AH = HB:BA 

^ AE-BA = AH-HB 


(226) 
' ? ZB +BH):ZH = AZ2:Z0?2 
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2 BK // AE 

3.7? (ZK +KO):ZO = А72:702 

^ (ZK +K®):ZO = (ZK +KO).ZO : ZO? 
2 (ZK +KO)-ZO : 202 = AZ?:ZQ? 


5. ? (ZK +KO)-Z6 = AZ? 
e (ZK +KO)-ZO = ZK? —KO2 
ДИКА ? KZ2 -7А2 = КӨ 2 

8 KZ? —ZA? = ГК.КА 
9, ?ГК.ЖКА = OK? 

10 ?TK:KO = KO:KA 
11 S ?TB:BE = KO:KA 
12 ?TB:BE = AB:BA 
13 tr. ABE = tr. АВГ 

14 % tr. AAE = tr. ATE 
15 АЕ //AT 

16 ГВ:ВЕ = AB:BA 


— This lemma seems out of place among the lemmas on circles (see Essay 
B, section §7). The proof is quasi-analytic. The steps numbered 5 and 7 
are stated as facts in the text, where they are actually reductions of the 
theorem; we should read “Hence that the rectangle contained by ZKO taken 
together and ZO... equals the square of AZ.5 Hence that the difference of 
the squares of KZ, ZA is the square of ҚӨ.7” (I have represented the 
statements so in the summary.) The mistake, evidently Pappus’s, would 
arise from carelessness in the kind of conversion from true analysis that I 
have described in the note to 7.225. 

Simson (pp. 523 ff.) points out that the proof does not use or require 
the equality of AB and АГ. We might infer that the condition of equality 
comes from the proposition of Euclid that invokes the lemma, but in fact 
that does not seem to be the case. The only porism that seems to me a 
plausible explanation of this lemma is one of Chasles, for which see Essay 
B, section $7; it makes no use of the equality of AB and АГ. 


— (Figure) AE is not required to be perpendicular to ВГ, as drawn 
(following the manuscript). 


(227) 
DECANI 5 AZ-ZB = Zh? 
e I6 d. e ^ OE-EK = EZ? + ZH? 
3% AE-EA = AZ-ZB + ZE? 7 ^ OE-EK = ЕП? 


4 AE-EA = OE-EK 


— Lemma 227.1 (Figure 159). Let triangle AZE have angle Z right, and 
from a point B on AZ let perpendicular BA be dropped. To prove that 
AE-EA = AZ-ZB + ZE?. 
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Proof: 


tr. AAB ~ tr. AZE 

^ AA:AZ = AB:AE 

^ AA-AE = AB. AZ 

AE? = AZ? + ZE? 

“ AE? — AA-AE = А22 — AB-AZ + ZE? 

^ AE-EA = AZ-ZB + ZE? (Hultsch p. 911-13) 


(228) 
1 АВВГ = AA:AT 8 ,. BE? —BE-EA = ВЕ? --ЕГ? 
2. (АВ-ВГ)ВГ = АГ:ГА 9 e АВ.ВГ = EB-BA 
3 ЕКВ:ВГ = ЕГ:ГА ——— 
4”. ВЕ:ЕГ = ЕГ:ЕД МВВ AE = AA-AT 
5 ^ BE-EA = EI 2 ^ BE-EA = ГЕ? 
BE-EA = BA-AE + AE? 3 “БЕЗЕГ = l'E:EA 
ED? = AAAF + AE? 4. ЕВ:ВГ = ГЕ:ГА 
6“. BA-AE = AA-AT 5 ,. (EB +ЕГ +ГВ):ВГ = АГ:ГА 
7 BE-EA = ЕГ? ^ AB:BI = AA:AT 


— Subsidiary lemma to 7.229, with one converse. 


(229) 
1 AM 1 EO 7 AA = AB 
2. KM = MO 8". ZH-HA = АН.НВ 
АУ MOL Т 9”. EH-HM = AH-HB 
4. E,Z,A,M on a circle 10 “4 ЕН.НМ = ӨН.НК 
5.2Н.НА = EH-HM 11 OM = MK 
e AZ:ZB = AH:HB 12" OE:EK = ӨН:НК 


— See the note to 7.222. 


(230) 
I = ДА S IB = an 
r ors. = ZA? 7 8 BZ2 = ZH? 
PE Bee ГД 8 “EZ = ZH 
* Ап“ 7- HZ? = ДА? 9 AZ = АВ 
зе Гр2 TEL? 9SA8H* + HZ 10 АЕ = HB 
(231) 


1 АГ? - ГА? = AT +ГВ):АЕ 
2..2АГ2 = AT? + (AT +ГВ).АЕ 
3 ^ гАГ2 = AE? + ET? + (АГ-ҒГВ)АЕ 
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42 l ATTE = AE? “ГЕ? + AETB 
5..?АГ-ГЕ = AEEB + TE? + AETB 
6“ ? AEET = AE-EB + АЕ.ВГ 

EITS EB "UBL 

^ AE-ET = AE-EB “АЕВГ 


~J 


— Quasi-analytic proof. 


(232) 


— 


tr. ГН = figure AA 

hgure AA = 2 tr. ATA 

e tr.ZIH = 2tr. ATA 

tr. ZTH : tr. ATA = ZT-THX(AT TA) 
AT TA given 

^ ZIT TH given 

^ EZ given pos. 


чо oc ^ о N 


— 'To judge by the (corrupt) title, this lemma is out of place, following the 
lemmas to Book 3 (see Essay B, section $6). 

Interestingly, Pappus employs a reference to Apollonius's Cutting off 
of an Area in this lemma (the transmitted text is lacunose in the reference 
because the copyist's eye slipped from “Sinkrat” to “amnkrac”, but 
the gap can be restored with sufficient accuracy). See Essay A, sections $3 
and $5. 
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(233-311) Lemmas to Apollonius’s Conics. 


Since with the exception of the whole of Book 8 and, possibly, some 
passages of the earlier books, the Conics are extant in Greek or Arabic, the 
commentary on most of the corpus of lemmas can be restricted to textual 
remarks and the identification of the pertinent propositions in Apollonius’s 
work. In the latter I mostly follow Halley’s identifications for Books 1 to 7 
(the invocations of the lemmas are inserted parenthetically in his Latin 
version of 1710), or Heiberg’s for Books 1 to 3 (Apollonius, Opera vol. 2 pp. 
lvii-Ixi). With a very few exceptions, the lemmas are of no interest in 
themselves, but, as Heiberg already noted, they sometimes point to 
discrepancies between Pappus’s text of the Conics and the versions that we 
have in Greek and Arabic manuscripts. All our manuscripts, Greek and 
Arabic, of Books 1 to 4 descend from an edition by Eutocius (early sixth 
century); the Arabic translation of Books 5 to 7 was made from a single 
manuscript containing a different edition of the text, about the provenance 
of which we know nothing.!?" In addition to Pappus, we also have 
Eutocius’s commentaries on the first four books, which contain numerous 
alternative proofs and lemmas that Eutocius reports that he found in 
certain of the manuscripts from which he was working. The only exegete 
that he quotes by name, once, is Pappus, but we have seen (in the 
introduction, section §6) that Eutocius had, not our Book 7 of Pappus, but a 
different and probably earlier version of his commentary. The problem of 
coordinating the information derivable from Pappus with Eutocius’s notes 
and the manuscript traditions of the Conics obviously exceeds the scope of 
this study. The remarks below are therefore largely 'editorum in usum’. 


(233-246) Lemmas to Book 1. 


Chapters 7.233-235 are the three cases of a single lemma that 
Pappus invokes in 7.236. Properly, therefore, they should follow the title 
“For the conic definitions” that introduces 7.236, and in addition we would 
expect a general heading at the beginning of the section on the Conics. 
These are signs, again, that our text of Book 7 descends from an original 
that had not been properly ‘marked up’ for publication. 


17 See the account іп Fihrist (Dodge) vol. 2 p. 637, which is based on the 
account by the Banu Musa prefixed to the Arabic translation of the 
Conics (not at present available in a reliable translation; for the Arabic 
text see Terzioglu [1974]). There were editions of the Conics by 
Serenus (fourth century?) and Hypatia (about 400 A.D.), but we know 
nothing about them. Eutocius compiled his edition by collating several 
manuscripts, 
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(233) 
UBA — AZ LÀ > ДА 
"CEDAT ZZDAB LUAZ; /ГАА 1 
IBI rZ 4 Г2 > ГА 


— The figures in 7.233 апа .234 are schematic, rather than perspective, 
representations of solid constructions. The figure to 7.233 is especially 
deceptive, because ГВ appears to be less than ГА, when in fact it is 
supposed to be greater. 7.235 has a figure that attempts to represent the 
foreshortening of a circle viewed obliquely (in the manuscript it is drawn as 
a lense-shape, by joining two broad circular arcs; I have used an ellipse). 
Similar crude perspective drawings accompany the solid constructions in 
Apollonius’s Conics. 


(234) 
WAB => AE 3 ee BI >TE 
2 LTAB, /ГАЕ 1 “ЕГ>ГА 


— (step 4) by the same argument: Not exactly the same. We need only 
observe that ГА is a leg, and ГЕ the hypotenuse of right triangle ГАЕ. 


(235) 
VAB > AZ 4 AA < AZ 
2 ZVAB ZI AZL SLEDA ATOZ 
з“ BT > Г2 e АГ <Г2 


(236) Rather commentary than lemma, this chapter refers to Apollonius's 
definition of a cone (Opera vol. 1 p. 6): “If from some point a straight line, 
joined to the circumference of a circle that is not in the same plane as the 
point, is produced in both directions, and with the point remaining 
stationary the straight line revolves about the circle's circumference and 
returns again to the same (point) whence it began to move, the surface 
described by the straight lines, which comprises two surfaces situated at 
each other's vertex, each of which grow indefinitely as the describing 
straight line is produced indefinitely, I cali a conical surface...". Trivial 
discrepancies (not reflected in translation) between Pappus's citations and 
our text of Apollonius result from Pappus's inexact quotation, probably, and 
not from early textual variants. Pappus assumes that Apollonius 
stipulated that the generating line of the cone be produced in both directions 
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іп order to make sure that it always reaches the base circle. More likely 
Apollonius was merely anticipating the allusion to the complementary half 
of the cone (which is why he says “in both directions”) and the possibility of 
extending the surface indefinitely either way. 


— [with the greatest always being produced]: I am unable to explain 
the presence of these words in the text, either as authentic (they make no 
sense in the context), or as an interpolation. Possibly the text is more 
corrupt than it seems, but the necessary meaning is adequately represented 
if we ignore the bracketed phrase. 


(237) 
! AZ, BH, EGO LAT 6 ^ AZ ZI + ZK2 = AK? 
2 AL? — AZ 7.4604 + ЕАК? 
3 BH? = АН.НГ SAL масак“ 
EO? = AGS! 9 ,. AK = КА 
АП = AL 


— This locus theorem, a partial converse of Elements III, 35, completes the 
argument of Conics I, 5. That proposition constructs the so-called 
‘subcontrary’ (VmevavTta) section of an oblique cone, that is, a circular 
section cut off by a plane not parallel to the plane of the circular base from 
which the cone was generated. 


(238) 
! AB:ZE = AH:HZ 
2 AB:ZE = АВ.2Е : ZE? 
3 AH:HZ = AH-HZ : HZ? 
^ X AB-ZE : ZE? = AH-HZ : HZ? 
5 ZE?: TA? = ZH2:HI 2 
6“ AB-ZE :TA? = AH-HZ : HI? 


— Invoked in I, 34, where, however, the step is explained as “because of the 
similarity of the triangles” (in the lemma’s figure BAH, EZH, ATH). This 
phrase may therefore have not been in Pappus’s text. 


(239) 
1 АВВГ = AA:AT 
2» (АВ +ВГ):ВГ = AFTA 
3% ЕВ:ВГ = ETTA 
4”. ВЕ:ЕГ = ГЕ:ЕД 


^ BE-EA = ET? 

^ AMAT = BA-AE 

ВЕ? — BE-EA = ВЕ? — ET? 
““АВВГ = ЕВВА 


Oo ww O0 GA 


— This lemma corresponds to a passage in I, 37 (Opera vol. 1 p. 110 lines 
12-18), which, along with some of the ensuing steps that are anticipated by 
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the lemma, Heiberg (vol. 2 p. lix) plausibly proposes therefore to delete as 
an interpolation. 


(240) 
' AH = EZ 5 ^ A:B = Г:Н 
? А:В = (Г:А)«Е:7) 6 T:A = (Г:НУ(Н:А) 
3 «АЗ = TANAH) 7 H:A = Z:E 
5 T-A) AH) =T:H 8 X T:A = (A:B)-(Z:E) 


— The lemma could belong to I, 39 (vol. 1 p. 118 line 23 to p. 120 line 7), 
which in the extant text has the argument filled out (Heiberg, in vol. 2 p. 
пх). However, Apollonius's theorem consists of little more than an 
application of this lemma to specific magnitudes in a figure. A more 
plausible reference is to I, 41 (vol. 1 p. 124 lines 18-28), where the step 
(hlled out at length in the extant text) is a minor detail of the whole proof 
(Hogendijk [1985] p. 44). 


(241) 

' AH 1 BT, AO 1 EZ 

А EZE 
^ tr. ABH ~ tr. AEO 
^ ВА:АН = EA:40 
5 BA:AH = (АВ.ВГ):(АН.ВГ) 
6 EA:A0 = (AE-EZ):(AO-EZ) 
- 
8 


со 


^ (AB-BI"):(AE-EZ) = (AH-BT):(A0-EZ) 
^ (AB-BI):(AE-EZ) = fig. AT : fig. AZ 


— The argument of this lemma has evidently been interpolated into the 
pertinent proposition, I, 41 (vol. 1 p. 126 lines 11-13; Heiberg in vol. 2 p. 
lix). 


(242) 
! 2А:АГ = ГА:АЕ 3 ZA:AT = BA:AA 
2 ГА:АЕ = ВА:АД 4 AT // BZ 


— This lemma is not directly invoked by Apollonius, but provides part of a 
necessary corollary to I, 43 that is invoked in I, 50 (Hogendijk, p. 44 note 
6). Referring to Apollonius’s figures (I will not attempt to explain the 
contexts here, since the question is only relevant for the history of the text 
of the Conics), in I 43 (vol. 1 p. 182, about lines 14-15) we have EZ parallel 
to AB, and (by I, 38 BI? = ZITA. Hence by the lemma, AA is parallel 
to EB, so that triangle АВГ equals triangle ЕДГ. This result is used in I, 
50 (vol. 1 p. 152 line 6) without any explanation of its derivation. This 
silence implies that our text of Apollonius may be authentic in the two 
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places. Pappus's failure to explain the purpose of the lemma could be the 
consequence of a hasty adaptation of material from an earlier commentary. 


(243) 
АӨ 1 ВГ, AK 1 EZ 
2 /АВГ = ZAEZ 
3 [Ө = ZK 
4 e BA:AO = EA:AK 
5 BA:AO = (АВВГ) АӨ-ВГ) 
6 EA:AK = (AH+EZ)-AE : QH+EZ)-AK 
7 АӨ.ВГ = 2 tr. АВГ 
8 (AH +EZ)-AK = 2 fig. AEZH 
9 e (АВ.ВГ) : AH+EZ)-AE = tr. АВГ : fig. AEZH 


— Invoked in I, 50 (vol. 1 p. 152 line 14). Our text of Apollonius seems 
here to have escaped interference (Heiberg, in vol. 2 p. lix). 


(244) Converses of 7.243. This chapter seems to have been carelessly 
appended to 7.243 by an incompetent (Pappus?), since even in these 
trivialities the author blunders at the end, doubling the area of the 
trapezium (the guilty word, “84 ç”, is not a likely interpolation). 


(245) 
' AH-HK = ВН.НГ 
“А.К, В, Г on a circle 
2../T = ZBKH 
3 AZ-ZA = AZ-ZO 
^*^ A, А, Д, Ө on a circle 
4. ДАЛ = ZZOA 
5 ee /HKB = ZZOA 
6 7H - 77 
7 e ВН:НК = AZ:ZO 
8 АН:НВ = OE:EB 
3 OE:EB = ZO:ZA 
10. АН:НВ = OZ:ZA 
11 BH:HK = AZ:ZO 
12 ,. АН:НК = AZ:ZA 
13 АН:НК = AH2:(AH-HK) 
14 ” АН:НК = AH? ХВН.НГ) 
15 AZ:ZA = (AZ-ZA):ZA 2 
16 S AZ:ZA = (AZ-ZO):ZA 2 
17 АН2:(ВН.НГ) = (AZ-ZO):ZA 2 


— The substance of this lemma apparently has been interpolated into the 
pertinent proposition I, 54 (vol. 1 p. 170 lines 16-22, Heiberg in vol. 2 p. 
lix). 
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(246) 
! AH:HB = ӨЕ:ЕВ 
2, AH:HB = OZ:ZA 
3 АН:НГ = ДЕ:ЕГ 
4 X АН:НГ = AZ:ZA 
5 e АН:НВ):(АН:НГ) = ©Z:ZA)-(AZ:ZA) 
6, АН2:(ВН.НГ) = (AZ-ZOXZA? 


— Yet again, a second proof by means of compound ratio. 
(247-259) Lemmas to Book 2. 


(247) The pertinence of lemma 7.247 has not so far been identified 
(Hogendijk [1985], p. 44 note 8, conjectures a relationship to II, 14, but it is 
not close). If Pappus has not misplaced it, then his text may have differed 
from ours at the beginning of Book 2 (for other discrepancies in this part of 
the Conics, see Eutocius in Apollonius, vol. 2 pp. 290-302, and my notes on 
7.274 below). 


(248) 
' АВ:ВГ = AE:EZ 5 e EZ // HO 
2 /B = ZE бы БЕДРА 
ЕТЕР LL 7 AT // AO 
* ZE = ZH 


— The lemma belongs to II, 20 (vol. 1 p. 228 lines 1-8) where the necessary 
steps are now interpolated (Heiberg in vol. 2 p. lix). 


(249) 
МЕДЕ ZA = 
2 7. AA-AB + ZA? = ZB? 
з [EEA + ZE2 = ZA? 
^ AE-EB + ZE2 = ZB? 
5 AAAB + TEEA + ZE? = AEEB + ZE? 
6 2. AA-AB + ГЕ.ЕД = AE-EB 


— Lemmas 7.249 and .250 are both invoked, together, in II, 23 (vol. 1 p. 
234 line 16; Heiberg in vol. 2 p. lix. The ‘24’ іп Hogendijk, p. 44, is a 
misprint). Our text of Apollonius seems not to have been altered here. 


(250) 

ЮГ = ZA 

25 AZ = ZB 

3 AE-EB + EZ? = AZ? 
4 ЛААГ * TZ? = AZ? 
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5 „ AEEB + EZ? = ДААГ t LZ? 
6 TZ? =TE-EA + ЕА? 

^ AE-EB + EZ? = ДААГ + l'E-EA + EZ? 
7 ^, AE-EB = ГЕ-ЕА + ДА:АГ 


(251) 
1 /T BH = ZE ^ ВГ:ГА < ВГ:ГН 
21Г = ZZ S e Dl TA. SELLA 
О BT:TH = 2220 


— The three lemmas 7.251-254 all belong to П, 50 (7.254 is an alternative 
proof of .253). The corresponding interpolations in the transmitted texts 
are: (7.251) vol. 1 p. 292 lines 2-5, (7.252) lines 18-22, (7.253-254) pp. 292 
line 27 to 294 line 10 (Heiberg in vol. 2 pp. lix-lx). See also the notes to 
7.254. 


(252) 
! ВГ:ГА > EZ:ZA APUSE A 
2 BTT TA = EZ:ZH 5 e /B = ZZEH 
975 An < ДА АГА: 4E 
(253) 


' (ВГ.ГН)ГА2 = Z-ZO):ZA 2 
2 (ВГ.ГН)ГА2?2 = (ВГ:ГА )-НГ:ГА) 
з (EZ-ZOX:ZA? = EZ:ZA)-OZ:ZA) 
^ (ВГ:ГА )-НГ:ГА) = (EZ:ZA)-OZ:ZA) 
^ ВГ:ГА = EZ:ZA 
5 ^HITA = OZ:ZA 
6 ZU —— LE 
7 ^ tr. Al H ~ tr. ДАӨ 


(254) 
"АГ-ГК = BITH 
2". ВГ:ГК = АГ:ГН 
ЛГА = EZ-ZO 
^ EZ:ZA = AZ:ZO 
(ВГ-ГН)АГ? = (EZ-Z0):AZ 2 
^ (АГ-ГК) АГ? = (AZ-AA):AZ 2 
“«АГ:ГК = AZ:ZA 
ВГ:ГА = EZ:ZA 
9 ВГ:ГК = EZ:ZA 
10, АГ:ГН = AZ:ZO 
TA AR — LZ 
12 X tr. АГН ~ tr. AZO 


on о oc ^» о 
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— (step 7): Тһе ratios parenthetically inserted are the inverses of what 


they should be. The error, which is surely authorial, is not repeated in my 
summary. 


— (last sentence): Pappus enunciates a converse to the lemma 7.253-254, 
without proof. The application of this is not clear (Zeuthen, quoted by 
Heiberg, vol. 2 p. lix, suggests II, 51). 


(255) 
' JA = ZA 
2 ZBAH = ZEAO 
3%. /HAT = ZOAZ 
4 AE — 27, 
5 НГ:ГА = OZ:ZA 
6 ВГ:ГА = EZ:ZA 
7. НГ:ГА):(ВГ:ГА) = ©Z:ZA)-EZ:ZA) 
з”. (БГ.ГН):ГГА? = (EZ-ZO):ZA2 


— This lemma appears to pertain to II, 51, but is not in fact invoked in the 
proof of that proposition. The approximate passage of reference is vol. 1 p. 
300 lines 19-21, at the end of the analysis of a problem. Zeuthen (quoted 
by Heiberg, vol. 2 p. Іхі) suggested that the analyses may have been fuller 
in this proposition and II, 53 (see the notes to 7.259) іп Pappus's text. 


(256) 
' AT TK = BF. TH 
2" ВГ:ГК = AF: TH 
3 А7.7А = EZ ZO 
4°.EZ:ZA = AZ:ZO 
5 АГ:ГН = AZ:ZO 
6 * ВГ:ГК = EZ:ZA 
7 ВГ:ГА = EZ:ZA 
8 КГ:ГА = AZ:ZA 
9.” (КГ.ГА)АГ? = (AZ-ZA):ZA2 
10 “ ВГ.ГН:АГ2 = (EZ-ZOX:ZA? 


— Alternative proof of 7.255. At the end Pappus gives another converse, 
like the one at the end of 7.254, again of unclear application. 


(257) Not applied, but probably pertinent to, П, 52 (Heiberg in vol. 2 p. 
N 227 


(258) 
' ZA = LEAH 3 ЕН:ЕА < 2Е:ЕА 
2 ^ ГВ:ВА = EH:EA 4. ГВ:ВА < ZE:EA 
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— II, 52 (vol. 1 p. 306 lines 21-22) are an apparent interpolation equivalent 
to this lemma (Heiberg in vol. 2 p. Ix). 


(259) 
ГН:НА < ZO:0A ^ (ВН.НГ:АН2 = (ЕӨ.Ө2):0Д 2 
! ГН2:НА 2 < 202 ӨД 2 5. (EO-9ZX:0A? < 202 :0A? 
2 PH? = ВН.НГ 6 ,. ZO? > ЕӨ.Ө2 
з. (ВН.НГ)АН2 < 202 :9А2 7 ZO > ӨЕ 


— Zeuthen (see note to 7.255) conjectured an application in an analysis of 
П, 53. Hogendibk (p. 44) proposes П, 52 (presumably corresponding 
roughly to vol. 1 p. 306 lines 18-27). But the general remark may be made 
concerning the lemmas 7.251-259, that either Pappus's text differed in 
many details from ours, or he left out much necessary explanation that a 
reader trying to use his lemmas would need. We should also consider the 
possibility that Pappus was assembling his lemmas indiscriminately from 
earlier commentaries, which did not necessarily have the same recension of 
the Conics as their basis. 


(260-272) Lemmas to Book 3. 


(260) 
"ӨК / ВГ > ВІ ӨА = BE:EA 
“Shy e ВІКА = ILZA 
3 se OA = AK ^ ВЕ:ЕА = DZ:ZA 
4” ВГ:ӘА = ВГ:КА UD BZ IBI 


— Heiberg assigns the first lemma to III, 8 (vol. 1 p. 330 lines 22-23; see 
vol. 2 p. lix). The lemma is not really needed there, since the immediately 
preceding step asserts (from III, 1) that the triangles corresponding to BEA, 
AZT in figure 189 are equal, so that obviously triangles ETB, ZI' B аге 
equal, and EZ is parallel to ВГ. Hogendijk (p. 44 note 9) prefers to 
interpret the lemma as the key to an alternative proof of III, 4, which is a 
plausible hypothesis. 


(261) 
! BHL AT, EO 1 AZ 
2”. HB:BA = ЕӨ:ЕД 
^ (ВН.АГ):(ВА.АГ) = EO-AZ):EA-AZ) 
^ (BH-AI):(EO-AZ) = (BA-AT):(EA-AZ) 
ВА.АГ = EA-AZ 
^ ВН.АГ = EO-AZ 
ВН.АГ = 2 tr. АВГ 
EO.AZ = 2 tr. AEZ 


on о 0 ^» о 


7.261 Notes 483 


3 ^ tr. АВГ = tr. AEZ 


— (Note that the triangles do not have to be similar, as drawn in the 
manuscript figure.) Heiberg (vol. 2 p. lxi) attributes this lemma to ІП, 13 
and 15, but the lemmas are not invoked there. Perhaps there existed 
alternative proofs in Pappus’s text. The transmitted proof does invoke a 
similar lemma, in which angles A and A are supplementary, and this can 
be proved easily from Pappus’s lemma (produce ZA to H such that HA = 
AZ, then triangles ZAE, HAE are obviously equal). 


(262) 
1 tr. ABT ~ tr. АДЕ 
2. tr. ABT : tr. АДЕ = (BA:AA?? 
з BA?:AA? = (BA:AA)2 
4". BA?:AA? = tr. АВГ : tr. АДЕ 


— An obvious and useful lemma, applied several times, first in III, 16 (vol. 
1 p. 348 lines 23-25, see Heiberg in vol. 2 p. lix). 


(263) 
CBZ -—2T 
2 „ГЕЕВ + BZ? = EZ? 
3. AZ = ZA 


‘BE EA * ADS = EZ? 
ЗГАДА =PAAB t ВА? 
^ AE-EA + TA-AB + BZ? =TE-EB + BZ? 
5 ^, TEEB = 'A-AB + AE-EA 
7 e TE-EB — BA-AT = AE-EA 


— Applied in III, 22 (vol. 1 p. 364 lines 17-18) and in a few later passages 
(Heiberg in vol. 2 p. lix). 


(264) Two further cases of 7.263, used in III, 24 (vol. 1 p. 372 lines 17-19) 
and in the next two propositions (Heiberg in vol. 2 p. lix). 


(265) The equivalent is interpolated in III, 27 (vol. 1 p. 380 lines 7-15; 
Heiberg in vol. 2 p. lx). 


— Starting with f. 172 (in the middle of this chapter) parts of the leaves of 
the Vaticanus have suffered damage from moisture, resulting in the partial 
obliteration of the text. In places on the present folio a late hand has 
attempted to rewrite (with mistakes) the lost text, making the recovery of 
the original harder. The Renaissance copies of the manuscript seem all to 
have been subsequent to the damage, and have little authority. 
Fortunately in all these passages the context makes possible an exact, or 
nearly exact, restoration of Pappus's original. 
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(266) 
C BZom cb 
„2472 —2ATTA + 2222 
5 САГ>ГА:%,2Е22 2204 = 2Л22 2 ДЕ? 
АЕ 2-7 EA? - 2AZ? + 22Е? 
BE? +E? = 2Г22 + 2ZE? 
^ AE? + EA? = BE? + ET? + 2 АГ.ГА 


Oo “ЖҮ “mate M" 


— Applied in III, 29 (vol. 1 p. 384 lines 25-26; Heiberg in vol. 2 p. lix). 


(267) 
i BA Ain TAS ДА“ 4 BA-AT = AA-AT + BAAT 
2-44 BANAL ТАУ AP? 5 ..АГ-АВ = АГ-ГА 
3 ^ BAAT = AA-AT + АГ.ГА 9 ^ Al = АВ 


— Used in III, 30 (vol. 1 p. 388 lines 6-7, now interpolated; Heiberg in vol. 
2:0. Ix). 


(268) 
' ДЕ = TA 5. ГВ.ВЕ = ВГ.ГА 
2 „ГВВЕ + AE? = AB? ‘AT = EB 
"AE? PAs ' TA = ГЕ 
* AB? = BFTA + TA? 5 AA = AB 


— Used in III, 31 (vol. 1 p. 390 lines 11-13) and 33 (p. 394 lines 19-20), 
both passages now having the steps interpolated (Heiberg in vol. 2 p. lx). 


(269) 
LAL = AB 6,.ВААГ + EA? -ГЕ-ЕА 
2 BASAL "t AB* = AX" ^ TE-EA = AA-AT 
ABET EA? C oe BARAT: 
4”. BAAT + EA? = AA AT 5 v BATA 


5 ВД.АГ = ЕААГ 
— Used in III, 32 (vol. 1 p. 392 lines 10-12, now interpolated; Heiberg in 
vol. Zap. Ix). 
— (step 7): Pappus concludes from an equation 
a(a+b) = c(c-c b) 


that a — c, which is, of course, correct (for positive quantities). 
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(270) 
1 AEEA = ET? 4. (АВ-АГ)АГ = ВГ:ГА 
2 X. AE:ET = E:EA 5 ^BA:AT = BA:AT 
3 ^ EA:AT = EF TA 


— A potentially useful theorem converting a situation in which segments 
are in continuous proportion to one of harmonic conjugacy, this lemma 
nevertheless has no direct application in our text of the Conics. Hogendijk 
(p. 44 note 10) suggests a connection with III, 35 and 36, Halley (vol. 1 p. 
201) more generally to 35-40, which are propositions involving the polar 
properties of a conic. If the association with III, 35-36 is correct, there 
must have been an alternative proof of this proposition in Pappus's text. 
Heiberg (vol. 2 p. lx) directs us to ІП, 42, where all the points of the lemma 
have a natural correlation with Apollonius's figure: BI becomes the 
diameter of a central conic, with center E, and A and A are the feet 
respectively of an ordinate and of a tangent from an arbitrary point on the 
curve. Perhaps the lemma was meant to help prove that the tangent 
actually met the diameter so long as E and A were distinct (see vol. 1 p. 
418 lines 15-16), but this should have been apparent already from I, 33-37. 


(271) 
! ВГ.ГА = ГЕ? ^ ,. ВА:АД = ВГ:ГЕ 
2. ВГ:ГЕ = ГЕ:ГА 5 ^ AB:BA = ГВ:ВЕ 
3 ГЕ = ГА 6. AB-BE -ГВ.ВА 


“ВГ:ГА = АГ:ГА 


- The beginning of this lemma (“Again...”) probably implies that the 
application of this lemma was close to the preceding one, especially since 
the figures, though equivalent, have different lettering. Heiberg (vol. 2 p. 
lx) identified this lemma as corresponding to steps in III, 42 (vol. 1 pp. 418 
line 18 to 420 line 2), which are therefore an interpolation. 


(272) 
1 AE:EB = EA:EE 
2, (AE-EBXEB? = (АЕ-ЕГ)ЕГ? 
BE? :BZ2 = ЕГ?:ГН? 
^ (AE-EB):ZB2 = (ГЕ.ЕА)ГН? 
ZB?:(BZ-ZA) = ГН? (ГН.НА) 
^ (AE-EB):(AZ-ZB) = (E-EA):(H-HA) 


о 0c ^ o 


— Applied in III, 56 (vol. 1 p. 450 lines 9-10; Heiberg in vol. 2 p. lix). 


— Thus (the theorem) holds true (uevert ара): See 7.73 (and 
commentary) for this sense of wevetv. 
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(273-282) Lemmas to Book 5. 


There are no lemmas to Book 4 of the Conics, whether because of an 
accidental omission, or, more likely, because Pappus and his predecessors 
found no need for supplements. Eutocius (in vol. 2 p. 354) has nothing to 
offer in his commentary to Book 4 but a handful of alternative proofs. 

The surviving Arabic version (or versions, there being also later 
reworkings of the original translation) of Books 5 to 7 of the Conics is not 
published. Reference to it below will be according to the Latin translation 
of Halley [1610], which is mostly reliable for the mathematical parts, and 
to Ver Eecke’s [1923] French translation of Halley’s translation. 


(273) 
! ВА.АГ = AA? 8 ĉe ZA obtuse 
"З ZA = ГА SSE 
ЖАС 3 BAAT < AA? 
—Á— B. 10 AZ? = BAAT 
^ BA.AT > АА? tee ABAI $ 
5 AE? = BA-AT Le AUS УВ Ж 
e /БЕГІ 1з. ZA acute 
7 ГА > /BEF 


— Applied in V, 27-28 (Halley vol. 2 pp. 21-22, Ver Eecke p. 497). The 
figure comprises all three situations, so that angle ВАГ has to be imagined 
in turn as acute, right, and obtuse. 


(274-275) The spuriousness of Conics II, 4 is one of those facts that have to 
be periodically rediscovered and forgotten. Commandino noted it in his 
Latin translation of the Conics in 1566 (see Knorr [1982,1] pp. 275-76); F. 
Arendt, in a brief notice (Arendt [1914]); and most recently, Knorr 
[1982,1]. Knorr alone has observed the pertinence of the present lemma to 
the subject. The following summary mostly follows his paper, which 
completely supersedes the previous discussions. 

Conics II, 4 sets out a procedure for drawing a hyperbola about given 
asymptotes and through a given point. There is nothing about the 
proposition that is so conspicuously out of place to mark it as an 
interpolation in the beginning of Apollonius’s second book, which is mostly 
about the properties of asymptotes. However in his commentary on 
Archimedes’s Sphere and Cylinder (Archimedes, Opera vol. 3 p. 176) 
Eutocius gives the proposition in almost exactly the same words as in our 
text of Apollonius, remarking that he is supplying it for the present context 
because it is not to be found in Apollonius’s Conics. This was what 
Commandino and Arendt observed, and it is enough to identify the 
proposition as suspect. 
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But there is more. Substantially the same proposition appears twice 
in Pappus’s Collection: once in Book 4, as part of a method of trisecting the 
angle (4.65-66), and again here, as a lemma to Conics V, 51 (and the 
following propositions). In the version of 4.65-66 the asymptotes may meet 
at any angle, but the situations in Conics V, 51ff that invoke the lemma 
involve only orthogonal asymptotes, and this assumption tacitly made in 
7.274-275 permits a slight simplification of the proof.!8 Now both 
Eutocius's version of the proposition and the version transmitted as Conics 
Il, 4 closely resemble 7.274-275 in omitting these details and in other 
respects, although Conics II, 4 purports to treat the general case. 

The following seems to have happened. We have no real evidence for 
the origin of this construction, although I suspect that it is quite old, 
perhaps (іп its essentials) pre-Apollonian.19 The application to the angle 
trisection precedes Pappus, as we know both from his assertion іп 4.59 and 
from the existence of an independent version of the whole procedure for 
trisection in Arabic (Hogendijk [1981]. Pappus himself may have 
borrowed the construction of the hyperbola for the purpose of elucidating 
Conics V, and Eutocius, whom we know to have had a version of Pappus’s 
commentaries on the Conics, took it from him. Its insertion into the second 
book seems to be post-Eutocian, since this kind of interpolation does not 
agree with Eutocius’s usual practice in editing the work. 


(275) 
BL mu 
22 АД = ДГ 
3 4AA2 = АГ2, 
4 Ar2 = Al 


АД А 2o= ESAN 


(276) The enunciation is clumsily phrased. In figure 205, point Г is fixed, 
point В is variable оп a straight line (AB), and the length of segment BA 15 
fixed; we want to prove that the locus of E, the intersection of BI produced 
and a perpendicular erected at A, is a hyperbola. This lemma is not 


18 Specifically, in 7.274 Pappus draws AZ perpendicular to ВГ, and then 
asserts that since BZ = ZI, therefore AA = АГ. This is true only 
when АВ 1 BI (otherwise AZ has to be drawn parallel to AB). Also 
Pappus omits reference to the fact that АГ is a tangent to the 
hyperbola (because it is bisected at A), which is necessary to prove that 
HA-AE = 4 AA? and that /AAB is the ordinate angle of the hyperbola. 


19 Knorr, p. 269, suggests associating it with Apollonius (independently of 
the Conics), but his arguments are not conclusive. 
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applicable to any situation in Conics V, but its presence among the lemmas 
can be explained with certainty. In V, 52 Apollonius requires that two 
mean proportionals between two line segments be constructed, without 
further reference to the method of producing them. The Arabic text of 
Conics V gives a scholium that gives a method of finding the mean 
proportionals (Halley, vol. 2 p. 40), with the remark that Apollonius 
assumed their construction to be common knowledge. This method is 
similar in mathematical basis to constructions attributed to Heron, Philon, 
and Apollonius that are preserved in Greek sources (see for example Heath, 
HGM vol. 1 pp. 262-64), but where they use ‘mechanical’ methods to effect 
the construction, this scholium uses conics, specifically a rectangular 
hyperbola. The Arabic version does not name its source, but this is 
probably the same solution that Pappus alludes to in 3.21, saying that 
Apollonius gave an analysis of the problem of the two mean proportionals 
by means of conics. 

The solution as we have it in the Arabic version is synthetic, but an 
analysis can be reconstructed, as follows: (Supplementary figure 276.1) 
Suppose the problem solved, and let the given segments be AB, ВГ, drawn 
at right angles to each other, and let AK on the extension of AB and ГА on 
the extension of BT be the mean proportionals, so that 


(1) ABTA = AIA = KASBI. 


Complete the rectangle ABTA. By similar triangles, A lies on KA. Let E be 
the intersection of the rectangle's diagonals, and let the circle through A, B, 
Г, Д be described, and let Ө be the second intersection of KA with the circle. 
By equation (1): 


(KA +АВ):ВГ+ГЛ) = ЛГ:КА 

^ ВК.КА = BAAT 

BK-KA = @K KA (Ш, 36) 
BA-AT = AA-A@ 

^ OK-KA = AA-A@ 

*. KA-(KA +ДӨ) = @A-@A +40), 
«KA = ӨЛ 

* KO = AA. 


Let OH be the perpendicular dropped from © upon AB. 
oe KH — AB А 


Now straight line AB is given in position, with К being some point оп it, 
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and point A is given, and with KH made equal to a given length AB the 
perpendicular erected at H intersects KA at Ө. Therefore by lemma 7.276 
© hes on a hyperbola given in position. But it also lies on a circle given in 
position, so point Ө is given. But A too is given, so line ДӨ is given in 
position, and consequently [A and AK are given, which is what we wanted 
to prove. As a corollary, it can be proved that if lines KE and EA are 
joined, they will be equal. In the synthesis, therefore, we can dispense with 
the hyperbola, if it is admitted to be possible to draw a circle with center E, 
crossing ВГ, BA in A, К, such that A, A, and K are in a straight line. This 
is the ‘mechanical’ construction that Eutocius attributes to Apollonius.2 0 

It follows, I think, that this procedure for finding the two mean 
proportionals was in Pappus’s text of the Conics, and that Pappus, crediting 
it to Apollonius in 3.21, assumed that Apollonius had put it there.21 On 
the other hand, the manuscript from which the Arabic translation was 
made either did not contain the solution at all, or, as I think more likely, 
gave it as a scholium. 

Although it seems doubtful whether Apollonius intended to include 
the construction of the mean proportionals in the text of the Conics, the 
evidence associating him with it is substantial, though all late. We have 
Pappus’s allusion to an analysis by means of conic sections, as 
reconstructed above. There is also Eutocius’s synthetic version. It 15 
curious that Pappus says nothing in Book 3 about an Apollonian version of 
this mechanical construction (which he gives in a later adaptation by 
Heron), and that Eutocius, who quoted every solution of the mean 
proportional problem that he could find, missed the conical version of this 
one. This circumstance makes it unlikely that Pappus and Eutocius both 
depended on a single source that already assembled the various solutions. 

Pappus’s lemma 7.276 itself, being a locus theorem, may be derived 
from the Solid Loci of Aristaeus, for the reference to a “section of a cone 
(given) in position” in the enunciation looks archaic. However, Pappus may 
merely have been imitating Aristaeus’s mode of expression because that 
was the availablé reference work on conical loci. Compare the ‘fragments’ 
quoted in Essay C, section §3. The synthesis of the locus would in any case 
be by Pappus. 


20 Jt is also attributed independently to Apollonius by John Philoponus in 
his commentary оп Aristotle's Posterior Analytics (CAG vol. 13.3 pp. 
104-105). His version is derived from an unknown writer Parmenion. 


21 Incidentally, without knowledge of either the Arabic synthesis or the 
relevance of Pappus's lemma 7.276, Tannery ([1884] p. 323) correctly 
guessed the essence of the proof by conics to which Pappus referred in 
8:21. 
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(277-278) If Pappus compiled the lemmas to the Conics in the order of their 
being invoked, these lemmas should have their application somewhere 
about V, 51-55. Their purpose has not been identified, however, and it 15 
possible that some material was in Pappus’s text of the Conics that was not 
in ours (Hogendijk, p. 44 note 11). 


(277) 

' ВА:АГ = ВА?:АГ? 

2 AE = ГА 
^ ВА:АГ = BA?:AE? 
“ВГ:ГА = ГВ.ВЕ : AE? 
^ (CB.BEX(AT-EB) = (ГВ.ВЕ:ДЕ 2 
^ АГ.ЕВ = AE? 
“АГ-ЕВ = ГА.ДЕ 
^ BE:EA = ATTA 
^ BA:AE = АД:АГ 
^ BA:AT = AA:AT 
10 ,. ВА:АД = AA:AT 


( 00. 4 O0 Gi Ча X6 


(278) 
1 АВВГ = 2AT? {DAH DB 
^ AL AL 5 АГ = ГВ 
3 ^ ГД.ДА = АВВГ 


— and (they are applied) to the same (line АГ): That is, if 
(AT -ҒГВ)ГВ = (AT -ДА)АА 
then ВГ = AA. 


(279) Apparently the first part of this rather trivial lemma was intended to 
prove that the hyperbola drawn about given asymptotes and through a 
given point is unique, and would therefore be applied in several propositions 
starting with V, 51. The second part has no application to the Conics as 
we have it; its proof is ill conceived and incredibly bungled. To start with, 
Pappus uses point M as the end of the diameter of both hyperbolas, which is 
manifestly impossible (otherwise the opposite branches of the two 
hyperbolas would intersect at M, which contradicts the first part of this 
lemma). Again, Pappus, having derived the statements that 


MA-AN : MOOII = AZ? OP 2 
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and that 


MA-AN > MOOT] 


(hence AZ > OP), then draws the conclusion that EZ > PE (which is 
legitimate, because obviously AZ > OZ). The next steps make (specious) 
sense only if we have ZA > РУ (which is also obviously correct, but has 
nothing to do with the entire preceding argument). Pappus asserts at this 
point that "the rectangle contained by ZA, AZ equals the rectangle 
contained by ХР, РӨ.” This is false, the correct equation being 


L220 = L0OO9P, 


which follows from Conics II, 10.2 2 But Pappus’s argument depends on the 
wrong equation, so we cannot save it by emendation of the text. Perhaps 
Pappus's belated discovery that II, 14 easily leads to the desired conclusion 
kept him from checking his work. 


— hyperbolas HE, AZ: Point H does not appear on the figure, nor in the 
argument. 


(280) 
! TA:AB = ZA:AE 
2°.TA2:AB2 = ZA?:AE? 
з TA2:AB2 = (ГА?.АВ):АВЗ 
^ ZA2:AE2 = (ZA?2-AE):AE3 
^ TA2-AB):AB? = (ZA2-AE):AE3 
5 * AB?*:AE? = ('A2-AB):(ZA2 -AE) 
6 AB? :AE? = AH? :A03 
7 АВЗ:ДЕЗ = HB? :OE? 
5 HB? OE? = x:y, 
xHB? = АГ2:ГВ2, 
УӨЕЗ = AZ?:ZE? 
9. (AT 2-AB):(AZ2-AE) = (AH? + х):(ДӨ + у). 


— This lemma is tantalizing, because there is nothing like it in our text of 
Apollonius. It is difficult to imagine what material might have been lost in 


22 Proof: (Supplementary figure 279.1) Let ФПТТ, NX be drawn tangent 

| to the hyperbolas. By II, 10 Г>.2А = NX?, Ж. EZ-EA + TESA = 
NX?,.. (ZE+EA)-EA + EA? = МХ2, ~. GZTZA)(AZ-ZA)- 22.5 
= ФТ.ТТ. But by II, 10 again, ZA-AA = IIT?, ~ ZZ-EA = IIT?. By 
the same argument, 200P = IIT?. 
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Conics V that involved these cubes and parallelepipeds. 


(281) 
Abe с) ӘП Le ee BR 
А CT Е ^A —B TE 
ЗЛА +В =Г+Е +В it hae BSB 
4 не рет m5 8 “А-Г = Д – В 


— One can only wonder what the reader who needed this lemma could make 
of Apollonius’s Conics! It is invoked in V, 55 (Halley vol. 2 p. 42, Ver 
Eecke p. 438; identification by Hogendijk, p. 44 note 11). 


(282-283) More trivial lemmas that do not seem to be applied in our text. 
The final sentence of 7.283 tells us that this lemma covers the hyperbolic 
case of some general theorem, but it is pointless to try to recover the 
context from this kind of evidence. 


(282) 
! ДЕ:АВ = x:y ^ EZ = АЕ-- AZ 
2 AZ:AT = х:у ^ (AE — AZ ):ВГ = х:у 
з“ EZ:BT = ху 


(283) 
Ua «oes Әм ps on rb SA 
вед гер ы УЧЕ By ae Т А 
3 A- Г <А -– В AWA TBa T ЧУДА 


4 SE SACR 
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(284-297) Lemmas to Book 6. 


(284-291) These chapters all pertain to VI, 13 (Halley vol. 2 p. 74, Ver 
Eecke p. 497; identifications by Halley). As usual Pappus has to treat 
seperately the cases of what in a modern view would be one lemma. Not 
all the converses involved (for example 7.287-288) appear actually to be 
used, but Pappus may here be going beyond the specific requirements of the 
text. 


(284) 
! /МГА, ZNZA 1 
2/A = ZA 
3 . LAMTI = ZANZ 
4../B = /E 
5 ^ tr. АВГ ~ tr. AEZ 


e Ke = el 

7 AO = OZ 

8 tr. AMZ ~ tr. ANO 

3. ZA:AM = OA:AN 

10 (ВА.АН):АГ2 = (EA-AO):AZ 2 
11. КА.АГ:АГ2 = (AA-AZ):AZ 2 
12 КА:АГ = AA:AZ 

13. ZA:AT = OA:AZ 

14 ZA:AM = OA:AN 

15  l'A:AM = ZA:AN 

16 ZA = ZA 

17 X /АМГ = ZANZ 

VE 26 /В = ZE 

ВЕРОНА ВТ ЕХ, 


(286) 
1 ME 1 EZ; МО 1 АВ, NP 1 ГД, МП 1 OK 
2 /OMB = ZPNA 
ОТАР. 
4". / МВО = /МАР 
5 ZZ // АВ, КТ / ГА 
6 /MZZ = ZNTK 
7 EH:HZ = OA:AK 
* EZ:ZH = OK:KA 
^ =L:ZH = ПК:КА 
8 e =H:HZ = IIA:AK 
9 ^. HZz:EZ = АП:КП 
10 HZ:EZ = MB:MZ 
11% HEEZ = ZM:MZ 
12 АП:КП = AN:NT 
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13 “АПІКП = KN:NT 
ve ZM:MZ = KN:NT 
14 /М72, ZNKT acute 
15,/ХМ7/ = ZTNK 
16 » arc BZ = arc AK 


7.286 


— (step 2) for the (angles) in the segments are equal, and the halves: 
By hypothesis the segments are similar, so the angles subtended by AB and 
ГА at any point on the circumferences are equal (Elements ПІ, 21). 
Therefore the angles AMB, TNA that AB and ГА subtend at the centers М, 
N of the circles, being double the angles subtended at a point on the 
circumferences (III, 20), are equal. But angles OMB, PNA are half these 


angles, and thus they too are equal. 


(287) 
ZBAH = ZEAO 

12, seg. BAH ~ seg. EAO 
BI. TH = АГ? 
AK L AH 
^ ВГ.ГН = НГ.ГК 
EZ-Z0 = AZ? 
AA 1 AO 
“ EZ ZO = OZ-ZA 
^ BT = ГК, EZ = ZA 
АГ 1 BI, AZ 1 EZ 
о... /BAK = 2 /ВАГ, ZEAA = 2 ZEAZ 
' ZBAH = ZEAO 
2 НАК = LOAA 
^ ZBAK = ZEAA 
BAD = ZEAZ 
Tp = 2/4 
w tr. ABI ~ tr. AEZ 


a. ab Тәл” int xb' sey Jane tO 005 ы,” CO Ұлу dA УКУ 


oO (а > о 


(КГ.ГА)ГА? = (AZ-ZA):AZ? 
~ КГ:ГА = AZ:ZA 
seg. ВАН ~ seg. EAO 
^ arc AH ~ arc AQ 
ZB = ZE 
22 % tr. АВГ ~ tr. AEZ 


МӘ у -. — 
O 0 o0 N 


N 
— 


(288) 
' AK 1L AH, AA 1 AO 
2" AU? = НГГК, AZ? = OZ ZA 
(ВГ-ГН) АГ? = Z-ZO):AZ 2 
3 .(ВГ-ГН)(НГ-ГК) = (EZ-Z0):(0Z-ZA) 
^ ^ BOK = EZ:ZA 
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5 ГМ // AK, ZN // AA 

6 ,. ВМ:МА = EN:NA 

ы L5c—lZ 

5 /BAK = ZEAA 

3. /M = ZN 

7% tr: ABI’ tr. AEZ 


— (step 10) by the foregoing (lemma): The lemma (7.296-297) is 
displaced to the end of the lemmas to Book 6. Probably Pappus inserted it 
as an afterthought. 


(289) 
i i eA — A Ө 
2 KZ 1 MB 
3 ~ Н —– = —– В 


^ ^ /AHB obtuse 

5 ZAHB = ZAOE 
6, /AOE obtuse 

7 X LAO0N acute 

5 AO 1 EN 

39 0—0O-N 

10 NO = OE 

11. NO > OE 

12 NO > ӨЕ 

!3 2. NO-OE > EG? 
14 Ж) AQ-9Z > EO? 
15 (ДӨ-92)ОӨЕ2 = (АН.НГ):НВ2 ! 


— (step 3) Then (Z) will fall between Н апа B: This only is so when АВ 
is greater than ВГ. Since the case of AB = ВГ 15 obvious, we can always 
choose to have AB greater than ВГ, but Pappus should have stated this 
assumption. 


(290) 
15 AO LEN 
16 (АН.НГ)НВ2?2 = QO0-0Z):0E? 
17 АННГ = MH-HB 
18 AOOZ = NOOE 
^ (MH-HB):HB2 = (NO-OE):OE? 
19 ”. МН:НВ = NO:0E 
^ MB:BH = NE:EO 
20 B= = =M, NO = OE 
“ВЕН = OE:EO 
21 X. BZ:zH = ЕООО 
2212-10 
23 /Н — 40 
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24 HZ:ZEK = ӨООЛ 
5. BZ:ZK = ЕООЛ 
26 | BEK = LEOA 
27 /BKZ = ZEAO 
28 /=KH = ZOAO 
9 e /BKH = ZEAO 
30 » /АГВ = ZAZE 
31 IB = LE 
32 tr. АВГ ~ tr. AEZ 


(292-293) Applied in VI, 18 (Halley vol. 2 pp. 77-78, Ver Eecke p. 508; 
identified by Halley; see also Hogendik, p. 44 note 11). The necessary 
specification that both BH and EO are the greater (or lesser) parts of ВГ 
and EZ is tacitly invoked in the final stages of the proof. The same 
proposition, without this specification, appears in the preface that the 
‘editors’ of the Arabic translation of the Conics, the Banu Musa, wrote to 
precede Book 1. The geometer Ibn al-Haytham (tenth to eleventh century) 
wrote a short treatise demonstrating that the omission falsified the lemma 
(published in Ibn al-Haytham [1947 ]). 


(292) 
us 1 AK, MO 1 ВГ, МІ L ДА, NP 1 EZ 
"^ КН:НА = AO:0A 
"^" AZ:ZH = АП:ПӨ 
4 442 =H = АМ:М2 
ANTIO = AN:NT 
eo AM МХ, = AN NT 
seg. ВАГ ~ seg. EAZ 
^ seg. BAT’ ~ seg. EAZ 
^ /BMO = /ENP 
o ,. BM:MO = EN:NP 
1 e AM:MO = AN:NP 
? AM:M£Z = AN:NT 
3%. MO:MZ = PN:NT 
"> LOZCEM 
7.9. 25, D acute 
6 S. JOMZ = ZPNT 
17 ZBMO = ZENP 
18 м /BMZ = ZENT 
ses ZI UT 
eo 7: ABI ~ ік: ABZ; 
tr. ABH ~ tr. AEO, 
tr. АНГ ~ іг. AOZ 


(293) 
1 /ВКГ = ZEAZ, obtuse 
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2 (ВН.НГ):АН2 = (EO.9ZX:A0? 

3 ВН.НГ = AH-HK 

EO-OZ = AOOA 

^ (AH-HK):HK2 = (ДӨ-ӨЛ):АӨ2 
5 ^. КН:НА = AO:0A 

6 ,. AH?:HK? = AQ? :OA? 

т (ВН.НГ):АН? = (EO.9ZX:AQ? 
з”. (ВН.НГ:НК2 = (EO-.9Z):9A? 
9 
1 
1 
1 


D 


bes 1 BT, AO 1 EZ 
. tr. BKH ~ tr. EAO, tr. ГКН ~ tr. ZAO 
Lee th. ABH Ati, AEO, tr. АНГ ~ tr. AOZ 
^ tr. ABT ~ tr. AEZ 


— (step 11): These similarities follow from step 10: 
L TAH = /ГВК = ZZEA = ZZAO 

But ЈАНГ = LAOZ 

> tr. АНГ ~ tr. AOZ 

Similarly for tr. AHB, tr. AOE. 


(294) 
! AZ =H 4 «ЛЕ = AZ 
2 ZE // AB ЖОРТА 
3 EA // AZ 


— Applied in VI, 29 (Halley vol. 2 p. 87, Ver Eecke p. 529; identified by 
Halley; see also Hogendijk, p. 44 note 11). 


— parallel to which (lines) are drawn: Only one line, AE, is to be drawn 
parallel to AZ. The unexpected plural of the verb (áyovrat instead of 
ауєта 2 may be a reminiscence of the standard expression in (Apollonian) 
conics, “n лар” n» SvvavTalt al karayouevatc тєтауцєрос̧”, 
for the latus rectum of a conic. 


(295) Applied in VI, 31 (Halley vol. 2 p. 89, Ver Eecke p. 538; identified by 
Halley; see also Hogendijk, p. 44 note 11). The figure must not be 
interpreted as true perspective, since plane BEZT is proved to be coplanar 
with plane ABFA. Note that B is tacitly assumed to be in the ‘plane of 
reference’. 


(296-297) This is the subsidiary lemma required in step 10 of 7.288 
. (Hultsch, PAC p. 977, did not see this). Thus all the lemmas of Book 6 are, 
more or less, accounted for. 


(296) 
1 ГН:НК = ДӨЮЕ 2 ^ /ДЕӨ = /ГКН 
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3 ВН:НГ = E0:0Z o /BAT 1 | 
4 ВН:НК = 20:02 1 “А.В, Гг, Копа ссе 
5 /BHK = ZAOZ 2”. /AKT = ZABT 


6 /BKH = ZZ 13 2. /AEO = ZABT 
1 
1 


7 /ГКН = ZE ^ /AHB = ZAOE 
8 /E+/Z=l1 5 e tr. АВН ~ tr. AEO 
9 e /ВКГ 1 
(297) 
1 BK = KT, EA = AZ 6 AK:KH = AA:AQ 
? ВН:НГ = E0:0Z 7 ZH = £0 
3 ВГ:ГН = EZ:ZO в /KAH, ZAA® acute 
^ КГ:ГН = AZ:ZO 9. /AKH = ZAAO 
5 ГК:КН = ZA:AO 10 /B = ZE 
2ВАГ, ZEAZ 1 11 ZH = ZO 
“ГК = AK, AA = ZA 12 ” tr. ABH ~ tr. AEO 


(298-311) Lemmas to Books 7 and 8. 


The definitive assignment of lemmas 7.298-303 to passages in Book 7 
is due to Hogendijk (p. 45). He reasonably concludes that the remainder 
belonged to the lost Book 8. Unfortunately they are so dismally elementary 
as to be almost completely worthless for the restoration of the lost material. 
Hogendijk demonstrates conclusively (pp. 45-47) that the available evidence 
is insufficient for determining anything substantive about Book 8. Even the 
inference, from comparison of Pappus's count of 487 propositions in the 
whole of the Conics (7.42) with the present count of 410 in the transmitted 
seven books, that Book 8 had about eighty propositions (making it one of 
the longer books of the work) is perilous. We know from comparison of the 
lemmas to Books 2 and 5 that Pappus's text was in important respects 
different from ours; and his method of counting propositions may have 
differed from the present one.? 3 


(298-299) Hogendijk reconstructs from these lemmas an alternative proof 
of VII, 5 (p. 45 note 12). Pappus has written 7.298 with the figure of 
7.299 in mind, so that in step 2 he treats EA, AZ as parts of EZ, when in 
fact EZ, ZA make up EA. A correct summary of the proof would read: 


23 This is itself not homogeneous, since the numbering of Books 1-4 is 
associated with Eutocius's edition, that of Books 5-7 with a different 
recension. 
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és Ы le Be Ae 

2 БА2--Ад2 = БА? + ДА? — AB? — BZ? 
|^ BAY — АДРА: EAA ET BA =A? —BZ? 
^ ^X 2 EA-AZ = 2 ЕД.ДГ + 2 2В.ВГ 

5 ^ EA-AZ = EA-AT + ZB-BI 


(298) 

Ее Еге IZ? 
БА 2 AL? = EA? + AA? + AB? 4 BZ? 
n DAAT WALA = BOs th Be TLAS ВД? 
^ 2 EA-AZ = 2EA-AT + 2 2В.ВГ 
^ EA-AZ = EA.AT + 2В.ВГ 


лБ c N 


(299) 
I) ОА) 2 Das a Z£ 
ARAS Ag. ЛА TAR T 1 or B5* 
3 2ЕА.А? = 2EA-AT + 2 2В.ВГ 
4% EA-AZ = EA-AT + ZB-BI 


(300-301) Applied to VII, 25 (Halley vol. 2 p. 113, Ver Eecke р. 586). 
Pappus did not complete the proof of 7.301 probably because it would be 
just like the preceding one, but with equations in place of inequalities. 


(300) 
ТАП = HB,10 = 6A ^ AE-EB = lL'Z-ZÀ 
AB > AT 3 ve p l Ма 
? ^. HB ^ AO 6" НЕ ^ OZ 
з“ HB? > AQ? 7" AH > rO 
HB? = AE-EB + HE? e ЗАН = AL 
A0? = Г2.2А + OZ? 
(302) 
АВ > ГА ое ПА НВГ А2 
? АВ – ВЕ > ГА – EB 5 „АВ — ВЕ > ГА – AZ 
3 EB < AZ 


— Applied to VII, 27 (Halley vol. 2 p. 114, Ver Eecke p. 589). 


(303) 
! ГА = 2 АВ 2". TA-AE = 2 АВ.ДЕ 
AZ = 2ДЕ 
4 ^ АГ.Д2 = 2 АГ.ДЕ 
5“ АГ.Д2 = 4 АВ.ДЕ 
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— Applied to VII, 31 (Halley vol. 2 p. 116, Ver Eecke p. 594). 


(304) 
1 AB:BH = ДЕ:ЕӨ 
2 ,. BA:AH = EA:AQ 
з“. BA?:AH? = EA?:AQ? 
^ HA?:AB? = OA?:AE? 
^ AB? :(AB.BH) = AE?:(AE-.EO) 
5 ,. AH? :(AB-BH) = AG? :(AE-EO) 
6 АВ:ВГ = AE:EZ 
7? ГВ:ВА = ZE:EA 
8 e ГА:АВ = ZA:AE 
AB:BH = АЕ:ЕӨ 
9 ,. BA:AH = EA:AO 
10  l'A:AH = ZA:AOQ 
11... ГН:НА = Z0:0A 
12 „. (H-HA):AH2 = (ZO.9A):9A? 
13 AH2:(AB-BH) = A0? :(AE-EO) 
14% (АВ.ВН:(АН.НГ) = (AE-EO):(A0-0Z) 


— (step 12): See 7.92 for another instance of this kind of mathematical 
shorthand. 


(305) 

! ВА = ГВ 
^ 2(AB? TBI?) = 2 АД2 + 4АД.ДВ + 4 BA? 
TA? = АА? + 4АД.ДВ + 4 BA? 
^^DA? + AA? = 2 (АВ? +ВГ2) 
AB? + BI? given 

2 ГА? + AM? given 

3 AB? — ВГ? =TA-AA 
AB? — BT ? given 

^ TL A-AA given 

5 e 2 ГА.АД given 
ГА? + 2 ГА.АД + AA? given 

6 ГА + AA)? given 

т" ГА + AA given 

8 ГА + АД = 2 ВА 

3”. BA given 

10 e BT given 


— As Hogendijk (p. 46) points out, this lemma shows that there were 
analyses of problems in Book 8. 
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(306) 
! TB:BA = ZE:EA 
2 ГВ:ВН = 2Е:ЕӨ 
^ AB:BH = AE:EO 
^ AH:HB = AO:0E 
3 ^ AH? :(AH-HB) = АӨ2 :(AO-OE) 
AH:HB = AOG:OE 
^ HA:AB = OA:AE 
^ НА:ВГ = OA:EZ 
^ ^. AH?^:BI'? = AQ?:EZ? 
ГВ:ВН = ZE:EO 
*» ВГ:ГН = EZ:ZO 
5 ^ ВГ2:(ВГ.ГН) = EZ2:(EZ-ZO) 
6 ,. (АН.НВ):(ВГ.ГН) = (AO-OE):(EZ-ZO) 


(307) 
ABT BE 
BA « BE 
“ГА > AE 
“ TE > AA 
5 ^ AA-AB < ГЕ-ЕВ 
6 ВГ.ГД > BA-AE 
7  (AA-ABX:(BF-TA) < (E-EB):(BA-AE) 


> о N 


(308) 

1! TH-AK = AH-HB, 

ZO-AA = AO-OE 

(АН.НВ):(ВГ.ГН) = AOGE):EZ-Z0) 
2 (АК.ГН):(ВГ:ГН) = (AA-Z0):(EZ-Z0) 
3 X. АК:ВГ = AA:EZ 
^ ГВ:ВА = ZE:EA 
5 е КГ:ГВ = AZ:ZE 

^ AB:AE = BI:EZ = TK:ZA 
6 AH-HB = AK. TH 
7“. AK-HB — АН.НВ = AK-HB — АК.ГН 
8 *. BH-HK = АКВГ 
9. (AK-.BDX:BK? = (BH-HK):BK? 
10 (AA-EZ):EA2 = (EO-0A):EA? 
11 (АК.ВГ)ВК2 = (AA-EZ):EA? 
12 .. (BH-HK):BK2 = (EO-OA):AE 2 
13 KB:BH = AE:EO 

КГ:ГВ = AZ:ZE 
“КВІВГ = AE:EZ 

14 “НВІВГ = OE:EZ 


201 


502 Notes 


(309) 
ІВГ:ІГН > EZ:ZO 
2. ГВ:ВН </> ZE:EO 
3 ы AB:BH </> AE:EO 


(310) 
1 АННВ > AO:OE 
2 —. HA:AB < OA:AE 
3 ,. НВ:ВА < OE:EA 


4 


о cC 


7.309 


^ HA:AB >/< OA:AE 
АВ:ВГ = AE:EZ 
^ АН:ВГ >/< AQ:EZ 


““НВ:ВГ < OE:EZ 
^ ВН:НГ > E0:0Z 
^ ВГ:ГН > EZ:ZO 


— Pappus vacillates between having AH:HB less than or greater than 
AO:OE. In the summary I have given the course of proof supposing that 
AH:HB > AQ:OE (in the other case, the inequalities are all reversed). 
Perhaps Pappus was interrupted in the process of reversing the inequalities 


in the lemma. 


(311) 
AH:HB > ДӨ:ӨЕ 
! X AB:BH > AE:EO 
2... ВГ:ВН > EZ:EO 


3 
4 


“ВГ:ГН < EZ:ZO 
^ ВН:НГ < E0:0Z 
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(312-218) Lemmas to Euclid’s Loci on Surfaces. 


The information that we can recover about Euclid’s lost work from 
Pappus's lemmas (our only source on the subject) is discussed in Essay С, 
section 26. These lemmas do not belong within the scope of Book 7 of the 
Collection as described in the preface (7.3), and generally they appear not 
to have been finished. In particular the discussion of the focus-directrix 
property of the conic in 7.313-318 is both marred by errors and incomplete. 
We may guess that Pappus abandoned the project of including the Loci on 
Surfaces in Book 7, but that his incomplete draft survived to be included in 
the Collection. Hence the presence of these chapters supports the 
hypothesis that the Collection was not compiled by Pappus himself. 


(312) The obscurity of this so-called ‘lemma’ (really a supplementary 
observation) is only aggravated by the impossible figure (see supplementary 
figure 312.1) transmitted in the manuscript (perhaps the  editor's 
incompetent attempt to supply а missing or illegible drawing?). Pappus 
first enunciates г locus theorem in the plane, which is a generalization of 
the pre-Apollonian ‘symptorna’ of the central conics (see Essay C, section 
22, and the notes to 7.30): If a line drawn at in a given direction from a 
point Г intersects а given line AB in point A such that ГД 2:АД.ДВ is equal 
to а given ratio, thenT lies on a determined conic section (in the symptoma 
ГА must be drawn perpendicular to AB). 

Pappus then attempts to describe an extension of this locus to a 
surface. presumably to obtain one of the propositions of the Loci on 
Surfaces. A clearer procedure would have been to enunciate the surface 
locus, and then show that this leads to an interesting locus in the plane. 
Pappus is needlessly ambiguous in describing the transition to a solid 
construction. He says that “AB is deprived of (being given) in position”, 
and that A and B, no longer given, are now to be on given straight lines AE 
and EB. Then if point Г is ‘elevated’, that is, the line to which ГД is drawn 
parallel no longer lies in the plane of AEB, Г will lie on a determined 
surface. Something is missing to make this work, namely a further 
constraint on AB. Two possibilities exist: either AB remains given in 
length, or it remains parallel to a given line.2 4 In the first case Г will 
indeed lie on a determined surface, but a quite complicated one that Euclid 
could hardly have defined or described.? 5 In the second, Г will lie on a cone 


24 The first hypothesis is Tannery's [1882], the other Zeuthen's ([1886] 
p. 426). 


25 Recognising this difficulty, Tannery rather lamely suggests that Euclid 
considered only the special case where the ends of AB lie on parallel 
lines (the locus is then an oblique cylinder), and that Pappus was 
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with vertex E.26 This is surely what Pappus meant. We may make the 
enunciation of this surface locus more coherent, as follows: Let point Г be 
a variable point in space, and let ГА be drawn in a given direction to a 
given plane. Through A let a straight line be drawn in the plane, іп a given 
direction, to meet two given straight lines in points A and B. Then if we 
require that ГА2:АД-АВ equals a given ratio, then Г will lie on a 
determined surface, namely а сопе.27 Then it follows that, considering 
only those points Г that lie in some plane parallel to the lines to which ГД 
and AAB are drawn parallel (so that line AB is fixed as the intersection of 
the plane in consideration and plane AEB), Г must lie on a conic section. 
This is the locus with which Pappus began. 


(313-318) The lemma (or rather, excursus) on the focus-directrix property 
of the conic is arranged in this way: (a) Enunciation of a locus theorem, 
that if a point’s distances from a given point and a given straight line are in 
a given ratio, the point lies on a conic. This is taken as a proved theorem, 
because it follows directly from one of Euclid’s surface loci when we 
consider only the part of the locus that hes in a particular plane (the 
surface of the locus is a cone, so the locus is a conic section; see Essay C, 
section $6, for the reconstructed surface locus). Pappus sets out to prove 
that if the given ratio of the distance from the point to the distance from 
the line is less to greater, the locus is an ellipse; if equal to equal, a 
parabola; if greater to less, a hyperbola. In what follows Pappus 
repeatedly confuses the inequalities that determine the ellipse and the 
hyperbola, so that these parts of the proof are vitiated (the passages given 
between asterisks in the translation have each to be reversed in sense to 
correct the argument, as they are given in the summaries). (b) First 
(7.314-317), a subsidiary lemma is given, that if from some point Г 


trying to generalize the theorem. Such a definition of a locus also 
requires the ability to construct a line through a given point so that the 
interval of it between two given lines equals a given length. This 
cannot be done by compass and straight-edge, and it is most 
improbable that any locus would have been defined by Euclid — still 
less, by Pappus — in such a way that advanced methods are required 
to construct individual points on the locus. 

26 The description of a cone as this kind of locus is implicit in 
Archimedes’s On Conoids and Spheroids proposition 8 (see Zeuthen 
[1886] pp. 408-423). 


27 Strictly, we have to distinguish two cases: A falls either within 
segment AB, or outside it on AB produced. In either case [ lies on a 
distinct cone; so the complete locus comprises two cones. 
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perpendicular ГА is dropped onto a given straight line AB, such that 
AA? (ГА2 +AB2) equals a given ratio, Г lies on a conic, namely a parabola 
if the ratio is equal to equal, an ellipse (Pappus says hyperbola) if it is 
greater to less, and a hyperbola (Pappus says ellipse) if it is less to greater. 
Pappus reduces the loci to the pre-Apollonian symptomata for the elliptic 
and hyperbolic cases, namely that if [A is perpendicular to a given line HO 
such that l'A? :HA-AO equals a given ratio, then Г lies on an ellipse (if A is 
between H and @) or a hyperbola (if A falls outside). At the end of the 
analysis of the elliptic and hyperbolic cases (7.316) is the disconnected 
jotting, “Greater to less, less to greater", which may be an indication that 
Pappus was aware that something had gone awry in his assignment of the 
inequalities.2 8 (c) The final step of the argument, the reduction of the 
focus-directrix locus to the subsidiary locus, is incomplete, breaking off after 
the synthesis of the parabolic case. 


— АГ is drawn across: The choice of verb ($ (ау) is peculiar; one would 
expect ‘joined’ (emi Seuvyvuue). 


— parallel to (a line given) in position: In 7.318 the problem is given a 
more restricted form, with AE drawn perpendicular to AB. Of course the 
extension to an arbitrary direction is trivial. 


(315) 
1 AA? = ГА? + AB? ^ EB = 2 ВА 
2 ДЕ = BA 5 ^AE = 2 ZA 
^ BA-AE + EA? = AA? 6 ,. BA-AE = 2 AB-ZA 
3% BA-AE = AT? 7". BA-AE = AT? 
^ AZ = ZB 5 EA? = AB? 
5 e Z given 9^ dee BAAS T ПД еге 
6 AE = 2 ZA AT? -АВ? 
7 « BA-AE = 2AB-ZA ee AA? = ГД? + AB? 
8 2 AB given. 


9 AT? = AZ - given 
10 [ on parabola through Z 


! TA 1 AB 
e£ AR ВА 
3 AB = 2 BZ 


28 Another such jotting has apparently slipped from the margin into the 
text, after step 8, obliterating some authentic words. The copyist 
probably thought it was a correction. 
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(316) 


1 


о on Oo сл 


10 


Notes 


(BA? + AT?XAA? given 
BA?:AE? = (BA? *AT? AA? 
BA </> ДЕ 

AZ =EA 

^^ AA? — ЕД2 = ZA-AE 
(ZA-AE):AI 2 given 
EA:AB given 

^ LA:AB given 

^ ZB:BA given 

AB:BH = ZB:BA 

^ AB:BH given (^. H given) 
^ AZ:AH given 


7.316 


11 EA:AB given 
12 ĉe EB:BA given 
13 AO:BO = EB:BA 
^ AQ:OB given 
! ^ ” AB:BO given 
A, B given 
15 e © given 
16 AE:OA given 
17), (ZA-AE):(@A-AH) given 
18 (ZA.AEXT A? given 
19 Ж (HA-AOXAT? given 
20 Ө, Н given 


— (let) АГ (be) at right angles: The manuscript has “АГ touches at right 
angles". The verb (e $am T0), if not corrupt, is a bizarre word to use here. 
It almost invariably means “to be tangent to" (thus all other occurrences in 


Papp 


us).? 9 


Most likely the anomalous word is an intrusion (from the 


margin?), somehow connected with the correct appearance of áTTeTawc à 
few lines below. 


— (step 10) the sum: In the hyperbola's case it should be *the difference". 


(317) 


1 
2 
3 


ОП о N o oO b 


1 


29 


ГА 1 AB 

ZB:BA = AB:BH 
EA:AB = AQ:OB 
^ AH:AZ = HB:BA 
^ AH:AZ = ТУТ 
OA:AE = T2Z:ZP 


^ (ӘД-.АН):?А-АЕ) = (TE:XT)-(TX:EP) 
(O0A:AHXAT? = (TL:27T)-(TL:2P)-(PT 2 :TZ 2) 
(OA-AHXAT? = @©A-AH):(ZA-AE) - (ZA-AE):AF 2 
19 ©A-AH):(ZA-AE) = (T2:ZT)-(TZ:ZP) 


! ^ (БА-А2)АГ2 = PT?:TZ? 


Aristotle uses the word once to describe a point lying on a locus 


(Meteor. 376a 6; the usual verb for this purpose is 4тто)) and also once 
for a circle passing through certain points (Meteor. 376b 9). 


1.317 


12 se (EA-AZ):Ar2 = EA?:AB? 


Va AA2:BA2 + AT2) = РТ2 ТХ 2 


(318) 


1 
2 


о won о о ^» о 


БА-А? + EA? = AA? 


rZ 1 AB 

TZ given pos. 

AH // AB 

EA? = АГ? 

EA = ZH 

АГ? = АН? “НГ? 
^ ZH? = АН? “НГ? 
LI given pos. 

L,I given 
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10 е Д оп parabola 


' ДН 1 АВ 


2 ZH? = АН? + HI? 
3 EA = ZH 

^ AF? = AH? + HI? 

5 «AI? = AE? 

e “ГА = GE 
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(319-321) Appendix. It is not clear whether this additional theorem really 
had anything to do with Book 7, or the Collection’s editor appended it for 
his own unfathomable reasons. I have not identihed any connection 
between it and any of the other lemmas or the known subjects of the books 
of the “Domain of Analysis”. The fragment consists of a monstrously 
diffuse attempt to prove the theorem, a subsidiary lemma (7.320), and an 
analysis of the theorem that leads to the same assertion as 7.320 proved 
by synthesis. The analysis (7.321) looks acceptable, since it leads to a 
verifiable conclusion, but in fact it is the source of the difficulties that the 
author had with the synthesis in 7.319. The problem is that, while step 13 
can be derived from steps 11 and 12 in the analysis, the argument cannot 
be reversed, because to prove step 11 we would have to know that step 12 
is true, and vice versa; hence the analysis does not fulfil a necessary 
requirement for an analysis, that every step in the argument be reversible. 
For this reason in the synthesis the author has to enter a long argument of 
reductio ad absurdum only half of which is completed. The author also 
promises a lemma in step 16 but does not furnish it. 

The theorem can be proved directly, for example in the following 
way: (Figure 240) By the plane form of Menelaus’s Theorem (see the notes 
to 7.194) 


АГ:ГА = (BZ:ZA)-(AE:EB) 
while 

ГА:АД = CH:HB)-(BE:EA), 
hence 

ГД:ДА = (BZ:ZA)-TH:HB) = ГВ2:ВА?. 
Now because АВГ is a right triangle, 
APIA = ВГ?:ГА?, 
so that 
AFTA = BP? 


from which it follows that triangle ВГА is similar to triangle АГВ, and 
angle BAT is right, Q.E.D. 


(319) 
! АВВГ = AZ:ZB = ВН:НГ 4” АВ:ВГ = 2В:НГ 
2” AZ:BZ = ВН:НГ > АВ:ВГ = ВН:НГ 
3 ^ AB:BZ = ВГ:ГН 6" 2В:НГ = ВН:НГ 
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7. ZB = BH 20 Ж, /ZAH 1 

8, LBZO = ZBHO If ZAAB > 1: 

3 НІК // AT 21 /BAML 

10 /BOH = ZOHI + /OIH 22 e tr. MBA ~ tr. MBN 
11. ZBOH > /HOI 23 2 /BAZ = 2 /ZAM = 1 
12 , LBOH > ZZOB 24 X. MZ:ZB = MA:AB 
13  /HBO < ZZOB ! 25 MA:AB = BA:AN 

14 » ZO > OH 26 /BAH = ZHAN 

15 ZA = AH 27 X MA:AB = BH:HN 
16 A A, Z,B,H on circle 28 X MZ:ZB = BH:HN 
17  ZBAZ = /BAH 29 AZ:ZB = ВН:НГ 

18 2 /BHZ = 2 ZBZH = 1 30 М2:2В < BH:HN ! 


19.2 ZBAZ = 2 ZBAH = 1 


— (steps 12 and 13): Step 12 should almost certainly be /ВӨН > /ZOB, 
not the manuscript's /BOH > /ZBO, since /ZOB = /HOI. However I do 
not see how Pappus derived step 13 from either the correct or erroneous 
version of step 12. 


(320) 
' AZ:ZB = ВН:НГ ^ ВН:НГ = 2В:НГ 
2. AB:BZ = ВГ:ГН > ee LB = BH 
3 ^. АВ:ВГ = 2В:НГ 


> 


(321) 
! /BAA 1 8 * 2 ИВАН = L1 
2 5 tr. ABA ~ tr. ВАГ ~ tr. АВГ 9 РГАН 
з. АВ:ВГ = AA:AB 19 /2ВН1 
4. AZ:ZB = AA:AB 11 B; Z, AH on circle 
5 /АА? = ZZAB 12 /? АВ = /ВАН 
6 ,ы2/72АВ == 1 13 . ZB = BH 
; 


LBAH = /НАГ 


Essays on the Lost Works 


A. The Minor Works of Apollonius 


51. The core of the ‘Domain of Analysis’ was a group of works by 
Apollonius of Perge (ca. 200 B.C.). Apollonius is best known now, as he 
was in antiquity, for the great treatise on conic sections, originally in eight 
books, of which seven survive. The Conics is, in fact, among the works 
treated in Book 7, although since Pappus’s discussion of it scarcely 
supplements what we learn from the work itself nothing need be said about 
it here. Apollonius’s other contributions to mathematics, outside of the 
works in the ‘Domain’, ranged wide, including works — all now lost — on 
special curves, regular solids, irrational magnitudes, and the computation of 
T. In astronomy he pioneered the theoretical investigation of epicyclic and 
eccentric hypotheses of planetary motion that Hipparchus and Ptolemy 
were to apply successfully to empirical data. 1 

Excluding the Conics, we have six works to consider in this essay: 
The Cutting off of a Ratio Aoyov атотошт), The Cutting off of an Area 
(xwotov atoroun), The Determinate Section (6twptouevn Toun), 
The Tangencies (enagat), The Neuses (vevaecc), and The Plane Loci 
топос елітебол). Only the Cutting off of a Ratio is extant. For 
knowledge of the rest, we depend on Pappus's summaries of the contents, 
his lemmas, and a few scattered fragments and references in Greek and 
Arabic sources. 


$2. The Cutting off of a Ratio. The original of this book is lost in 
Greek, and indeed outside of Pappus's Book 7 there are, to my knowledge, 
no references to it in Greek sources. One manuscript of it did, however, 
survive long enough to be translated into Arabic, in the ninth or tenth 
century, by an unknown scholar. This translation is known to exist in two 
thirteenth-century manuscripts: Oxford Bodl. Seld. 3140, 7/1, and Istanbul 
Aya Sofya 4830 ff. 2a — 52b, the latter lacking some pages.2 The Arabic 


1 A comprehensive account of Apollonius's scientific work is G. J. Toomer, 
article "Apollonius", DSB vol. 1 pp. 179-193. 


2 Sezgin, GAS vol. 5 p. 142. Dr. Hogendijk has kindly furnished me with 
copies of A.S. 4830. I have not seen the Oxford manuscript. A.S. 4830 
lacks about six folia between f. 9b and 10a, from near the end of 1.4.3 
(that 1s, Book 1 disposition 4 case 3) to near the beginning of 1.6.2, as 
well as the last page of Book 2. Also, f. 5 is out of place, properly 
following f. 2. 
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text has not been published in any form. A critical edition is much to be 
desired (although as we shall see it will not be an attractive labour), but 
Halley’s Latin translation (from the Oxford MS) is adequate for the 
mathematical contents.3 

The extant version of the Cutting off of a Ratio is demonstrably the 
Same as Pappus’s in its general arrangement. Pappus informs us (7.6) 
that there were two books: and in the first book, seven ‘dispositions’ 
(romoc, locus in Halley’s Latin, wad‘ in Arabic) and twenty-four ‘cases’ 
(TTwWOLC, casus, wuqu' ); in the second book, fourteen dispositions and 
sixty-three cases. These numbers are in exact agreement with the Arabic 
translation. Pappus further says that there were diorisms to the following 
cases (we refer by book, disposition, and case): 1.5.3 (maximum), 1.6.2 
(minimum), 1.6.4 (maximum), 1.7.2 (minimum), 1.7.4 (maximum), in exact 
agreement with the Arabic. Finally, Pappus counted 181 ‘theorems’. If we 
tally two theorems per case (one for analysis, one for synthesis) plus one 
for each diorism, we get 179 theorems. The shortfall might be accounted 
for partly by the appendix that follows the last disposition of Book 2; or by 
some minor discrepancy that cannot now be identified. Pappus (or — just 
this once — an interpolator?) names a certain Pericles, otherwise unknown, 
according to whom (or in whose edition?) there were more than 181 
theorems, but we cannot tell whether this represented a substantially 
different text or merely another way of counting. As for the lemmas, the 
first several, 7.43-59, are repeatedly applicable to Apollonius’s text, most of 
them being obvious extensions of the basic ratio manipulations to 
inequalities of ratios. 7.60, .61, .62, and .63 are applied in the diorisms of, 
respectively, 1.6.2, 1.6.4, 1.7.2, and 1.7.4.4 I discuss the problematic last 
lemma 7.64 in the commentary. 

Of course we do not have to try to restore the contents of an extant 
book. It will be useful, though, to survey its contents, because it seems to 
have been similar in character to the other minor works of Apollonius that 
followed in the “Domain of Analysis”. We may express the general 
problem solved in the Cutting off of a Ratio as follows: Let two straight 
lines 1, , 1, be given, and on each of them a point P, , Р,, and also another 
point Q, on neither line, and a ratio а:8. It is required to construct а 
straight line m through Q and intersecting l, in R, and l, in R,, so that 


з Halley [1706]. For the period, and considering that Halley learned 
Arabic specifically for, and largely by, this translation, it 1s ап 
impressive achievement. Diesterweg [1824] gives a German 
‘translation’ of Halley's version (“frey bearbeitet"). 


4 Halley, preface (third page, unnumbered). 
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Each of the two books of the Cutting off of a Ratio is paratactically 
arranged, that is, each proposition (consisting of analysis, synthesis, and 
sometimes diorism) solves independently the same problem for one of the 
numerous distinct ways that the given points and lines are disposed with 
respect to each other (‘disposition’) and one of the ways that the desired line 
is supposed to be drawn with respect to the given objects (‘case’). In the 
first book, the first two dispositions discuss all non-trivial possibilities in 
which 1, and 1, are parallel. In the third, the given points P, and P, 
both lie at the intersection of 1, and 1,. In the remaining three 
dispositions, one of the given points lies at the intersection of the given 
lines. Book 2 is devoted entirely to the dispositions in which neither of the 
given points P, , P, is at the intersection. Most of the cases in Book 2 (the 
exceptions are all the cases of dispositions 2.7, 2.8, and 2.9) are reduced to 
cases treated in Book 1 by the following construction: Let the intersection 
of QP, with 1, be P,, and through P, let 1, be drawn parallel to l,. 
Then if the intersection of the desired line m with 1, is called R,, the ratio 
P,R,:P,R, is determined, so that the problem is reduced to one of the 
cases of Book 1, in which the given lines аге 1, and l,, with P, at the 
intersection of the two lines. The last of the dispositions of Book 2 is 
followed by an appendix in which the cases of the same disposition are 
solved again more compendiously, without reference to Book 1. Halley 
gives the appendix the title “аракефаХасоосос”, or “summation”, which 
is probably correct, since Pappus refers to such a ‘summation’ in 7.64.5 
For each case Apollonius gives an analysis, synthesis (which is sometimes 
reduced to a reference to an analogous preceding case), and if necessary a 
diorism, in which he determines the conditions (namely the boundary values 
of a:ß) under which the problem has two, one, or no solutions. 

In order to give a clearer impression of the style of the Cutting off of a 
Ratio, I have translated a few representative extracts in Appendix 3. The 
selections include one of the parallel cases (1.1.1), the complete disposition 
1.5 (1.5.3 1s dioristic), the dioristic case 1.6.2 (to which Pappus’s lemma 
7.60 applies), and from Book 2 cases 2.14.1 and 2.14.2 (dioristic) with the 
relevant part of the summarization of disposition 14. This represents only 
a small fraction of the whole work, but still is probably more than the 
reader will want to work through with uniform care. 


5 I do not know what the appendix is called in the Oxford MS. In A.S. 
4830 1t 1s treated as a twenty-second disposition, but this is obviously a 
misunderstanding. 
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$3. The Cutting off of an Area. The problem in the Cutting off of 
an Area was very similar to that of the Cutting off of a Ratio: Let two 
straight lines 1, , l, be given, and on each of them a point P, , P, , and also 
another point Q, on neither line, and a (two-dimensional) magnitude A. It 
is required to construct a straight line m through Q and intersecting 1, in 
R, and l, in R,, so that P, R,.P,R, = A. In structure the two works 
were as nearly identical as the difference between their problems allowed. 
In 7.67 Pappus tells us that the Cutting off of an Area lacked the disposition 
corresponding to the seventh of Book 2 in the Cutting off of a Ratio because, 
for the area problem, it is always either indeterminate or impossible. We 
infer that all the other dispositions of the one book also belonged to the 
other. The order was the same too, for according to Pappus (7.8) the cases 
of Book 2 were again reduced to cases already treated in Book 1. In fact 
the identity of arrangement went as far as the cases of each disposition, as 
can be demonstrated from Pappus's count (14 cases in Book 1 of both 
works; 63 cases in Book 2 of the Ratio, 60 in the Area, with three lost 
because of the omission of Ratio 2.7) and from the cases that Pappus tells 
us (7.8) had diorisms. Thus in Ratio 1.1.2 1, and l, are parallel, and m is 
to be drawn so that К, and К, are on opposite sides of P, and P, , so that 
the area P, R,.P,R, clearly has a maximum. Again, in Ratio 1.3.3 P, 
and P, both lie at the intersection of 1, and 1,, and the line m is to be 
drawn through Q so that Q lies between R,, R,; thus P, R,.P,R, 
obviously has a minimum. Similarly 1.2.1, 1.4.2, and 1.6.3 have maxima, 
and 1.4.4 and 1.6.1 have minima, just as Pappus says. 

There are no surviving fragments that reveal Apollonius's approach 
to solving the problems of Book 1 of the Cutting off of an Area (the 
reductions of Book 2 present no difficulty). Pappus's lemmas to the Cutting 
off of a Ratio, except for 7.64, allegedly were also used in the other work, 
but most of them are too elementary to reveal anything about the contexts 
in which they were invoked. Halley appended to his translation of the 
Cutting off of a Ratio a ‘restoration’ of the Cutting off of an Area, which, 
although less prolix than its model, probably gives essentially Apollonius's 
method of solution, for it is very similar to Apollonius's solution of the ratio 
problem. 

The analysis of 1.6.3 will serve for illustration (Figure А.1).6 We 
have 1, = AMB, 1, = AME, Р, = MP, = 2, 9 =H. Draw HO parallel 
to АВ to meet AE in Ө. In case 3 we are to draw НЛК to meet AB in К and 
AE in A with A lying between M and Z, so that MK-ZA equals a given area. 
Suppose it done. Let П be defined on AE between Z and Ө such that HO-ZII 
= MK-ZA. Then OH:MK = OA:AM = AZ:ZII. Сотропепао OMMA = 


6 Halley [1706] pp. 152-54. 
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AILIIZ, hence OMIIZ = МА-АП. But OMIIZ is given, so MA-AII is given. 
Thus a given area MA-AII is to be applied to a given line segment MII, 
falling short of it by a square, so that point A is given (Data 58). Line HAK 
is therefore given, which was what we wanted to prove. MA-AII 1s greatest 
when A bisects MII, from which it follows that the maximum given area for 
which the problem has a solution in this case 1s 


ӨН.(ӨМ + OZ — 2y (ӨМ. Ө2)). 


Since this boundary value is an analogous expression to those of the 
diorisms of the Cutting off of a Ratio, it is quite possible that not only the 
basic lemmas on ratio manipulations, but also the dioristic lemmas 7.60-63 
were applied to both works. 


$4. The Determinate Section. Halley's reconstruction of the 
Cutting off of an Area, impressive though it is, profited from the known 
analogy between that work and the extant Cutting off of a Ratio, which 
provided him with the organizing principle ready-made. For the 
Determinate Section there is no such model, but only Pappus’s data, in 
particular the summary of the problems solved in it (7.9) and the lemmas 
7.68-119, most of which fortunately identify the propositions to which they 
referred. Using this information Robert Simson (1687-1768) wrote a 
restoration of the Determinate Section the plan of which, if not also the 
method of solution, is at the same time so logical and so consistent with 
Pappus that it is surely correct, although it necessitates a small number of 
emendations in the titles of Pappus's lemmas.? 

The general problem of the Determinate Section, which Pappus sets 
out in 7.9, may be restated in modern terms as follows: Let four points A, 
В,Г, A be given on a straight line, and let the ratio a:ß also be given. It is 
required to cut the line in a point X such that 


АХ. ВХ :ГХ.ДХ — a:p. 
Algebraically this is equivalent to solving an equation of the form 
(a+ x)((b + x) = k(c + х)(а + х), 


so that in principle one can always find point X by means of the 


т Printed as the first work (pp. 1-313) іп the posthumous publication 
Simson [1776]. A convenient but not always faithful compression of 
Simson’s restoration is Diesterweg [1822]. 
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propositions on ‘geometrical algebra’ and ‘application of areas’ in Elements 
Book 2.8 In addition to the various positions of X with respect to the given 
points (equivalent to the various possible assignments of signs to a, b, с, а 
in the algebraic representation), the problem is varied by the possibility of 
having two of the given points coincide. Apollonius also solved the various 
cases of this problem: 


АХ. BX: h. TX = a:f, 


where h is an arbitrary given line segment (h is indispensable because in 
Greek geometry a ratio must be between two objects that can be added, 
such as lines to lines, or here areas to areas). In order to account for all 
these variations, Apollonius divided his general problem into nine 
‘problems: (tp 0 BAnua), which were further subdivided into ‘assignments’ 
(emttayua). As Simson determined, each ‘problem’ corresponded to a 
single form of the general problem (determined by whether any of the given 
points were coincident and whether any of the points was replaced by a 
constant length h) and to a single position of the sought point X with 
respect to the given points. The ‘assignments’ of the problem then took up 
each distinct permutation of the given points. I will refer to specific 
assignments as, for example, 1.3.2 meaning the second assignment of the 
third problem of Book 1; 1.3 refers to the entire third problem. Apollonius’s 
classification appears to have been complete. The following is a synopsis of 
the organization of the Determinate Section as Simson reconstructed it from 
the references in Pappus’s lemmas, giving the ratio that is to be made 
equal to a given ratio, and the assumed order of the points: 


Di AX? : BX? А-Х-ВогА-В-Х 
PZ 1 h.AX : BX 2 А = Х – В 
1:92 h-AX : BX2 X—A-—B 
1952. 3 h.AX : BX? А-В-Х 


8 Note that while the general form of the propositions on application of 
areas is given only in VI 28-29, the particular cases of applying a 
rectangle to a given line segment, exceeding or falling short by a square 
are soluble by means of II 5-6 (see Heath, Euclid vol. 1 pp. 382-88). 
These special cases are sufficient for all the solutions of the Determinate 
Section. 


9 [have adapted the similar table in Diesterweg, pp. v-vi. 
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15272: ҺАХ : ВХ.ГХ A-X-B-T 
1-302: hBX : AX TX 

32-8: h.lX : AX-BX 

1:4:1: Һ.АХ : ВХ.ГХ АВЕ mA 
1:4.2: h.BX : AX TX 

1t:4.9: Һ.ГХ : AX BX 

Lous AX-BX : X? А-В- Х-Г 
125:9*. AX. X : BX? 

15:95 ВХ.ГХ : AX? 

eG: AX-BX : ГХ2 А-В-Г-Х 
1.6.2: ВХ.ГХ : АХ 2 

LOST AXTX : BX2 

o icol AX-BX : ГХ.ЛХ A-B-X-I-A 
221.9 Ts АХ.ГХ : BX-AX 

УАЗ bes АХ.АХ : ВХ.ГХ 

20 AT AX-AX : ВХ.ГХ A-B- -X-A 
DD: АХ.ГХ : BX-AX 

аат: AX-BX :TX-AX 

228 en АХ.ВХ :TX-AX А-В-Г-А-АХ 
дада AXTX : BX-AX 

222247: AX-AX : ВХ.ГХ 


When at least one lemma of Pappus has its title (in the manuscript’s text) 
referring to a disposition and indeed is pertinent to that disposition, the 
disposition is marked with an asterisk. When at least one lemma is 
pertinent to a disposition, but its title refers, presumably because of 
corruption of the text, to another disposition, the disposition 16 marked with 
an obelus.1° Finally, the assignments that according to Pappus (7.10 and 
7.119) had separate diorisms, namely 1.2.2, 1.4.8, 1.5.8, 1.6.8, 2.1.3, 
2.2.9, and 2.3.3, all do in Simson’s reconstruction, and of the kind 
(maximal or minimal) that Pappus specifies. Except for 1.2.2, they are all 
the final assignments of their problems; this feature of Apollonius’s 


10 The required emendations, originally by Simson, have been adopted in 
this edition. For the particular identifications of the assignments to 
which the lemmas refer, see the commentary to the lemmas. 
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ordering was probably deliberate. Раррив (7.9) gives us a hint of 
Apollonius’s method of solving the problems in the Determinate Section, but 
it is unfortunately rather vague and marred by a corrupt text.! ' This 
much is clear, that Apollonius proved the problems, or at least some of 
them, in two ways, by means of ‘pure straight lines’ and by an ‘ingenious’ 
construction using semicircles. The work with ‘pure straight lines’ might 
have been solution by the so-called ‘geometrical algebra’ of Elements Books 
2 and 6, or more generally solution not using circles. In the latter sense 
the phrase describes well enough the sort of analysis that Simson devised 
for the problems. We shall consider presently the question of what the 
constructions using semicircles were;  Simson's syntheses use 
straightforward Euclidean applications of areas (exceeding or deficient by a 
square). Ав an illustration I shall give three representative examples of 
Simson’s reconstructed solutions, slightly compressed. ! 2 


1.4.3. (Figure A.2) Let points B, Г, A on a straight line, line 
segment E, and ratio а:) be given. It is required to find point 
A making AA-E : BAAT = acf. 


Analysis: 


АД.Е : BA-AT given 

Let BZ be made such that E:BZ = AA-E: BAAT. 

^* AA‘AT = BA:BZ 

^ ZB:BA = l'A:AA 

^ BZ:ZA = ATTA 

^ ГА.А7 = TA-BZ which is given 

ГА > ДА, ~. BZ > ВД, ~. A between В, 2 

Thus it is required to apply а rectangle equal to ГА.В2 to a 
given line Г2,, falling short of it by a square. Hence A 15 given. 


Analysis of the Diorism: Because an application falling short by 
a square is not always possible (the maximum applicable area 
is the square of half the line to which the area is to be applied), 
this problem is not always soluble. | 

If 4TA-BZ = Г22, so that TA = AZ, there is one solution. 
We will now find what ratio a: leads to this unique solution. 


ГА.В2 = ГА.А2? = ГА? 


11 See the commentary to 7.9. 


12 Simson, pp. 87-95, 178-193. 
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*» TA-BZ - TAAZ = ГА? —TA-AZ 
^ TA-AB = AA? (Elements П 5) 
ГА.АВ given 

^ AA given, ^. A given... Z given 


Synthesis of the Diorism: 


Then let AA? = ВА АГ, with A between B, A. 
Let AZ — AT. 

^ BA-AT + ГА.А2 = AA? + l'A-AZ 

^ ГА.В2 = FA-AZ 

^ BZ:ZA 
^ ZB:BA = ГА:ДА 

^ E:BZ = AME: BA-AT 

Thus the extremal ratio is E:BZ. This dioristic ratio can be 
reduced to the form E:BA + АГ + 2 V(BA-AT)) by Pappus’s 
lemma 7.63 to the Cutting off of a Ratio and Cutting off of an 
Area. Now we wish to know whether it is a maximum or a 
minimum. Let H be another point on AA produced. 

Then we have to compare 

AA-E : BA-AT to AH-E : ВН.НГ. 

^ E:BZ to AH-E : ВН.НГ 

^ AH-E : AH-BZ to AH-E : ВН.НГ 

^ AH-BZ to ВН.НГ 

Now if H coincides with Z ог Z is between A, Н, then 

AH-BZ < ВН.НГ. 

But if H is between А, Z, then we have to compare 

ГН.В? — AH-BZ to [H-BZ — ВН.НГ 

^ ГА .В2 to 'H-HZ 

But TA-BZ = FA?, while A? > ГН.Н7 

^ AH-BZ < BH-HI for this case too. 

Thus A produces a maximum ratio. (I omit Simson's proof that 
points nearer A produce greater ratios than farther points.) 


Synthesis: Let A be found as described above to make a 
maximum ratio. Let AZ = АГ. Then if the given ratio а:В = 
E:BZ, there will be one solution only, namely point A. If the 
given ratio is greater, the problem will have no solutions. 

lf a: < E:BZ, then 

let E:BO = a: 

^ BO > BZ 

ГА.В7 = l'A-AZ (from the analysis) 
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^ [ABZ - ГА.В2 = ГА.В2 – ГА.А2. 

^ AA-BZ = BAAT 

ʻe BA-AT < AA-BO 

^ ГА.ВӨ — BA.AT > TA-BO — AA-BO 

^ ГА.АӨ > ГА.ВӨ 

4 ГА.АӨ < TO? 

^ 4TA-BO < l'9? 

Hence a rectangle equal to ГА.ВӨ can be applied to ГӨ, falling 
short by a square. 

Let TH-HO = ГА.ВӨ. А will be between H, B. 
“ГН.ВӨ-ГН.НӨ = ГН.ВӨ – ГА.ВӨ 

^ BH-HI' = AH-BO 

AH-E : AH-BO = Е:ВӨ = 


a:p 
^ AH-E :ВННГ = a:ß. О.Е. 


D. 


1.5.1. (Figure А.З) Let points A, Г, В on a straight line and 
ratio а:В be given. It is required to find point A making AA-AT 
"BA? = asp. 


Analysis: 


Ifa = f: 

^* AA-AU = AB? 

^ AA:AB = BA:AI = AB:BI which is given. 
^ A given, Q.E.D. 

(I omit the synthesis of this sub-case) 


If the ratio is not of equality: 

AA-AT : AB? given 

Let AA-AT = BA-AE, A between E, Г. 

^ BA-AE : BA? given 

^ AE:BA given 

BA:AE = АВВГ:АЕ-ЕГ (Pappus 7.68) 

^ АВ.ВГ : AE-ET given 

АВ-ВГ given 

^ E given, ~ EB given, «~. EA given, ... A given, Q.E.D. 
(I omit the syntheses.) 


2.3.3. (Figure A.4) Let points A, E, B, Г on a straight line and 
ratio а:В be given. It is required to find point Z making 
AZ-ZY : EZ-ZB = ар. 


Analysis: (I omit the cases wherea = B anda < $.) 
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Ifa > f: 

А2:2Г : EZ-ZB = a:p 

Let А (on АГ produced) be such that AA-AT = EA-AB (as in 
the first sub-case of this assignment). 

А7 2Г > EZ-ZB 

^ АЕ is not equal to ВГ. (For if AE = ВГ, then by Pappus 
7:17, ALLY S EZZB) 

A is between A, Z (consequence of Pappus 7.107-108) 

LetH = АЕ — ВГ 

Then since AA.AT = EA-AB, 

* AZZI = EZZB + HZA (Pappus 7.108) 

А2:2Г : EZ-ZB given 

^ H-ZA : EZ-ZB given 

Thus the problem is reduced to assignment 1.4.3. Hence Z is 
given. 


Diorism: If @ is defined on АГ produced, such that 

АЕ-ЕГ : АВ.ВГ = БӨ? : ӨВ2, then © produces a maximum 
ratio 

АӨӘГ : EOOB. (I omit the proof.) By Pappus 7.118 the 
maximum ratio can be expressed also as 


AT? : (/ (AB-ET) + у(АЕ.ВГ)). 


(1 omit the synthesis.) 


As I have already mentioned, and as these examples show, Simson 
did not use semicircles, or indeed anything but ‘pure straight lines’ in his 
reconstructions. However, an earlier attempt to restore the Determinate 
Section, Willebrord Snel's Apollonius Вайагив,1 3 - although in most other 
respects inadequate as an emulation of Apollonius, demonstrates a method 
of constructing the sought points using semicircles. Simson observed of this 
that the semicircles in fact served only to provide the final stage of each 
solution, namely the application of a rectangle exceeding or deficient by a 
square.! ^ For him this disqualified Snel’s conjecture, because Apollonius's 
practice elsewhere is to assume such applications of areas as basic 
operations, supplied by Elements VI 28-29. It seems to me, on the 
contrary, that the equivalence of Snel's operation with semicircles to VI 


13 Snel [1608]. 


14 Simson, pp. iii-iv. 
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28-29 confirms that Apollonius used it in the Determinate Section, because 
Pappus (7.9) explicitly contrasts the ‘ingenious’ semicircle technique to 
Euclid’s Book 2, where the theorems required for the applications are 
effected by means of rectangles erected on the line segments. Apollonius 
may simply have been attracted by the neatness and efficiency of his 
circles. In practice Euclid’s method for the applications, if one actually set 
out to do them by compass and ruler, is much more laborious. Apollonius’s 
method may be set out as two lemmas, as follows:1 5 


A. (Figure A.5) Let line segment AB be given. It is 
required to apply to AB a rectangle АГ.ГВ equal to a given 
area and exceeding AB by a square. 

Solution: Erect AA and BE perpendicular to AB and on 
opposite sides, making AA.BE equal to the given area. Join 
AE, and describe on it semicircle ATE intersecting AB produced 
іт Г. І say that АГ-ГВ equals the given area. 

Proof: Let Z be the intersection of AE and AB, H the 
midpoint of AE, and © the midpoint of AB. Join HO. Then 
AZ:ZA = EZ:ZB = ДЕ:АВ = AH:AO 
so that OH // АД and HO 1 OA. Thus 
HA = HB. 

Then since /HBE is obtuse, HE is greater than HB, so that 
circle ATE intersects AB produced. 

Let the circle be completed, and let it intersect BA (produced) in 
A. Obviously AA = ВГ. Let also AA be produced to meet the 
circle again in K, and let KE be joined. Then AK 1 КЕ, so that 
AB // KE, while AK // ВЕ. Thus 

BE = AK. 

But AA-AK = ЛА.АГ, 

hence because AA = ВГ and AK = ВЕ, 

AT TB = AA-BE, Q.E.D. 


B. (Figure A.6) Let line segment AB be given. It is 
required to apply to AB a.rectangle АГ-ГВ equal to a given 
area and falling short of AB by a square. 


-15 I abbreviate Diesterweg’s version, рр. 5-10.  Diesterweg has 
incorporated the semicircle construction into the syntheses of all the 
assignments, although curiously he does not explain the reason for 
doing so. 
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Solution: Erect AA and BE perpendicular to AB and on 
the same side, making AA-BE equal to the given area. Join 
AE, and describe on it semicircle ATE intersecting AB in Г. 1 
say that АГ.ГВ equals the given area. (The proof is exactly 
analogous to that of lemma A; the problem may have no 
solutions, one, or two solutions, depending on whether the given 
area is greater than, equal to, or less than the square of half 


AB.) 


55, General remarks on the ‘Triple Section’. Of the three first 
works in the ‘Domain of Analysis’ we have seen that one is extant, and the 
other two substantially reconstructible in both structure and, probably, 
Apollonius’s approximate methods of solution. They are very similar in 
character, and it will be convenient to treat them as a subgroup within the 
‘Domain’, giving them Newton’s name, the ‘Triple Section’.1& We will 
consider two matters here: the purpose of these works, and the history of 
their transmission. The first really contains two questions, why Apollonius 
chose these three problems, and why he solved them in such an exhaustive 
— for the reader, exhausting — manner. The surviving book, the Cutting off 
of a Ratio, has no explanatory preface, and Pappus gives no hint that the 
others had any, so our answers will have to remain conjectural. 

It has to be admitted that the problems solved in the ‘Triple Section’ 
are not in themselves particularly interesting. The best that one can say 
for the Determinate Section is that its subject matter is related to the theory 
of involution invented in the seventeenth century by Desargues, in which 
special significance is given to the point X such that 


AX-BX = ГХ.АХ, 


this being a case of Apollonius’s general problem.17 It is perhaps more 
important that these problems can arise in the study of conic sections.’ 8 
Thus if in the problem of the Cutting off of a Ratio we remove the 
requirement that the sought line pass through a given point, but keep the 
other data of the problem (the two lines, the points given on them, the 


16 Newton, Papers vol. 7 p. 310. 


17 Zeuthen [1886], рр. 195-202, discusses this relationship in detail; I 
cannot help suspecting that, in the light of modern projective geometry, 
Zeuthen finds more mathematical significance in the Determinate 
Section than Apollonius could have been aware of. 


18 Zeuthen, pp. 343-365, 195-202. 
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ratio), the envelope of all solutions will be a parabola, while the 
corresponding envelope for the Cutting off of an Area will be an ellipse or a 
hyperbola. This suggests that Apollonius may have had in mind the 
general problem, to draw a straight line through a given point and tangent 
to a given conic section. Apollonius certainly knew the relevant property of 
the parabola. In Conics III, 41 he proves that if a variable tangent to a 
parabola crosses two fixed tangents, the two intersections and the point of 
tangency on each line will bound segments in equal ratios, from which it is 
easy to derive the representation of the parabola as an envelope. Similarly 
ПІ, 42 and 43 lead to representations of the central conics as envelopes, 
although here only certain cases of the Cutting off of an Area problem can 
arise: either the lines on which the ‘area’ is cut off will be parallel, as in III, 
42, or the bounds of the abscissas will coincide with the intersection of the 
two lines, as in ІП, 43.19 As for the Determinate Section, its problem has 
an application relevant to the representation of a conic as a ‘locus on three 
or four lines’ and the construction of a conic through five points (see Essay 
C, section §7). Let a quadrilateral be inscribed in a conic, and the four 
sides produced indefinitely, and let another line be drawn across the section. 
If we call the intersections of this line with the conic C, and C,, and its 
intersections with the sides of the quadrilateral P,, P,, P,, P,, such that 
the sides through P,, P, do not meet on the conic, nor the sides through 
pou. then 


GSP oppo ер ОТР © PACyP sei PCM, 


so that if one intersection with the conic is known, the other can be found 
by means of the Determinate Section. 2 © 

Besides these applications to conics, the problems of the ‘Triple 
Section’ can turn up in varied contexts, so that their inclusion in a corpus of 
works useful for the analysis of problems is justifiable. Pappus himself 
demonstrates this fact in his lemmas in Book 7. Thus in 7.232, a lemma to 


19 А much more general representation of the central conic as ап 
envelope of lines cutting off an ‘area’ on any two tangents first appears 
in Newton, Principia Book 1 lemma 25. Since Apollonius restricts 
himself to a special case in the Conics, it is doubtful whether the 
general theorem was known in his time. See also Essay C, section $5, 
on this material. 


20 This application of the Determinate Section was first discovered in 
modern times by Newton (see Whiteside in Newton, Papers vol. 4 p. 
280 note 19). 
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Euclid’s Porisms, Pappus reduces his problem to one of the easier cases of 
the Cutting off of an Area (1.3.1), while lemma 7.142-144 is reduced to one 
of the assignments of the Determinate Section (1.3.2). Similarly, in the 
Heronic Metrica three problems are reduced to the Cutting off of an Area, 
specifically the case (1.3.3) where the sought line cuts off abscissas 
terminated by the intersection of the two given lines, and the given point is 
to lie on the sought line between the two intersections (these are the only 
ancient references to the Cutting off of an Area known to me outside of 
Pappus’s Book 7).2 ! 

If the question of the usefulness of the problems has so far been 
inconclusive, we must be still more diffident when it comes to explaining 
why Apollonius chose to solve them in such a prolix way, considering every 
possible case with the full apparatus of analysis and synthesis. One 
possibility is that they had a didactic purpose, as demonstrations of how a 
problem should be solved with complete rigour. Since, however, this 
longwinded approach is apparent in many of Apollonius’s works — we shall 
find it again in the Neuses, Tangencies, and Plane Loci — we may suspect 
that Apollonius considered this kind of thoroughness desirabie іп 
mathematical treatises, perhaps not only for beginners. Even the Conics 
exhibit some of the same taste for exhaustivity, although not to the same 
degree as the ‘Triple Section’. It seems odd, too, that Apollonius, having 
written one example of his notion of a complete solution of a problem, 
should then have embarked on two very similar examples, one of them so 
close to the first that the student is unlikely to learn anything from the one 
that he could not from the other. Perhaps the explanation lies in the 
diorisms: Apollonius was especially interested in the pattern of possibility of 
solution for these problems, and, in the instance of the Cutting off of a Ratio 
and of an Area he wanted to show the contrast between these patterns for 
two problems that differed on only one slight detail. One can only feel 
sorry for the would-be geometer who was expected to emulate these models. 

Heron’s references to the Cutting off of an Area cited above are the 
only known specific allusions to the individual works of the ‘Triple Section’ 
in Greek texts. We are not entitled to infer that Apollonius’s minor works 
were rare or little studied in antiquity: too few post-Apollonian geometrical 
texts survive to permit any such generalizations. Besides, we know that at 
least the Cutting off of a Ratio and the Determinate Section, and probably 
also the Cutting off of an Area survived to be translated into Arabic in the 


21 Heron, Opera vol. 3 pp. 162, 166, 170. In the first the reference is 
apparently to Book 2 of the Cutting off of an Area, but this is probably 
a manuscript corruption. There is no doubt that the case in question 
was solved in Book 1. 
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ninth or tenth century. For the Cutting off of a Ratio we have the 
translation itself. Moreover, this work seems to have been quite well 
known to Arabic mathematicians, and to have been influential in the 
transmission of the Greek techniques of analysis, synthesis, and diorism.? ? 
The translation of the Determinate Section is not extant, but is well attested. 
The Fihrist lists among Apollonius's works one called the 'Determinate 
Section' (al-nisbatu l-mahduda), with the interesting information that the 
translation of Book 1 had been corrected (for mathematical sense) by 
Thabit b. Qurra, while Book 2 remained unintelligible.? 3 The problem of 
making sense of Book 2 is discussed in preserved correspondence between 
Abu Ishaq al-Sabi, an enthusiastic dilettante, and the late tenth century 
geometer Abu Sahl al-Kuhi (or al-Quh1).24 These letters tell us nothing 
about Apollonius’s work that we could not learn from Pappus, but confirm 
the identity of the Arabic title.2 5 

The evidence for a translation of the Cutting off of an Area is more 
slight. The same article in the Fihrist mentions a work ‘Cutting off of 
Areas in Ratio’ (даҒи l-sutuhi ‘ala nisbatin) but this seems to refer to 
another work (not known from Greek sources). According to the Fihrist it 
was in only one book, and its title suggests something different from the 
known problem of the Cutting off of,an Area. A short fragment in the 
manuscript Leiden Or. 168 (f. 88”) confirms that the works were 
different.2 6 Under the (perhaps slightly corrupt) title “from my book, the 
second section of the cutting off of areas in ratios by Apollonius”, we have 
the solution of a problem, given a triangle АВГ, and a point E on ВГ 
produced, to draw a line EA across the triangle such that triangle BAE will 
have a given ratio to triangle АВГ.27 On the other hand, the tenth-century 


22 Hogendijk [1985] рр. 98-100. 
23 Fihrist (Flügel) p. 267, (Dodge) p. 637. 


24 Ап edition of the correspondence by J. L. Bérggren is forthcoming. 1 
have consulted the text in Istanbul Aya Sofya 4832. 


25 There is a vague allusion to some figures with circles in Book 2, and a 
reduction by al-Kuhi of a certain problem to one of the problems of 
Book 2 (so al-Kuhi must have made some sense of Book 2). 


.26 (ССО vol. 3 p. 66. I am grateful to Dr Hogendijk for providing a copy 
of the text. 


27 There is a slight resemblance between this problem and the hypothesis 
of Pappus's lemma 7.226 to the Porisms, and to Euclid's lost book on 
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geometer Ibrahim b. Sinan knew both the problem of the authentic Cutting 
off of an Area and Apollonius's method of reduction of the problems of Book 
2 to the problems of Book 1, a circumstance that suggests knowledge of 
Apollonius's work, even if ibn Sinan does not name Apollonius in connection 
with the problem.? 8 

When Commandino's translation of Pappus was first printed in 1588, 
the first seven books of the Conics were all of Apollonius's work that were 
believed to survive. The great amusement of restoring the lost works had 
already begun with Maurolico's attempt at Books 5 and 6 of the Conics,? ? 
but Pappus's descriptions of six new works inspired a long line of restituti 
that persisted to the middle of the ninteenth century.3° The restorations of 
the seventeenth century, whatever claims they made to reviving 
Apollonius's works, generally were more successful in identifying the 
problems that Apollonius solved than in determining Apollonius's methods 
of solution; not much attention was paid to Pappus's lemmas. All three 
works of the ‘Triple Section’ were restored by Willebrord Snel early in the 
century.3 1 Snel made the interesting observation that the problems of the 
Cutting off of a Ratio and the Cutting off of an Area were easily reducible to 
problems solved in the Determinate Section.3 ? Snel therefore treated the 


the division of figures. 


28 [nformation furnished by Dr Hogendib, who will publish a full 
discussion of the relevant documents. 


29  Posthumously printed as Maurolico [1654] (a rare book). The 
restoration 1s interesting but inevitably disappointing in comparison 
with the original. The existence of Books 5-7 in Arabic was known to 
Henry Savile in 1581 (unpublished correspondence in Milan Ambros. D 
243 inf.) The manuscript of which Savile had heard was in fact of the 
paraphrase by Abu l-Fath al-Ispahani, a Latin translation of which 
was published in Florence in 1661 (Apollonius [1661]).  Viviani's 
reconstruction of Apollonius’s Book 5 (Viviani [1659] was made in 
deliberate ignorance of the Arabic paraphrase (see Ver Eecke [1933] 
vol. 1 p. xlvii). The only precedent for the European fashion of 
restoring the lost works seems to have been ibn al-Haytham's 
replacement of Book 8 of the Conics (Hogendijk [1985]). 


30 Many of these efforts are listed in Ver Eecke [1933] vol. 1 pp. lvii- 
Ixx vi. 


31 Snel [1608] (Determinate Section), [1607] (Cutting off of a Ratio and of 
an Area). 


32 [ have not seen Snel [1607], in which this was done. An example of 
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Determinate Section as the fundamental work on which the other two 
depended. In fact Apollonius did reduce the problems of the other two 
works to problems of the Determinate Section, but then solved these 
problems directly by the normal method of application of areas without 
referring to his special treatise on the topic (we do not know the order in 
which they were written). Halley’s publication of the Cutting off of a Ratio 
of course made Snel’s restoration superfluous. As we have seen, the 
reconstructions of the Cutting off of an Area by Halley and of the 
Determinate Section by Simson come close to saying the last word on the 
restoration of those works, except for the omission of Snel’s semicircles in 
the latter, and microscopic niceties of Apollonian style that have no 
historical interest.3 3 


$6. The Neuses. Іп 7.27 Pappus defines а ‘neusis’ as the 
construction of a straight line that passes through a given point and 
intersects two straight or curved lines — or one curved line twice — in such 
a way that the segment cut off by the two intersections equals a given 
length. The elementary postulates of the so-called ‘plane’ methods of 
geometry (that the straight line through two given points, the circle with 
given center and through a given point, and the intersections, if any, of 
given lines and circles are given) are not sufficient to effect the neusis 
construction in general, even when the given lines are limited to straight 
lines and circles. On the other hand, certain problems that could not be 
solved by ‘plane’ methods, including the trisection of a given angle and the 
finding of two mean proportionals, can be reduced to neusis constructions, 
and it is perhaps for this reason that neuses acquired a special importance 
in the development of Greek geometry. 


the reduction is as follows (Figure A.26): Let lines AB, ГА, and points 
Z (on ГА) and Н, and the ratio РУ be given; it is required to draw 
HKA across the lines such that ZK:EA = P:Z. Solution: Draw HO 
parallel to AB to meet ГА at Ө. Let T:HO = РО = ZK:EA, hence 
ZK:T = EA:HO = ЕК:КӨ; thus ZK-KO = T-EK, where Z, Ө, E, and T 


are given (Determinate Section 1.3.3). 


33 The following works оп the Determinate Section are of little more than 
bibliographical interest from our point of view (which excludes 
consideration of the importance of the restorations for the mathematics 
of their own time): Lawson [1772] (a revision of Snel [1608]); Giannini 
[1773]; Grabow [1828]; Richter [1828], [1836]; Paucker [1837]; Ley 
[1845]; Von Luhmann [1882]. 
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Because of the nature of the documentary evidence, we know 
surprisingly little about the evolution of mathematical techniques even in 
the richest period of Greek mathematics, the third and second centuries 
B.C. Thus we do not know how early and by whom neuses were given a 
special status, almost like an additional postulate. One of the earliest 
surviving fragments of elaborate mathematical reasoning is the ‘quadrature 
of lunules’ by Hippocrates of Chios, in the second half of the fifth 
century.34 At one stage in his determination of the area of a lunule (a 
plane region bounded by circular arcs) Hippocrates assumes the possibility 
of a neusis construction: given a semicircle and a straight line perpendicular 
to the semicircle’s base, to draw a straight line through one end of the base, 
such that the segment of it cut off between the perpendicular and the 
circumference of the semicircle equals a given length. This particular 
neusis can be effected by ‘plane’ methods, as we shall see presently, but 
what is interesting is its assumption as a basic step already in the fifth 
century. 

I do not propose here to discuss in detail the attested neusis 
constructions in subsequent authors.35 The subject can be divided into 
three topics: the applications of neuses to specific problems, the methods of 
effecting neuses, and the classification of neuses. The author most often 
associated with neuses is Archimedes. In his work On Spirals Archimedes 
assumes the possibility of a few neusis constructions involving circles and 
Straight lines. There is also a similar neusis in the Book of Lemmas falsely 
attributed to Archimedes, applied to the trisection of an angle.3& We also 
have a construction of two mean proportionals (by Nicomedes) and another 
trisection of the angle (anonymous), each reduced to a neusis where the 
segment of given length is cut off by two straight lines. Now, unlike 
Hippocrates’s neusis, these all cannot be accomplished by compass and 


34 See for example the discussion in Heath, HGM vol. 1 pp. 182-202, 
especially pp. 193-96. 


35 Heath, Archimedes pp. c-cxxii sets out most of the relevant 
information. See also Knorr [1977] for some interesting observations 
on Archimedes’s use of neuses. 


36 Whether the trisection itself is Archimedean cannot be determined. 
The attribution of the Book of Lemmas (‘liber assumptorum’) to 
Archimedes was probably a bibliographic accident (for example an 
anonymous work following works of Archimedes in a manuscript) or a 
book seller's fraud (Archimedes being more saleable than anonymous 
or obscure texts). 
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straight-edge. Тһе geometer who reduced a problem to such a neusis had 
several choices. He could treat the neusis construction itself as a postulate; 
this may have been Archimedes’s attitude. Or, he could augment his 
resources іп another way, by assuming the possibility of drawing certain 
curves other than straight lines and circles, by the intersections of which he 
could effect the neusis. For example Nicomedes defined a curve called the 
‘conchoid’ or ‘cochloid’ that was the locus of all points whose distance from 
a given line along a variable line through a given point is constant; this 
curve of course makes possible all neuses in which one of the given lines is 
straight. In this case the special curve was regarded as ‘mechanical’, 
because it was conceived as drawn by a special kind of instrument. 

Yet another possibility of expanding the geometer’s equipment lay in 
solid geometry, where it was assumed possible to construct certain 
surfaces, such as planes, spheres, cylinders, or cones, and the curves in 
which they intersect. Again, we know practically nothing about the 
development of the geometry of surfaces in antiquity, the most important 
documents being Archytas’s solution of the two mean proportional problem 
and the beginning of Apollonius’s Conics. It seems that the 
parametrization of the conic sections in the fourth century, which 
effectively replaced their definition as sections of a surface by a locus 
property, led to a concentration of interest in the geometry of conics in the 
plane. Now it proved possible to construct some neuses by means of 
intersecting conics, and we know from Pappus that such constructions were 
applied to the angle trisection and to Archimedes’s neuses іп On Spirals. 

Hence a complex of techniques for solving neuses (and other 
problems) accumulated in a haphazard way. We learn, again from Pappus 
(4.57-59), that an attempt was made at some stage to introduce order into 
this confusion. Problems were divided into three classes, ‘plane’, ‘solid’, 
and ‘curvilinear’ (єлітєба, отєрєа, ypauucKa). ‘Plane’ problems 
could be solved by compass and straight-edge; ‘solid’, by means of conic 
sections but not by ‘plane’ methods; ‘curvilinear’, by means of special 
curves, but not by ‘solid’ or ‘plane’ methods. Pappus remarks, “Geometers 
regard it as, in a sense, no small wrong when a plane problem is solved by 
someone by means of conics or curvilinear methods, and generally when (a 
problem) is solved by an inappropriate class (of method), such as the 
problem for the parabola in the fifth (book ) of Apollonius’s Conics, and the 
solid neusis on a circle assumed by Archimedes in the (book) On the Spiral ; 
for using no solid it is possible to find (that is, prove) the theorem written 
by him...”. The specific propositions that Pappus alludes to have been 
identified as On Spirals 18, and Conics V, 51, and Pappus’s claim is 
verifiable: they can be proved without using (in Apollonius’s case) more 
conic sections than the parabola that is given (which does not count) or (in 
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Archimedes's case) а neusis that is ‘solid’ in classification. 3 7 

Pappus is our only explicit.authority on this mathematical pigeon- 
holing, and he says nothing about how it developed, and when. However, it 
is difficult not to see Apollonius’s two books of Neuses as inspired by the 
constraints of method imposed on the geometer. According to Pappus’s 
epitome (7.27), Apollonius solved four neuses involving straight lines and 
circles, all by plane methods. The only conceivable use for such a work 
would be as a reference useful for identifying ‘plane’ problems, and hence 
avoiding the solecism of treating them as if they were ‘solid’.3 8 Apollonius 
may have had a similar purpose in his two other works, the Tangencies and 
Plane Loci, which we will consider later. In all three works much of the 
material was older than Apollonius, so that his contribution was often 
limited to the exhaustive manner of treatment that we have seen already in 
the ‘Triple Section’. What in the character of Apollonius, a mathematician 
of enormous ability and perhaps genius, led him to devote so much effort to 
tedious programmatic writings of this kind, is an interesting but 
unanswerable question. 

Aside from Pappus in Book 7, the only ancient reference to the 
Neuses is in Marinus’s introduction to Euclhd’s Data.39 Marinus is 
primarily concerned with the meaning of the mathematical concept ‘given’, 
and lists a few examples of how specific geometers used the word. He 
writes that “among those who have defined ‘given’ simply and by some 
single criterion, some have asserted that it is ‘fixed’ IrerTayuevov], as 
Apollonius in the On Neuses and in the General Way of Doing Things [ev 
TN t  ka00^0v трауиате tac], others that it is ‘knowable’ 
[yvwp nuor], as Diodorus...". The distinction between these two senses of 
given is important for neuses: a solid neusis is ‘given’ in the sense of being 
determined or fixed, but is not strictly ‘knowable’, or constructible, in terms 


37 See (on Apollonius) Zeuthen [1886] pp. 284-88, (on Archimedes) Knorr 
[1978,1], developing the original investigations of Tannery and Heath. 
Not all of Knorr’s speculations are plausible; for example there is no 
need to suppose that Pappus’s criticism is directed at a version of On 
Spirals 18 different from the one we have. Knorr’s theory that 
Archimedes revised his methods under the influence of Apollonius is 
chronologically difficult. That later in Book 4 Pappus gives a 
construction of Archimedes’s neusis by means of conics has nothing to 
do with his earlier remarks; to avoid the criticism of inappropriate 
methods one would have to rewrite the entire theorem in On Spirals. 


38 See Knorr [1978,1] pp. 89-90. 


39 Euclid, Opera vol. 6 p. 234. 
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of compass and straight-edge methods. Of the two works by Apollonius 
that Marinus names, we know little about the General Way of Doing 
Things 9 although its title suggests a didactic treatise. Since all the 
problems treated in the Neuses were ‘plane’, so that the solutions were 
‘given’ in every sense, it is likely that Apollonius provided some prefatory 
matter, perhaps an introduction or at least definitions, from which Marinus 
took his definition. 

More important than this solitary Greek reference are some 
‘fragments’ recently discovered by Hogendijk, proving that an Arabic 
translation of the work once existed.^ 1 These are adaptations of a small 
number of solutions of the third and fourth problems of the Neuses (on the 
rhombus and the two semicircles), specifically attributed to Apollonius, in a 
collection of problems by the tenth-century geometer al-Sizi. Their 
authenticity is confirmed by their relationship to some of Pappus's lemmas. 
In turn, they make possible by analogy the substantial restoration of 
Apollonius’s solutions of all the many cases of the third and fourth neuses, 
except for the diorisms. As it turns out, the reconstructions hitherto 
posited for these problems (by Ghetaldi, Horsley, and others) are all 
incorrect, a circumstance that will simplify bibliographical matters 
considerably.^ ? Pending the publication of the Arabic fragments, we shall 
restrict consideration to the remaining questions about the Neuses, namely 
the easy first two problems, the arrangement of the work, and the diorisms. 

According to Pappus, the first neusis to be constructed was: (Figure 
A.7) Given a circle and point A not on it, to draw a straight line ABI (or 
ВАГ) across the circle such that the segment BI between the two 
intersections equals a given length. This is easy; by Elements ІП, 35 or III, 
36 (depending whether A is inside or outside the circle) the product of 
segments ВА.АГ is constant for all transversals through A, and so given. 
Thus we know both the product of AB and АГ and either their sum or 
difference, from which it follows that the lengths of AB and АГ themselves 
are given (Data 58-59; Apollonius would have written that we have to 


40 This work is also mentioned іп a scholion to Menelaus's Spherics (see 
Krause [1936] pp. 239-40 note 1), and it is usually identified as the 
source of Proclus's citations of Apollonius in the commentary to Book 1 
of the Elements. 


41 I thank Dr Hogendij for communicating his discoveries before their 
publication. 


42 These restorations are known to me: Ghetaldi [1607], Anderson 
[1612], Horsley [1770], Burrow [1779], Diesterweg [1823]. 
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apply a rectangle equal to BA-AI to the given length, exceeding or falling 
short by a square). We then draw a circle with center A, radius equal to 
AB, to determine the required line. The diorism is also obvious: for the 
outside case there are two, one, or no solutions respectively if the given 
length is less than, equal to, or greater than the diameter of the circle, 
while for the inside case there is also a minimum unique solution 
corresponding to the chord through A perpendicular to the diameter through 
A. Pappus finds it necessary to support this diorism with lemmas (7.120 
for the case with A outside the circle, 7.121-123 for the inside case). The 
order of the lemmas identifies the outside case as ‘Problem 1’, the inside as 
‘Problem 2’, although there is no title explicitly associating 7.121-123 with 
the latter. 

The second neusis is almost as easy. Let AB be the base of a given 
semicircle, and at some point [ on AB (produced if desired) let a 
perpendicular be erected. It is required to construct a straight line through 
A such that the segment AE cut off between the semicircle and the 
perpendicular equals a given length. The position of Г determines four 
cases (Figure A.8): (a) A between Г and B, (b) Г between A and B, (с) Г 
coinciding with B, (d) В between А and Г. In (b) there are two sub-cases, 
depending whether the line is to be drawn so that the segment of given 
length lies inside (b, ) or outside (b,) the semicircle. According to 7.157, 
‘Problem 7’ had a diorism, and so must have been (a), while lemma 7.125 
“for Problem 6” pertains to (b,). The remaining cases (b, ), (с), (d) must 
have been Problems 3, 4, and 5, maybe in the reverse order. The solution 
of all cases is essentially the same: for all transversals through A the 
product EA-AA is constant (this is an immediate consequence of the 
similarity of right triangles AEB, АГА), hence EA-AA equals the given 
magnitude ГА.АВ, while again the difference or sum of EA and АД is given, 
so that by Data 58-59 the lengths AE and AA are given. Case (a) is subject 
to diorism because A has to lie between E and A, so that ГА.АВ cannot 
exceed the square of half the given length of EA. Hence case (a) has no 
solutions if the square of the given length is less than four times BA-AT, 
one solution if equal, two solutions if its square is greater than four times 
BA-AT while it is less than or equal to ВГ, and one solution if it is greater 
than ВГ. Case (b,) has a maximum ГВ, (b;) no maximum or minimum; 
neither ever has more than one solution. Case (c) and (d) have no more 
than one solution, with (d) having a minimum ВГ. 

The neusis of a given length between two straight lines can be 
effected by ‘plane’ methods when the given point on which the neusis is to 
be made lies on the bisector of the angle between the given lines. Pappus 
describes this third neusis in a different way: “given a rhombus with one 
side extended, to fit into the outside angle a straight line given in magnitude 
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making a neusis on the opposite angle.” The words in italics exclude a 
second case of the neusis, where the line is to be drawn so that the given 
point (that is, the ‘opposite angle’ of the rhombus) lies between the 
intersections with the produced sides of the rhombus. Nevertheless the 
lemmas show that Apollonius treated both cases, as Problems 8 and 9 of 
Book 1. As mentioned above, Apollonius’s method of solution can now be 
recovered from an analysis preserved by al-Sijzi. I will not anticipate the 
publication of this material here, but only remark that this fragment 
confirms that Pappus’s lemma 7.126, entitled “Overlooked in the eighth 
problem”, was not invoked by Apollonius, but provides a supplementary 
observation. Lemmas 7.127-129 give an alternative proof of a special case 
of Problem 8, where the given lines are at right angles to each other. In 
lemmas 7.130-131 Pappus proves the diorism of Problem 9 (Problem 8 has 
none), that the minimum line through the given point is perpendicular to 
the line joining it to the intersection of the two given lines. Apollonius 
either gave a different proof of this diorism, or regarded it as obvious. 

Book 2 of the Neuses was devoted entirely to one neusis: given two 
semicircles on bases AB, ГА that аге in line, to draw a straight line 
through A such that the segment (or one of the segments) cut off between 
the two semicircles equals a given length. According to Pappus (7.157) 
Apollonius divided the general problem into forty-five cases, of which cases 
Ged Os 8/( 175 19800. 28, 245.25, 26,/29:/,91, and 35 have. lemmas;4 9 
From them we can recover an approximate notion of the 'plot' of Book 2: 
the first cases (no lemmas) probably had the semicircles tangent at point A; 
then cases in which one semicircle encloses the other (5, 7, 9, 8, 17, 19); 
then the semicircles are entirely outside each other (21, 23); then they 
overlap (24, 25, 26, 29, 31, 34). The exact identification of the missing 
cases is probably not possible, and would be of questionable value 
anyway. 4 

I omit discussion of Apollonius’s method of solution, since again the 
new Arabic fragments will supply this defect. The general conditions of 
possibility of solution are most easily determined by a (modern) analytic 
representation. Let A lie at the origin, B at (1,0), Г at (a,0), A at (b,0), and 
let 2c= a+b (we assume that b > a). Now let a variable line pass 
through point A, and let the cosine of the angle it makes with AB be s. 
Then the length of the segment lying between the semicircles on AB and ГА 


^3 Assuming no corruption in the titles. However, I suspect that the 
lemma identified as belonging to problem 8 really belonged to a 
problem after problem 9, perhaps 11. 


44 Even the most assiduous of modern ‘restorations’, Horsley [1770], does 
not attempt to reconstruct Apollonius’s organization. 
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15 
I= |1-е).|в| +у(е2|9| 2 – |ab|). 
It follows (I spare the reader the details) that 1 is minimum when 
(с2 — 2с3)62 = | ab| (c— 1)2. 


Since |s| cannot be greater than 1 or less then 0, we can identify the 
following cases as subject to nontrivial diorisms. (1) If a and b are positive 
and a+b is less than 1, s? as derived from the last equation must be less 
than one for a geometrical solution to exist. (2) If a is negative, b positive, 
and a+b is greater than 1, s? must be positive for a solution. (3) If a and 
b are negative then s? must be positive for a solution. These cases 
correspond exactly to Problems 17, 19, and 23, which Pappus identifies in 
7.157 as dioristic (see the relevant lemmas 7.140, .145, .149). The 
minimum value l, of lin these cases is determined by 


1,2 = ab(1— a— b)/e?, 


but if 1, turns out to be greater than 1 — b, then the latter is the true 
minimum. Apollonius undoubtedly derived and proved an equivalent test 
by purely geometrical means, but we have no evidence on which to 
reconstruct his argument. It may have been long and difficult.4 5 


$7. The Tangencies. The problems that Apollonius solved in the 
first four works of the ‘Domain of Analysis’ (according to our order — 
Apollonius did not necessarily conceive them as a sequence at all) seem all 
to have been intended mainly for applications in other, higher problems. 
With the Tangencies we first meet with problems of unquestioned intrinsic 
interest. Apollonius’s manner of presentation seems not to have been 
different in the Tangencies from the other works: the entire second book, for 
example, seems to have been devoted to only two problems, because of their 
numerous cases. Pappus does not give us enough information to 
reconstruct more than a rough outline of the order in which the problems 
were solved, and in some cases the method of solution. 


45 Horsley gives very long geometrical diorisms for these cases (but 
Apollonius may have done better). The diorisms in Diesterweg’s 
adaptation of Horsley (Diesterweg [1823]) are incorrect. 
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According to Pappus’s epitome (7.11) the problems of the Tangencies 
were all cases of the following general problem: Given three objects, each 
of which may be a circle, a straight line, or a point, it is required to 
construct a circle that is tangent to all the given lines and circles, and 
passes through all the given points. The ten possible selections of given 
objects may be specified by a notation in which p represents a given point, 1 
a given line, са given circle: thus we have ppp, ppl, pll, ІШ, ppe, ple, pec, 
lle, lec, and cece. Pappus further tells us that of these ten cases, Book 1 
treated ppl, pll, ppc, ріс, pec, lec, and the sub-case of Ш in which two of 
the lines are рагаПе1.46 Book 2 contained the two problems llc and ссе. 
ppp and the non-parallel cases of lll were evidently omitted, because 
Elements Book 4 propositions 5 and 4 (respectively) furnished their 
solutions. These eight-and-a-half problems grow to eleven — seven in Book 
1, four in Book 2 — in the counts of 7.12 and .184, probably because 
problems pll, llc, and cee can be divided into two sub-cases each: in the 
first two depending on whether the lines are parallel, in the third on 
whether two of the circles are equal. Finally, 7.184 reports that there were 
sixty theorems. 

The problems in which only points or lines are given are all easy, and 
Apollonius's method of solution probably did not differ much from the 
following. 

lll: We consider only the case where two lines are parallel (Figure 
A.9). Let the lines be AB, ВГ, ГА, and suppose the problem solved, with 
the three points of tangency being E on АВ, Z on ВГ, апан оп ГА. Then 
obviously EB = BZ and 4Г = ГН. But ВГ is given, so that EB + ГН too 
is given. Again, EH is perpendicular to both AB and ГА (this follows from 
Pappus's lemma 7.158 “for the fifth problem" [of the sixty], although this 
lemma may have belonged to another of the problems), and hence НГ — BE 
is given. Thus НГ and BE themselves are given, and the circle can easily 
be constructed. 

ppl: Let points A, B, and line ГД be given. If line AB is parallel to 
rA, the point of tangency on [A bisects the segment cut off by 
perpendiculars dropped from A and B, so the problem is reduced to ppp. 
Otherwise (Figure А.10) let AB meet ГД in Г, and suppose the problem 
solved, with E being the point of tangency оп TA. Then lE? = АГ-ГВ, 
which is given, so that E can be constructed, and the problem again 1s 
reduced to ppp. Since E can be placed on either side of Г, the problem 
always has two solutions when AB intersects l'A, but only one when they 
are parallel. 


46 This is my interpretation of an admittedly corrupt passage in 7.11; see 
the notes to that chapter. 
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pll: Let point A and lines ВГ, AE be given. If the lines are parallel 
(Figure A.11), let the line through A perpendicular to the lines be ZAH, and 
let ZO = AH. Then it is easy to show that the circle through A and tangent 
to the lines also passes through Ө. Thus the problem is reduced to ppl. If 
the given lines intersect (Figure A.12), then we draw line ZAH through A to 
make angles AZT and АНЕ equal, and again let ZO = AH. Once more the 
sought circle will also pass through Ө (lemma 7.159 may have been a step 
in proving this), and the problem is reduced to ppl. Since ppl has two 
solutions (АӨ cannot be parallel to either of the given lines), so will pll. 

Some of Pappus's more substantial lemmas are related to the 
problems in which circles, but not lines are given. The easiest of these 1s 
ppc: (Figure A.13) Let points A and B, and circle с be given. Suppose the 
problem solved, and let Г be the point of tangency оп с, and produce АГ 
and ВГ to A and E. By Pappus's lemma 7.164 (or 7.169 if the given points 
lie inside c), AE is parallel to AB. Thus the problem is reduced to that of 
drawing lines АГ, ВГ to a point on с (or, in Greek terminology, ‘to inflect a 
straight line AT B on the circle) such that the line joining the other 
intersections of АГ and ВГ with the circle is parallel to AB. Pappus's 
lemmas 7.167, .170, and .172 furnish the three possible cases of this 
problem. Apollonius’s treatment must have been quite abbreviated, if he 
omitted this central step in the solution. 

pee and ccc can be solved by a similar, if more complex, method.^ 7 
We may consider the more general problem first, for simplicity taking the 
case in which the circles are all outside each other and all unequal (Figure 
A.14). Let circles a, b, с be given, and let their radii be a, 5, c, and their 
centers A, В, Г. Suppose the problem solved, and let the points of tangency 
on the circles be A, E, Z respectively. Let the intersection of AB and AE be 
Н, that of AT and AZ be Ө, that of BI and EZ be К. Then it is not difficult 
to show that 


AH:HB = a:b, 
АӨӘГ = сс, 
BK:KT = бс 


(Pappus proves a special case of this theorem in 4.20, in a context also 
concerning tangent circles). Points Н, Ө, and K are therefore determined by 
the given circles. Furthermore, by the plane form of Menelaus’s theorem 
(see the notes to 7.194), a consequence of these equations of ratios is that 
points Н, Ө, and К are collinear. Now by Pappus's lemma 7.164, if the 
lines joining the points of tangency (AE, AZ, EZ) are produced to intersect 


47 The reconstruction of ccc is by Zeuthen, [1886] pp. 381-83. 
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the given circles a second time, and in each circle the two new intersections 
are joined, the triangles resulting in each circle will be similar to triangle 
AEZ. Let AE intersect circle b again in A, and let EZ intersect it again in 
M. Then АМ is parallel to AZ. But 


NK:KO = 6с, 


so that N is determined by the data. The problem is now reduced to that of 
drawing lines HA, NA to some point A оп а circle such that if the other 
intersections of HA and NA with the circle are E and M, EM will pass 
through a given point K on HN. This problem is solved in Pappus’s lemma 
7.182. Having constructed this triangle EAM, obviously we can find the 
three points of tangency, and reduce the problem to ppp. 

If circles b and с are equal, then ВГ and НӨ will be parallel. The 
problem is solved in the same way as ppc, by drawing lines HA, OA from 
determined points H, O to some point A on circle a, such that the line 
joining the other intersections on a is parallel to HO. If we replace circle c 
by a given point Z (problem pec), then points Ө and К merge with 2, and 
the method of solution remains the same as for cec. 

There remain the three problems (in Book 1) ple, lec, and (in Book 2) 
Ile. None of Pappus's lemmas reveals Apollonius's method of solution of 
these problems. The four lemmas 175-178 presumably were used for some 
of these problems, since they are not needed for those that we have already 
accounted for, but they are too trivial to be much help (we are not even 
certain of where the lemmas to Book 1 and and those to Book 2 begin). In 
Viete's ‘restoration’ of the Tangencies these problems are reduced to 
others.^ 8 Thus in llc if we replace the circle by its center, and replace the 
lines by two new lines parallel to the original ones and distant from them 
by an interval equal to the radius of the given circle, a circle tangent to the 
new lines and passing through the center of the given circle will obviously 
be concentric with the circle sought in the original problem, so that it is 
reduced to pll. lec is similarly reduced to ple or (when the given circles are 
equal) ppl. A more complicated reduction is required to reduce ple to ppl. 
There is no evidence in the lemmas that Apollonius used such reductions for 
these problems. | 


48 Viete [1600], elaborated by Camerer [1795]. I take the opportunity to 
list the following restorations: Van Roomen [1596], Lawson [1771] (an 
earlier edition, Cambridge: 1764, I have not seen), Haumann [1817], 
Christmann [1821]. There are numerous papers on single tangency 
problems, especially the ‘Problem of Apollonius’ (ecc), for some of 
which see Ver Eecke [1933] vol. 1 pp. Ixvi-lxxu. 
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Apollonius subdivided his problems into sixty propositions because 
various configurations of the given objects allow different numbers of 
solutions. In the most complex of the problems, ссе, there can be as many 
as eight solutions (when the given circles are all outside each other). The 
method of constructing the solutions is always substantially the same, but 
Apollonius had to determine the conditions under which each type of 
solution was possible. In general these conditions would not be difficult to 
determine. For example (Figure A.15), let given circles a, b, and с be all 
outside each other; we wish to know under what conditions it is possible to 
draw a circle tangent to the three, such that it contains circles а and с but 
not b. If we draw the two straight lines that are tangent to circles a and b 
and separate them, then it is evident that a solution exists if and only if 
circle с lies on the same side of one of these lines as a (two solutions if they 
are on the same side of both lines). The prolixity of Apollonius’s work 
cannot have had the compensation of interesting and complicated diorisms, 
as had the Neuses. 

A more interesting question than the exact arrangement of the 
propositions of Apollonius's Tangencies is its place in the study of tangent 
circles in antiquity. The investigation of this topic is vexed, not by a lack of 
evidence, but by its nature. Aside from what we know of Apollonius’s work 
from Pappus, we have three other documents: the Book of Lemmas (‘liber 
assumptorum’) attributed to Archimedes,^9 the book On Tangent Circles, 
again attributed to Archimedes,5° and chapters 2-29 of Book 4 of Pappus’s 
Collection. Neither of the supposedly Archimedean opuscules is likely to be 
authentic, at least in their transmitted form. They are probably late 
antique compilations to which Archimedes’s name has been attached either 
by mistake or in order to make them more saleable.51 Pappus attributes 


49 Latin translation (from the Arabic) in Archimedes, Opera vol. 2 pp. 
510-25. The Greek text is lost, the Arabic translation unpublished. 


50 Again extant only in Arabic translation. Facsimile of manuscript with 
German translation in Archimedes, Opera vol. 4. 


51 It has often been suggested that some of the propositions in the ‘liber 
assumptorum’ are interesting enough to have been originally 
Archimedes’s work (for example Heath, HGM vol. 2 p. 101). On the 
other hand there are no remarkable similarities between the subjects in 
the ‘liber’ and Archimedes’s known work. Two references to 
Archimedes in the text (Archimedes, Opera vol. 2 рр. 514, 523; both 
given transliterations of pecular Greek names for certain geometrical 
figures, as "Archimedes calls this an 'Arbelos' ") were probably 
inserted by the Arabic translator, who either believed or wished his 
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his material to unnamed but ‘ancient’ sources (4.15, .19) it and the 
contents of the ‘liber assumptorum’ are manifestly related. In both works 
particular attention is paid to the circle tangent to three given circles that 
are mutually tangent. Pappus in fact gives in 4.10-15 a construction of this 
circle (or rather of its diameter), by a very different procedure from 
Apollonius's. Apollonius’s problems are, of course, much more general 
since they allow any relative position of the given objects. However, the 
restriction that the given circles be mutually tangent is dictated by the 
applications of this tangency problem in Pappus’s Book 4. The purpose 
seems to have been the investigation of progressions of such tangent circles, 
where each new circle is drawn tangent to two of the original circles and 
the last circle drawn in the progression. In particular Pappus discusses a 
configuration, the áp(iqAoc or ‘shoemaker’s knife’, formed by three 
mutually tangent circles two of which are inside the third; some 
propositions in the ‘liber assumptorum’ also concern this figure.52 On 
Tangent Circles, which is more elementary, also is partly devoted to 
progressions of tangent circles, though of a simpler kind. None of these 
three sets of theorems makes a coherent whole. It does not seem possible, 
therefore, to make any general observations on the development of 
investigations of tangent circles in antiquity, except that it was a topic of 
continued interest. 


$8. The Plane Loci. The two books of Plane Loci are at once the 
least recoverable and the most to be missed of the five lost minor works of 
Apollonius in the ‘Domain of Analysis’. The Greek investigations of locus 
theorems were in general badly served by the medieval transmission. We 
know, from Pappus, of the existence of four major works wholly dedicated 
to loci: Apollonius’s Plane Loci, Aristaeus’s Solid Loci, Eratosthenes’s On 
Means, and Euclid’s Loci on Surfaces. There may have been other 
comprehensive works of which we do not hear, and certainly loci were 
discussed in numerous specific applications from the fourth century B.C. on. 
We depend for our knowledge of this division of Greek geometry entirely on 
second-hand sources, among whom Pappus is the most important. 

A Greek locus theorem can be defined as a proposition asserting that 
all objects of a specific kind (points, straight or curved lines, solids) that 
satisfy certain given conditions (we shall call these objects the ‘locands’) Пе 
on or are part of some determined object, the ‘locus’. In 7.21 Pappus 
attributes to Apollonius a sophisticated classification of loci, in which the 


readers to believe that the work was by Archimedes. 


52 For more detailed discussion, see Heath, HGM vol. 2 pp. 101-103, 
371-77. 
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indices are, first the nature of the locands, and second what we might call 
the ‘degrees of freedom’ admitted by the given conditions: ‘fixed’ loci 
(ефектіко1, no degrees), ‘path’ loci (64e€o5tKoL, one degree), and 
‘domain’ loci (apao T poótkot, two degrees). These two indices in turn 
determine the nature of the locus as a point (fixed locus of a point), line 
(fixed of a line, path of a point), surface (fixed of a surface, path of a line, 
domain of a point), or solid (fixed of a solid, path of a surface, domain of a 
line). In practice, so far as we can tell, most work with loci — explicitly 
called such — was limited to path and domain loci of points, or in the more 
established Greek terminology, loci ‘on lines’ and ‘on surfaces’. 

We аге not finished with classification, however. Theorems for loci 
on surfaces presume the possibility of certain constructions in space. Loci 
on lines may also require three dimensions, whether because the locands 
are not limited to one place (for example when the locus is a helix), or 
because to define the locus as an object in its own right (not as an 
aggregate of locands) demands the equipment of solid geometry. This is the 
origin of the division of loci on lines into ‘plane’ and ‘solid’ loci: a plane locus 
being one of the linear objects assumed constructible in the place (straight 
lines and circles), and a solid locus being (normally) a plane section of a 
surface assumed constructible, which practically always meant a conic 
section.5 3 A third class, the ‘curvilinear’ loci, included any loci that were 
special curves not constructible in the foregoing ways, but definable by 
some other means such as special drawing implements or projection.5 4 

There is an essential difference between recognizing this distinction of 
loci into ‘plane’ and ‘solid’, and requiring that solid loci not be used in the 
solution of problems for which plane loci suffice. The first is inherent in the 
Greek way of handling loci (at least in the texts that we have), which is to 
demonstrate the existence of a synthetic construction of them. Restrictions 
on the permissible use of higher orders of loci, on the other hand, probably 
became prevalent only after experience had shown how easily conic sections 
made possible the solutions not only of problems that had not been solved 
by compass and straight edge, but also of problems, like Apollonius’s 
tangency problems, that were already soluble, but only with difficulty 
(otherwise the rules would have served no purpose). Aristaeus’s writing or 
compiling a collection of solid loci about the beginning of the third century 
B.C. does not imply that quasi-ethical limitations on methods developed so 
early; at this stage in the study of conics (a few decades after their 
discovery) one would have been interested in how much they added to the 


53 See also the notes to 7.22, and Essay C, section $2. 


54 See Essay C, section $9. 
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body of already known locus theorems, which were of course ‘plane’ by 
default. However, Apollonius’s Plane Loci, like his Neuses, can be explained 
only if these restrictions had been invented by the late third century and 
Apollonius approved of them. Some of Apollonius’s work is not original, but 
a compilation of considerably older material, part of which may even have 
been collected before him. We do not know where Pappus derived this 
information, but in 7.23 he asserts categorically that a whole group of locus 
theorems, which Pappus enunciates as one, was the work of the ‘ancients’, 
and (7.24) that three further, quite trivial loci were by a certain 
Charmandrus. But even one of the more complex locus theorems of Book 2, 
the so-called ‘Circle of Apollonius’, was much older than Apollonius, since it 
appears in Aristotle’s Meteorology in a form not very different from that 
which we know that Apollonius gave (we shall return to this presently). 
Apollonius’s collection must have been intended, then, like the other minor 
works, as a reference book useful for solving problems by analysis: when in 
the analysis of a problem one arrives at the result that a certain point on 
which the solution depends lies on two determined plane loci, then the 
problem has in effect been solved by plane means. 

Pappus lists (7.23-26) enunciations of many of the locus theorems 
that Apollonius proved in the Plane Loci — perhaps all. The order in which 
he presents them may be quite different from Apollonius's sequence, but 
since Apollonius's order can be recovered only for part of Book 2, we shall 
refer to the loci by their numbers in Pappus's order. Pappus gives no 
lemmas to Book 1, and only a few to Book 2; reconstruction of Apollonius's 
methods of proof will therefore be impossible (except by blind conjecture) 
except for a small number of the loci.» 5 The locus theorems can easily be 
verified by analytic representation, an exercise that may be left to the 
reader.5 6 


55 An excellent illustration of how Apollonius might have proved his 
theorems is Simson’s restoration of the Plane Loci (Simson [1749]). 
Other conjectural restorations of the work are Fermat [1679] and Van 
Schooten [1657], which do not aspire to an Apollonian style of 
presentation. 


56 In the following representations in ‘modern’ notation I have not 
preserved the distinction between undimensioned, one-dimensional, and 
two-dimensional constants (given ratios, line segments, areas) required 
in the Greek enunciations. A ‘Given shape’ constructed on a line 
segment AB is represented by kAB2; a ‘segment to which AB has a 
given ratio' as kAB, and so on. 
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Book 1. Locus 1: Pappus’s first enunciation encompasses several 
different loci. In the general form, variable straight lines 1,, 1, pass 
through given points P, , P,, which may coincide, in such a way that the 
angle contained by the two lines remains constant (they may be parallel or 
coincide). Let the intersection of l, with a given straight line or circle c, 
ре Q,, and let Q, be defined on 1, such that either Q, Р,:0,Р, or 
Q,P,.Q,P, is constant. Then the locus of Q, will be either a straight 
line or a circle. The case where the ratio is constant is straightforward, 
with the locus being of the same kind as the given c,. When the product of 
the segments is constant, the locus theorem is equivalent to circular 
inversion. 

Loci 2-4: These are attributed to Charmandrus. They require no 
comment. Locus 5 is also obvious. 

Locus 6: Given straight lines I, , 1,, let a variable point P be such 
that, if m, , m, are segments drawn from P in fixed directions to l,, l,, 
either m,:m, or m, + km, (k constant) remains constant. Then the 
locus of P is a straight line. When 1, and l, are not parallel, this locus is 
equivalent to the Cartesian representation of a straight line. Its 
generalization to more than two given lines is the ‘multi-line locus’ 
discussed by Pappus in 7.33-40. 

Locus 7: Given straight lines l,, I,, 1,, 1,..., and (linear) 
magnitudes k,, k,, k,, k,..., let segments m,, m,, m,, m,... be drawn 
in fixed directions from a variable point P to the given lines. Then if we 
require that 


2^? 3 ? 


k, m, xk,m,rtk,m,-*k,m,.. = 0, 

then the locus of P is a straight line. This seems to be the only acceptable 
interpretation of Pappus's vague reference to extending this locus beyond 
three given lines. 

Locus 8: Given parallel lines 1, , 1, , and points P,, P, on them, let 
line segments m,, m, be drawn in given directions to them from a 
variable point Q, and let the intersection of m, and l, be R,, that of m, 
апа l, be R,. Pappus enunciates four locus theorems: if (a) P, R,.P, R,, 
ог (b) m, :m,, or (с) К, m, ^k, m, (k, and К, constant), or (d) k, m, — 
k,m, is constant, then the locus of Q will be a straight line. The 
enunciation of locus (b) is corrupt in the manuscript, which requires that 
P, R,:P,R, be constant, a condition that would result in a hyperbola as 
locus. Simson showed that the necessary sense could be restored by a 
plausible emendation,57 changing the case of a participle to make it refer 
instead to the ordinates m, and m,. Except for (a), these locus theorems 


57 Simson, p. xii. See 7.25. 


A. Apollonius 58 The Plane Loci 543 


are obvious, with the locus being a line parallel to the given lines. 

Book 2. Locus 1: Given points P,, P,, the locus of Q such that 
QP,? — QP,? is constant is a straight line. Pappus's lemma 7.186 is 
obviously relevant to this locus, so that it must have been the second in 
Apollonius's Book 2. 

Locus 2: Given points P,, P,, the locus of Q such that QP, :QP, 
IS constant is a circle (or a straight line if the ratio is of equality). This 
locus is well known as the 'Circle of Apollonius'. Eutocius has preserved 
(perhaps with some modifications) Apollonius's synthesis of the locus 
theorem as an illustration of a locus in his commentary to the Conics. 
Since this is the only substantial fragment of Apollonius's Plane Loci in 
Greek, it deserves to be repeated here in translation.5 8 


Apollonius himself records something similar in the 
"Domain of Analysis' on the subject: 

Given two points in a plane, and a ratio of unequal line 
segments, it is possible to describe in the plane a circle such 
that straight lines from the given points and making an 
inflection on the circle's circumference have (to one another) a 
ratio equal to a given (ratio). 

(Figure A.16) Let the given points be A, B, the ratio 
Г:А, with Г greater (than A). It is required to perform the 
assignment. Let AB be joined and produced in the direction of 
В, and let, as AT, so Г be to some other (line segment) 
greater, of course, than A; let it be to, say, E+A. Again, let 
E:AB = A:BZ = Г:Н. Now it is obvious that Г is a mean 
proportional of E+A and A, and H of AZ, ZB. With center Z 
and interval H, let circle KO be described. Obviously 
circumference KO cuts straight line AB, since line Н 15 mean 
proportional of AZ, ZB. Let some arbitrary point © be taken 
on the circumference, and let GA, OB, OZ be joined. Then OZ 
= Н, and hence AZ:ZO = ZO:ZB. And (so the sides) about the 
same angle OZB are in ratio, so that tr. AZO ~ tr. OBZ, and 
/ZOB = /OAB. Let BA be drawn through B parallel to AO. 
Then since AZ:ZO = OZ:ZB, hence as AZ in first place is to ZB 
in third, so is AZ?:ZO?. But AZ:ZB = AQ:BA. Therefore 
А22:702 = AQ:BA. Again, since /BOZ = /OAB, and also 
/AOB = /OBA, since they are alternate, therefore the 


58 Apollonius, Opera vol. 2 pp. 180-184. Dr Hogendijk has discovered 
some Arabic fragments related to Apollonius’s analyses, which he will 
publish with commentary. 
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remaining (angle) equals the remaining (angle), and tr. AOB ~ 
tr. BOA, and the sides about the equal angles are in ratio: 
АӨСӘВ = OB:BA; апа AQ?:OB? = AQ:BA. But AO:BA = 
AZ2:Z@2; hence AZ?:ZO? = A®@2:0B2, because of which 
AZ:ZO = АӨӨВ. But AZ:ZO = (E*A)T = Г:А. Hence Г:А 
= AQ:OB. Similarly all the lines from points A, В inflecting on 
the circumference of the circle will be shown to have the same 
ratio (to each other) as Г, A. 

Now I say that for another point not оп the 
circumference, the ratio of the lines drawn from points A, B to 
it will not be the same as Г:Д. 

For if possible, let (such lines be drawn) to M outside the 
circumference; for if it is taken inside, the same absurdity will 
arise as on the other assumption. Let MA, MB, MZ be joined, 
and let it be assumed that Г:Л = AM:MB. Then (E+A):A = 
Е --А)2:Г2 = AM2:MB2. But by assumption (Et+A):A = 
AZ:ZB. Hence AZ:ZB = AM2:MB2. And by what has been 
already proved, if we draw a parallel to AM from B, it will be 
shown that AZ:ZB = AZ2:ZM2. But it has also been shown 
that AZ:ZB = А72:7/92, hence ZO = ZM, which is impossible. 


Substantially the same construction and proof of this locus appear in 
Aristotle's Meteorology 375b.16 — 376b.12, in the course of a discussion of 
the rainbow.59 There are numerous passages in Greek mathematics that 
are mathematically related to the Circle of Apollonius, especially since the 
intersections of the locus with the line through the given points are 
harmonic conjugates with respect to the given points (for example see 
Essay В, section $7, and Appendix 2), but it would probably be a mistake 
to see in them any direct connection with Apollonius's work. 

Pappus's lemma 7.185 is relevant to this locus (perhaps to its 
analysis). From the lemma's title we learn that this locus theorem was 
actually the first in Book 2. 

Locus 3: Given straight line l and point P on it, let Q be such that, 
if the perpendicular dropped from Q to 1 falls at R, then PQ2 = kPR + а 
(k and d constant; d may be zero). Then the locus of Q is a circle. 

Locus 4: Let points P,, P, be given. Then the locus of Q, such 
that (QP,? — k:QP,? is constant (К constant), is a circle. Lemmas 
7.187, .189, and .190 belong to the case where the given ratio is not of 
equality (note that Pappus's ordering of the lemmas is disturbed; 7.187 


59 See Heath [1949] pp. 181-190. 
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certainly does not belong to the same locus as 7.186).§ © 

Locus 5: Given points P,, P,, P,..., and constants К,, k,, k,..., 
the locus of Q, such that К, QP,? + К, QP,? + k,QP,2 + ... is 
constant, 15 a circle. When there are only two given points and constants, 
this locus becomes a variant of locus 4, in which (k — QP, 2):QP, 2 is 
constant. Pappus’s lemma 7.188 (“For the third locus”) is applicable to the 
case of this restricted form of the locus where the given ratio is of equality 
(or in the first notation, when k, = k,); it proves in effect that A (in 
Figure 122) is the center of the locus of A, with B and Г as the given 
points. Lemmas 7.191 and .192 are related to the case where the ratio is 
not of equality; they do not, however, reveal much about Apollonius's 
approach to the locus theorem. Thus all Pappus's lemmas are accounted 
for by four of the first five loci of Book 2 in his list. 

Locus 6: Let points P, , P,, line l and point Q on it, and constants 
k,, k,, and k, be given. Let point R be such that, if a line drawn in a 
fixed direction from R meets | in S, then 


k, RP, 2 + k, RP,? = k, QS. 


Then the locus of R is a circle. 

Locus 7: Let circle c and point P within it be given, and let the line 
through P and a variable point Q outside the circle intersect the circle in 
points R,, R,. Then the locus of Q such that 


(a) PQ? = QR,.QR,, 
Or (b) PQ? + PR,.PR, = QR,.QR, 
is a straight line. Locus (b) is according to.a probable emendation by 
Simson (again involving a change of grammatical саѕеѕ),6 1 the manuscript 
having 


 PQ? = PR,-PR, + QR,.QR,. 


According to this condition, there would be no points Q on lines other than 
the line through P perpendicular to the diameter through that point, which 


60 The relevance of these lemmas, and the exact application of 7.187, are 
apparent from an Arabic fragment of Apollonius’s synthesis of this 
locus, to be published by Dr Hogendyjk. 


61 Simson, pp. 194-95. See 7.26. 
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would make nonsense of the enunciation. 

Locus 8: Pappus attempts to state a converse of locus 7 (was it in 
Apollonius?) in which the line that was locus is now given, and the circle 
now becomes the locus. Something must be missing, since neither equation 
(a) nor (b) is sufficient to determine both R, and R, in terms of P and Q. 
Simson suggests adding the condition that PR,.PR, remain constant.6 2 
This enunciation would be unusual in simultaneously determining two 
points on a locus. 


62 Simson, p. xviii. See 7.26. 


B. Euclid’s Porisms 


$1. Documents. If we could represent graphically the degree to 
which it is possible to restore lost books, Euclid’s three books of Porisms 
would stand about half way between, on one side, such minor works of 
Apollonius as the Cutting off of an Area, the Tangencies, or the Neuses, and 
on the other, the eighth book of the Conics. We have a fairly precise notion 
of the specific problems that Apollonius addressed in the minor books, how 
he subdivided the problems case by case, and in certain instances the 
approximate method of his solution. The traces of the last book of the 
Conics, by contrast, are so meager and uninstructive that its would-be 
restorer is limited only by his mathematical imagination. But the evidence 
that we can muster for the Porisms reaches neither of these extremes, and 
for this reason the problem of restoration for that work is the most 
interesting that Pappus’s Book 7 offers. 

We may classify the evidence into four principal ‘documents’, all but 
one in Book 7: (1) Pappus’s struggle with the definitions and nature of 
porisms, chapters 7.13-17. This passage incidentally contains the 
enunciation of a proposition that allegedly encompasses ten of the porisms. 
(2) Pappus’s catalogue of “the kinds of things sought” in the Porisms, 
chapters 7.18-20. The first in the list is a complete enunciation of a 
porism, but the remainder preserve only the tail ends of the enunciations, 
by implication omitting the recurrences of these tail ends in different 
porisms. According to Pappus Euclid gave 171 theorems; he lists twenty- 
nine classes of tail ends. (3) Chapters 7.193-232 contain about forty 
lemmas to the Porisms. These are our principal source for the 
mathematical content of the work. The first two lemmas are preceded by 
headings “For the first porism”, and “For the second porism”, but after 
that we have no indication of how the lemmas were correlated to Euclid’s 
propositions. (4) Proclus, commenting on Book 1 of the Elements, explains 
two meanings of the term ‘porism’:' 


‘Porism’ is one of the terms of geometry. It has two 
meanings: for they call ‘porism’ both those theorems that are 
simultaneously constructed with the proofs of other things, like 
things that are windfalls and profits for those who seek, and 


1 Proclus Elements I ed. Friedlein, pp. 301-302. Friedlein needlessly 
inserts in the last quoted sentence “three” (books of Porisms) from 
Pappus. Another short passage (p. 212) anticipates this one without 
adding anything more. 
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those (theorems) that are sought, but that partake of ‘finding’ 
and not of creation (yevegews) alone nor of simple 
observation (0 ecptac). For example, that “the angles at the 
base of an isosceles triangle are equal” has to be observed, and 
the knowledge of this occurs with the objects (траушатор) 
already in existence. “To bisect an angle", or "to erect a 
triangle" or *to remove" or *add", all these things demand the 
making (rot qo vv) of something. But “to find the center of a 
given circle", or *given two commensurable magnitudes, to find 
the greatest common measure", or anything of that sort, is in a 
sense between problems and theorems. For there are neither 
creations of the things sought in these, but rather findings, nor 
pure observation, because one has to bring into view and make 
before the eyes the thing sought. Of this sort, then, are the 
porisms that Euclid wrote when he compiled books of Porisms. 


In my analysis of the Porisms below I will pursue two lines of 
inquiry. First, what was a porism? Secondly, what can we retrieve of the 
mathematical content of Euclid’s work? The essay concludes with a — 
mostly fruitless — speculation about the purpose of the Porisms, and a very 
brief survey of the contributions of previous scholars to the investigation. I 
will anticipate that section here to the extent of mentioning two important 
studies devoted to the Porisms, by Robert Simson and Michel Chasles 
(1793-1880), to which I shall have frequent occasion to refer in what 
follows.2 Simson was the first to make real progress in understanding the 
nature and mathematical content of the Porisms. His study is similar in 
scope to the present essay, albeit with much fuller working out of the 
mathematical details. Chasles attempted a complete restoration of Euclid's 
book, going far beyond the available testimony and relying on the thorough 
development of certain themes — the recurrence of harmonic and cross 
ratios, particularly — that he recognized in Pappus’s lemmas. The large 
parts of Chasles’s work that depend primarily on his own fertile 
imagination are of less value to the historian (although of much intrinsic 
interest), but in several of the lemmas he perceived the traces of porisms 
which probably were originally in Euclid’s collection. 


$2. The definitions. Before turning to the mathematical substance 
of the Porisms, we have to determine what a porism is. Pappus gives us 
two definitions, an ‘ancient’ one that he approves, and an allegedly debased 


2 Simson [1776], a posthumous publication of work begun about the 
1720’s; Chasles, Porismes (1860). 
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‘modern’ one. In Proclus we find yet a third characterization. The problem 
of reconciling, or differentiating, these descriptions has been an obstacle to 
most investigations of the Porisms. The most successful approach, that of 
Simson, is to start from the two complete enunciations of Euclidean porisms 
that Pappus preserves, induce from them a new definition, and then 
compare this with the reported definitions in the light of the two examples. 

This enunciation of a porism, from chapter 7.18, apparently 
preserves Euclid’s own wording: 


If lines from two given points inflect on a line given in 
position, and one (line) cuts off (an abscissa) from a line given 
in position up to a point given on it, the other (line) too will cut 
off from another (line given in position) an (abscissa) having a 
given ratio (to the first). 


Restated, this proposition asserts that (Figure B.1) if there are given two 
straight lines h and e, point H on h, and two points A, B on neither line, 
and a ratio a:ß ,it is possible to construct a line m and a point М on m such 
that if variable lines a through A and b through B intersect each other in a 
point E that lies on e, and the intersection of a with h is G, and the 
intersection of b with m is N, then the ratio of intervals HG : MN equals 
a:f 

The other complete enunciation, in chapter 7.16, is Pappus’s general 
statement of a proposition that encompasses, allegedly, ten porisms: 


If in a ‘hyptios’ or ‘paryptios’ three points on one (line), 
or both (the points) on a parallel (line) are given, while (each of) 
the rest except one touches a line given in position, then that 
one too will touch a line given in position. 


In part because Pappus later states in more conventional terms an 
extension of this theorem, it is possible to deduce that ‘hyptios’ and 
‘paryptios’ are conventional terms (nowhere else attested) for а 
quadrilateral with, respectively, no parallel sides or two parallel sides.3 We 
may restate the case where the given objects are in general position thus: 
If the intersections P,, P,, P, of three variable straight lines 1,, I,, I, 
with a straight line 1, are given, while the intersection of l, апа l, lies оп 
a given straight line m, and the intersection of 1, and 1, lies on a given 
straight line m,, then it is possible to construct a straight line m, on 


3 See the notes to chapter 7.16. The discovery, by Simson, was 
anticipated by Newton (below, section $9). 
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which the intersection of l, апа 1, lies. 

The two porisms have distinctive traits in common. They assert that 
a certain object (or objects) which is in a stated relation to a described 
configuration, is ‘given’, that is, can be constructed. To this extent there is 
no difference between them and the kind of proposition found in Euclid’s 
Data. The configuration to which the object is related is itself only partly 
given, however, the rest being variable though constrained by certain 
stipulations. Comparison with the ‘tail ends’ of chapters 7.18-20 confirms 
that these properties must have been present in the rest of the Porisms. 
We shall adopt this as our definition of the Euclidean porism, adapting 
slightly Simson’s phrasing:4 


A porism is a proposition in which it is proposed to prove 
that some object or objects are invariant and сап be 
constructed, for which and for innumerable variable objects 
that, although not given, have all the same relation to the 
things that are given, it is required to prove that some common 
relation described in the proposition holds. 


Let us test this definition against Pappus’s observations on porisms: 

(7.13) “All of them are in form neither theorems nor problems, but of 
a type occupying a sort of mean between them, so that their propositions 
can assume the form of theorems or problems...” This is clearly true both of 
Pappus’s two examples and of any porism by our definition. To change the 
porism into a theorem, we set out the construction of the invariant object in 
terms of the given ones, and require it to be proved that the object obeys 
the given relation for any allowed position of the variable objects. To 
change it into a problem, we describe the relation and require that the 
invariant be constructed. 

(7.14) “(The ancients) said that a theorem is what is presented for 
proof of what is presented, a problem what is proposed for construction of 
what is presented, a porism what is presented for the finding of what is 
presented.” The distinction between theorem and problem іп these 
definitions is readily comprehensible. What is ambiguous is the difference 
between ‘finding’ and ‘construction’. Proclus’s definition appears to be a 
gloss on this question; but his attempt at explanation is not applicable to 
porisms as we have defined them, nor to the two examples from Pappus. 
Proclus says that a porism involves not the ‘creation’ of an object, as in a 
problem, but the ‘finding’ of it, so that as in a theorem the object is in some 
sense ‘already existing’, albeit not initially visible. He gives as an 


4 Simson [1776] p. 328. 
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illustration the proposition, “Given a circle, to find its center.” By the very 
definition of a circle, it must have a center, so that we can legitimately 
speak of the center as ‘already existing’. A comparable example would be, 
“Given two commensurable magnitudes, to find a common measure”, since 
by the definition of commensurability such a measure has to exist. But in 
the two porisms from Pappus, how can we say that the lines to be 
constructed already exist, as a circle’s center already exists when we have 
the circle? I suspect that Proclus’s remarks were not made in the light of 
Euclid’s Porisms (he has heard of them, but need not have seen or read 
them), but are an attempt to interpret some such gnomic definition as 
Pappus’s ‘ancient’ one. What really distinguishes the porism from 
problems in generai must be the invariant nature of the sought object. 
Thus we could not easily and tastefully rephrase to fit our definition of 
porism such a pure problem as “Given three line segments, to construct a 
triangle with sides equal to the given lengths”. 

(7.14) “This (ancient) definition of porism has been altered by the 
moderns because they could not find everything, but applying these 
elements (the Porisms) and proving only this, that what is sought exists, 
without finding it, they were refuted by the definition and by what they 
were teaching.” А probable consequence of the way that the Euclidean 
porisms were enunciated is that, like the propositions of the Data, they 
were proved by the method of analysis, which would demonstrate that an 
object hypothesized to satisfy the stated relations was ‘given’ (that is, 
determined) by the objects assumed given (we will find confirmation of this 
inference in the lemmas). Suppose that a not very competent ‘modern’ 
geometer was able to reduce a problem of his own to the configuration 
described in the enunciation of one of Euclid’s porisms. He could then be 
satisfied with the demonstrated assertion that a necessary invariant object 
‘exists’ that leads to the possibility of solving his own problem, whether or 
not he was capable of producing a synthetic construction of the required 
object. This kind of argument, in Pappus’s view, is not really ‘finding’ the 
object at all, and he attributes to this failure of the users of the Porisms the 
adoption of a new definition that said nothing about ‘finding’. 

(7.14) “Hence on the basis of an accidental trait they wrote as 
follows: a porism is what is deficient in hypothesis:[or ‘by a hypothesis’] of 
being a local theorem. The form of this class of porisms is the loci...” By 
‘accidental trait’ Pappus means some property that was not inherent in the 
concept of porism, and that did not apply to them all. Hence the porisms 
by the new definition constituted only a ‘class’ of porism. The definition 
itself is obscure. ‘Local theorem’ is usually understood to mean a ‘locus 
theorem’, that is, the proof that the locus of an object (usually a point) 
according to certain constraints is another object (a line or surface). Now 
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certain porisms, by the definition that we have adopted, can be locus 
theorems; for example the ‘hyptios’ porism asserts that the locus of a 
certain point is a straight line. But what kind of porism is deficient in or by 
hypothesis of being a locus theorem? Or, to put the question differently, if 
we have some object x as the locus of point P according to hypothetical 
constraints h,, h,, and so on, and we remove one hypothesis, will we not 
merely obtain a new locus of a higher order, say a surface instead of a line, 
unless in fact the locus degenerates to a situation where P is completely 
indeterminate? More meaning might be extracted from the ‘modern’ 
definition if the expression ‘local theorem’ (тотакоу Oewpnua) is 
understood in a more restricted sense, as ‘a theorem pertaining to 
position’.5 If the hypotheses h,, h,, and so forth determine the position of 
an object z, then by removing one hypothesis we obtain a kind of porism. If 
2 is а point, then there will be an object, the locus of P, that is invariant 
with respect to the remaining hypotheses. If z is a straight line, then it 
may turn out to pass through a certain fixed point, or to remain always 
parallel to some fixed line. We recognize certain classes of porism from 
Pappus's catalogue: chapter 7.18 numbers 2 and 6, and 7.20 number 8. 
When Pappus writes that the porisms of the ‘modern’ definition are of the 
class of loci, he would have only the first of these in mind. 

(7.15) "Another accidental trait of the porisms is that they have terse 
propositions because of their complexity, and many things are customarily 
left to be understood...” More examples would be helpful here if we had 
them, but the one enunciation we have in Euclid’s words already indicates 
some possible pitfalls. The most tricky is the ambiguity of the word ‘given’. 
The word is used or implied six times in the enunciation: “If lines from two 
given (1) points inflect on a line given (2) in position, and one (line) cuts off 
(an abscissa) from a line given (3) in position up to a point given (4) on it, 
the other (line) too will cut off from another (line given (5) in position) an 
(abscissa) having a given (6) ratio (to the first).” In cases (1), (2), (3), and 
(4) ‘given’ obviously means ‘assumed’. It is not immediately obvious 
whether (5) and (6) refer to things ‘given’ in the sense of things assumed, 
or in the sense of things determined by the other things that are assumed. 
As it turns out, the ratio (6) is arbitrary, and we have to find the line. It is 
also quite possible that Euclid did not always state extremal conditions, 
bounds of possibility of solution, and multiple solutions. The porism just 
quoted has, in general, two solutions, since a variable line through a fixed 
point can cut off equal abscissas on two lines that are parallel and 


5 romtuKkoc does not occur elsewhere іп the Collection. Proclus uses it in 
the sense of ‘theorem of a locus’ (Elements I ed. Friedlein, p. 394), but 
this fact has little bearing on the interpretation of a definition that 
Pappus quotes from a third, unknown, authority. 
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equidistant on each side of the point. 

Finally, I do not believe that the Euclidean porisms had anything to 
do with the use of the word ‘porism’ for corollary, for example in the 
Elements and in Apollonius’s Conics. Proclus admits no doubt on this point. 
We have seen that he probably did not know Euclid’s Porisms at first hand, 
so his certainty that they were something different is more likely on 
someone else’s authority than his own judgement. Zeuthen, about whose 
interpretation of the Porisms as theorems related to conics I will say more 
later, believed that Proclus was mistaken, and that the Porisms were so 
named because they were corollaries arrived at in the study of conics.e If 
this were so, there would be no reason for the propositions in the Porisms to 
have the special form that we have deduced above. No one, in any event, 
has shown that the corollary-porisms in the Elements and other texts at all 
illuminate the study of the porisms proper. 

In his Arithmetica Diophantus three times cites theorems in number 
theory, regarding relations between rational numbers, from a book called 
the Porisms. The first (Greek recension, V, 3) states that “if each of two 
numbers as well as the rectangle contained by them, plus some number, 
makes a square, then they arise from two adjacent squares (squares of 
consecutive numbers)”, that is, if x +a = m? and у+а = n? and ху+а = 
p?, then n = m+1 ог m = п+1. According to the second (V, 5), “for 
every two adjacent squares there is found another number, namely twice 
the sum (of the squares) plus two, which acts as the greatest of three 
numbers such that the rectangle contained by any two, either plus the sum 
(of those two) or plus the remaining (number) make a square". The third 
(V, 16) says that "the difference of any two cubes is the sum of two 
cubes".7 These porisms are obviously not from Euclid, since none of 
Pappus's classes of porism pertain to number theory. Formally they do not 
appear to be the same kind of proposition as the Euclidean kind. However, 
like the Euclidean porisms, the enunciations of these seem sometimes only 
to have stated that certain numbers exist that satisfy the stated 
relationship, without giving at once the rule for finding them. Nothing else 
is known of the contents, date, or authorship of Diophantus's Porisms.? 


6 Zeuthen [1886] pp. 174-76. 


7 'The end of this enunciation is defective in the manuscripts, but the 
restoration (Tannery’s) 16 certain. 


8 Heath, Diophantus pp. 99-110, discusses these porisms and a number of 
similar propositions in number theory that Diophantus assumes without 
reference to their source. 
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59. The first porism. We are disproportionately informed about the 
earlier contents of the Porisms. The ‘hyptios’ proposition, Pappus tells us 
(7.15), comprises no less than ten porisms that were ‘at the beginning of 
the first book’. The reasonable assumption that these ten porisms occupied 
the very first positions requires modification, because we can present 
reasons to believe that the other fully enunciated proposition quoted above 
was the first porism. Unfortunately the phrase that introduces the 
enunciation in 7.18 is corrupt as transmitted: “In the beginning the seventh 
diagram’ is this.” ‘Seventh’ (written as a numeral, “6 ”) is most 
unexpected here. The only reason why Pappus should not have begun his 
catalogue of classes of porisms with the first would be because he had 
already described the ‘hyptios’ porisms and so chose to pass them over in 
the list. But that cannot be so, for two reasons: first, because there were 
allegedly ten ‘hyptios’ porisms, and it seems implausible that a different 
proposition should have been wedged in the middle of these variations on a 
single configuration; secondly, because the very next class that Pappus lists 
in 7.18 is “that this point touches a line given in position”, which is the 
class to which the ‘hyptios’ porisms belong. In the edition I have adopted a 
plausible emendation by Heiberg (discussed in the notes to 7.18), making 
the text read, “In the beginning of the book is this diagram”. Further 
confirmation will come when we see that a lemma that Pappus gives ‘for 
the first porism' is applicable to the solution of this proposition. 

The first porism, once more, states (Figure B.1) that if straight lines 
h and e, points Н (on h), A, and B, and the ratio а:) are given, then it is 
possible to construct a line m and point M on it such that for any point G 
on h, if GA intersects e in E, and EB intersects m in N, then HG : MN = 
a:B. Suppose that such a line m exists; then it is easy to construct it in the 
following way. If G passes to infinity, then line AE will become parallel to 
h, and also by hypothesis N will have to pass to infinity simultaneously so 
that EB will be parallel to m. Hence, by drawing a parallel to h through 
A, and joining its intersection with e to B, we can draw a line parallel to m. 
Again, if G coincides with H, then N will have to coincide with M. Hence 
we can draw a line through M. Lastly, if GAE is made to coincide with 
AB, then ENB will also coincide with AB. Now we know the length of GH, 
so we know the length of MN. But MN is also parallel to a line that we can 
construct, and its two ends lie on lines that we can construct. It is 
therefore easy to construct MN (there are two possible positions), which 
gives us the two objects sought. We have not, however, proved that this 
line and point really have the desired property. 


9 The term ‘diagram’ probably means a proposition or a configuration, not 
an actual figure. 
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This is the most direct construction, perhaps, but it does not seem to 
reflect Euclid’s approach. The key to identifying his method proves to be 
Pappus’s lemma 7.193, the lemma ‘for the first porism’ that has already 
been mentioned. The following reconstruction of the analysis (which of 
course makes no claim to reproduce Euclid’s lost original exactly) follows 


Simson:1 0 


10 


Suppose the problem solved. Let (Figure B.2) lines DC and 
KCFH be the given lines, and H, A, and B the given points, 
and let KML be the sought line and M the sought point. 
Further, we define D, F, L as the intersections of AB with DC, 
KCFH, KML. Then for any point G on KH, if GA is joined, 
meeting DC in E, and EB joined, meeting KML in N, GH:NM 
= а:8. Thus, substituting Е for С, we also have FH:LM = 
а:8. Therefore GF:LN = FH:LM. Again, let P be another 
point on KH, and with PA joined and meeting DC in O, let OB 
be joined and meet KML in Q. Then also PH:QM = a:f. 
Therefore PF:LQ = HF:LM = GF:LN. 

Let SGR be drawn through G parallel to AB, meeting 
DC in S and EB in R, and let CR be joined, meeting AB in T. 
Then DA:AB = SG:GR = DF:FT. But DA:AB is given; 
hence DF:FT is given. But DF is given, hence FT too is given, 
hence T, hence CT is given in position, hence C, hence CF and 
CT, hence CT:CF, hence RT:GF. 

Let OB meet CR in V, and let PV be joined. Then since 
DA:AB = DF:FT, and two pairs of lines АО, OB, FC, CT are 
drawn respectively to points O, T that are collinear with D, 
therefore by Pappus’s lemma 7.193 PV is parallel to GR. 
Thus RT:GF = VT:PF. But it was proved that GF:LN = 
PF:LQ. Hence ex aequali RT:LN = VT:LQ, hence alternando 
RT:TV = NL:LQ. Therefore RT and LN are divided in the 
same ratio by three lines TBL, VBQ, RBN which are all 
through the same point; thus (by a simple lemma) RT is 
parallel to LN. But RT:GF is given, and GF:LN given; hence 
RT:LN is given. But RT:LN = TB:BL; hence TB:BL is given. 
But TB is given; hence BL is given, and so is L. But KL is 
parallel to CT which is given in position. Thus KL is given in 
position. But FH is given, and FH:LM is given; therefore LM 
is given. And since L is given, M is given. Thus KL and M 
are given, which is what we wanted to prove. 


Simson, pp. 400-405. 
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The proof is not as roundabout as it appears at first. By basing the 
construction on two arbitrary positions of the variable lines and one 
determined one (where they coincide with AB) it becomes possible 
simultaneously to construct the invariant line and to prove that it is 
invariant, because it is deduced to be ‘given’ in terms only of the things 
that are assumed given in the enunciation. At the end of the next section I 
will show how Euclid might have discovered the porism and the substance 
of the proof. 

The first porism has a generalization that proves to be useful for a 
problem on which we know that Euclid worked. If the variable lines 
through A and B are constrained to intersect, not on a straight line, but on 
a conic that passes through A and В, the porism still is valid, that 15, given 
one line on which one variable line cuts off an abscissa extending to a given 
bound, another line can be found on which the other variable line cuts off 
an abscissa extending to a fixed point on it, so that the abscissas are in a 
given ratio. The construction of such a line is very useful for one step in 
the proof that the so-called ‘four line locus’ (discussed in 7.33-36), as we 
shall see when considering that locus in Essay C, section 57.11 


$4. The ‘hyptios’ porisms. I recall to the reader the enunciation 
(in modern terms) of the ‘hyptios’ porism: 


If the intersections P, , P,, P, of three variable straight 
lines 1,, 1,, 1, with a straight line I, are given, while the 
intersection of l, and 1, lies on a given straight line m, and 
the intersection of l, and І, lies on a given straight line m, , 
then it is possible to construct a straight line m, on which the 
intersection of 1, and 1, lies. 


This theorem is obviously projective in character, since it concerns only 
incidence and collinearity. It is nearly equivalent to the dual of Desargues's 
theorem, namely that if the corresponding sides of two triangles meet in 
three collinear points, the lines joining corresponding vertices will intersect 
in one point.! ? Special cases arise when lines are parallel; to describe them 
it is convenient to introduce from projective geometry the concept of a line 


11 Zeuthen [1886] p. 152. 


12 То prove the porism from the Desargues dual, one considers any two 
different positions of the variable lines 1, , 1, , 1, , and the two triangles 
formed by the three intersections in each position. Euclid’s enunciation 
of the porism does not state that m, , m,, and m, will all intersect at 
one point, but that is an obvious corollary in the proof. 
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at infinity, such that any parallel lines in the plane are said to intersect at 
a point on that line. Then one of the given intersections, say Р,, may lie 
on the line at infinity, so that 1, , while remaining variable, now is assumed 
to be parallel to the determined line 1,. Or, one of the given lines m, , say, 
may be the line at infinity, so that two variable lines, 1, , 1, are assumed to 
be parallel to each other. These parallel cases are what Pappus calls the 
‘paryptios’. Of course Euclid did not have the mathematical equipment to 
treat parallel cases as equivalent to the general cases, and this fact partly 
explains how there could have been several variations on this porism. A 
further possibility, with 1, being the line at infinity, posits that the variable 
lines are in fixed directions (that is, remain parallel to some given lines), 
but this case is trivial. Also, when one of the given lines m, , m, , or each 
of them, passes through one of the given points, the slightly simplified 
figure calls for separate treatment, as we will see below. Simson devised 
proofs by analysis and synthesis of most of the cases, in a fluent Greek 
style.1 з The discussion below borrows liberally from Simson, but we shall 
limit ourselves to those cases that Pappus’s lemmas show were in Euclid’s 
book. 

First, let P, lie at infinity, so that 1, is assumed parallel to 1,, and 
let the given lines m, , on which lies the intersection of l, and l,, and m,, 
on which lies the intersection of l, and 1,, not pass through either of the 
given points P,, P,. We want to construct m, on which lies the 
intersection of 1, and 1,. Lemma 7.195 is no less than the synthesis of 
this case. The identification of symbols (Figure 128) is: 


P, A 1, АӨВ 
Р, Е 1, ЕӨД 
P, at infinity l, BA 

l, AETHZ 
m, HKA 
m, ГКВ 
m, ZKO 


The lemma proves that if K is the intersection of m, and m,, and Z is 
defined on 1, by the equation AE:EZ = TH:HZ (where А, E, Г, and H are 
all given), then the intersection of l, and І, is collinear with Z and К. Is 
this the synthesis of a whole porism, or merely the working out of a special 


13 Simson pp. 352-92. He divides the problem into ten cases (attempting 
| to represent Euclid's ten porisms), but some of these have sub-cases 
and even sub-sub-cases. Pappus does not tell us that Euclid treated 
the theorem exhaustively. 
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case within one? Further examples will decide this question. 

We return to the case of general position: P,, P,, Р,, т, (оп 
which 1, and 1, intersect), and m, (on which 1, and l, intersect) given, to 
construct m, on which 1, and 1, intersect. In lemma 7.198 (Figure 130) 
we make the following correspondences: 


P. B l, BAO 
P, р М TKO 
P. A l, AAK 
l, ABT TAEZ 
А НЕК 
т, HAA 
m, HZO 


The lemma states that, if H is the intersection of the given lines m, and 
m, , and Z is defined on 1, by the equation 


(AZ-BDI?:(AB-ZT) = (AZ-AE):(AA-ZE) 


then the intersection © of l, and 1, is collinear with Н and Z. Since this is 
a synthesis of the most general case of the ‘hyptios’ porisms, we are forced 
to conclude that some of Pappus’s lemmas are not lemmas at all, but 
syntheses of entire porisms. This fact confirms our earlier conclusion that 
the Euclid’s Porisms were proved only by analysis, like the Data, and it also 
gives us reason to hope that later, when we have exhausted the supply of 
known enunciations of porisms, we can restore them from the lemmas. 

7.196, which we have passed over,!^ is not the synthesis of a 
‘hyptios’ porism, but may have been invoked in Euclid's analysis of the 
general case that we have just examined. Here is Simson's version of the 
analysis:15 It is obvious that if the intersection of l, and 1, falls on point 
Н, that is the intersection of m, and m,, then 1, must also pass through 
H, so that H lies on m,. Therefore in figure B.3 let HZO be the desired 
line, and let it intersect AAK at O. Because AAKO and AAEZ are two 
straight lines drawn through one point A and across three lines HAA, HEK, 
HZO that pass through a single point H, by lemma 7.196 


АЛОК : AO-AK = AZ-AE : AA ZE. 


14 7,194 and .197 are merely extra proofs of the lemmas preceding them. 


15 Simson, pp. 284-86. 
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Again, АЛКО, АВГ? are drawn through A and across @OB, OKT, OAB that 
are through a single point Ө, so that by the same lemma 


AAOK : AO-AK = А2.ВГ : АВ.2Г, 


hence 


AZ-AE : АД.2Е = АВГ : ABZT. 


But A, B, Г, A, and E are given, so that Z is determined by this equation. 
since H is also given, line HZ is given, which is what we wanted to prove. 
The lemma 7.196 is one of a special set of ‘cross-ratio’ lemmas that we will 
discuss further in the next section. 

Next, let there be given points P,, P,, P,, and lines m, (on which 
1, and l, intersect), and m, (on which 1, and 1, intersect), such that m, 
passes through P, , and m, passes through P,. We want to construct m, 
on which lies the intersection of l, and l,. In lemma 7.199 (Figure 131) 
the correspondence 15: 


Рх А 1, АНӨ 

P, Г І, l'HZ 

p A E AOZ 
І, АВГА 

т, AZE 

m, ГӨЕ 

m, BHE 


By the lemma, if E is the intersection of the given lines m, , m,, and B 
defined on 1, such that АВ:ВГ = АД:ДГ, and m, defined as line BE, then 
the intersection of l, and m, lies on l,. This is equivalent to, if less direct 
than, proving that the intersection of l, and 1, is collinear with E and В. 
The cross-ratio equation in the general solution (lemma 7.198) here reduces 
to B being the harmonic conjugate of A with respect to A and Г. 

If in the foregoing configuration P, lies at infinity, 1, will be parallel 
tol,. This situation corresponds to lemma 7.200 (Figure 132): 


P, A is AHZ 

P, D b ГНА 

p: at infinity l, AZ 
E ABT 

m, AAE 

m, Г2Е 
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m, BHE 


The harmonic conjugacy in the previous configuration degenerates to B as 
the midpoint of A and Г. 

. Still keeping P, at infinity, we now only require m, to pass through 
P,, with m, in general position. In lemma 7.201 (Figure 135): 


Р, А l, AOH 
P, A b AOZ 
E at infinity l, ZH 

l, АВГА 
m, AZE 
m, ГНЕ 
m, BOE 


Point B is now constructed as the point such that BA? = ВГ.ВД. 

These are all the cases of the ‘hyptios’ porism for which there seem 
to be pertinent lemmas. It is reasonable to infer that Euclid also treated 
the analogue to the case of lemma 7.201, where P, is not assumed to be at 
infinity. The nature of the remaining cases is not certain, but most likely 
Euclid included cases where the given lines, say m, , m, , are parallel. 

Euclid may have arrived at his first porism through contemplation of 
the ‘hyptios’ and ‘paryptios’ configurations. In figure B.2 we can regard 
GAEBR as a ‘paryptios’ as in the porism of lemma 7.195, with points A 
and B given, GR assumed parallel to AB, and G and E traveling on given 
lines CG and CE, and hence by that porism R too travels on a determined 
line CR. Because GR is parallel to AB, however, the ratio of the abscissas 
CG and CR is constant. Further, given CR and a bound C on it, we can 
easily construct a straight line parallel to CR, and a bound on it, such that 
a variable EBR cuts off abscissas in any given ratio on the two lines. 
Finally, since the correspondences between points on CH, CR, and the 
parallel to CR preserve ratios of intervals, a change in the bound of the 
abscissas on one line requires merely a corresponding change of bound on 
the others to preserve the proportionality. The combination of these steps 
suggests the first porism, and points to the construction and proof that 
Simson conjectured. This relationship between the two porisms also 
explains why lemma 7.193 is approximately a converse of 7.195. 


$5. Rectilinear configurations. The lemmas immediately 
following the last ‘hyptios’ lemma continue to be concerned with 
configurations purely of points and straight lines. Pappus seems to give 
two varieties of lemma: true lemmas that would only fill steps in Euclid’s 
arguments, and more complex propositions that we may conjecture are 
synthesis-lemmas of the kind that we have already seen. Several of the 
true lemmas can be discussed together, as they all are variations on a 
theorem on cross-ratios that proves repeatedly useful in working with 
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rectilinear figures. 
Let there be four fixed straight lines a, b, с, d, and a transversal 


straight line intersecting them in points А, В, С, D. Then the cross-ratio of 
products of intervals 


AB.CD : AC.BD 


is constant, independent of the transversal’s position. In the lemmas this 
theorem appears in a slightly more restricted form: the transversal is 
assumed to pass through a given point, say D, which eliminates the need 
for the fourth line. The general form can be derived easily from the other 
by two applications: if two transversals cross four given lines іп, 
respectively, points A,, B,, C,, D, and in points A,, B,, C,, D,, we 
draw the line A, D,, the intersections on which must have a cross-ratio 
equal to the cross-ratios of each of the initial lines, which are therefore 
equal. 

The cross-ratio lemmas are of two kinds. Some of them prove that if 
two transversals cross given lines then the cross-ratio of the four 
intersections (with the three lines and the other transversal) on each line 
equals that of the other line. The others prove that if two transversals 
cross two lines and a fourth point on each line is so placed that it and the 
three intersections define a cross-ratio equal to that on the other 
transversal, then the fourth points are collinear with the intersection of the 
two transversed lines. Lemma 7.196, which we have already applied to 
one case of the ‘hyptios’ porism, proves the invariance of the cross-ratio for 
lines in general position (no parallels); 7.204 and .210 are its converse, 
proving the collinearity of the fourth points. The duplication of this lemma 
(with different proofs) probably reflects Pappus’s inattentive adaptation of 
his sources. When one transversal is parallel to one of the transversed 
lines, the cross ratio degenerates to a simple ratio of the intervals between 
the remaining three points; this case is treated in 7.205 and the converse in 
7.208. Finally, if the cross-ratio is a ratio of equality the intersections will 
be harmonic conjugates (AB:BD = AC:CD), and Pappus’s lemma 7.213 
rather superfluously provides for this case. 

There is no doubt that Euclid was familiar with these theorems, and 
expected his reader to know them (otherwise, why would they be lemmas’). 
Otherwise we know absolutely nothing about their origin or what kind of 
books they were given in. It has been noticed that the analogous theorem 
in spherical geometry (substituting arcs of great circles for line segments) 1s 
assumed without proof in a passage of Menelaus’s Spherics (about 100 
A.D.).:9 The probable deduction is not, however, that there existed ап 
earlier textbook that dealt with the theorem, but that Menelaus knew that 


16 Вјогпро [1902] pp. 96-99. See Krause [1936] p. 203 for the passage. 
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it could be proved easily by applying his eponymous theorem (on the ratios 
of arcs cut off on a spherical triangle by a transversal great circle) twice, to 
obtain the theorem for transversals across three great circles, and that 
theorem twice to obtain the theorem for four great circles that he invokes. 

Lemmas 7.202 and .203 may be synthesis-lemmas. In 7.202 (Figure 
134), we have two lines AB, AE, and from point В lines ВГ, BZ are drawn 
in different directions to meet AE, while from E lines EA, EH are drawn 
parallel to ВГ, BZ to meet AB. The lemma asserts that AZ is parallel to 
ГН. If this is to be related to a porism, it is not clear which of the parts of 
the figure are to be given. On the appearance of this lemma, with only 
minor differences, in the ‘Book of Lemmas’ of ‘Hecaton’ see Appendix 2. 

A possible application of lemma 7.203 might be the following 
hypothetical porism:! ? Given (Figure 135) three lines AB, AA, АГ passing 
through a single point A, and a point © not on any of the lines, if a 
transversal ZMH drawn in a given direction (that is, parallel to some given 
line) intersects AB іп 7 and АГ in H, and Z@ intersects AA in K, and KA 16 
drawn parallel to ZMH to meet HO in A, then A les on a line given 
(determined) in position (namely AE). 

Lemmas 7.206 and .207 are two parts of the proposition well known 
as 'Pappus's Theorem’ in projective geometry. Тһе usual modern 
enunciation is: If alternate vertices of a hexagon (AZBIEA in Figures 
138-139) lie on two straight lines, then the intersections of opposite sides 
are also collinear. If Pappus has given the synthesis of one of Euclid’s 
porisms (as seems likely here) it was probably: If points A, B, Г, A are 
given, and point E lies оп АВ and 7 on ГА, then the line joining the 
intersections of AZ and TE, BZ and AE make a neusis (that is, passes 
through) a given (determined) point (namely M). This is an instance of a 
porism of class 6 of 7.18. Lemmas 7.209 and .211 work on the same 
configuration, but prove a different collinearity. The proposition of 7.209 
and .211 is really the same as the other (let Н, Г, E in Figures 141 and 
143 correspond to A, B, E іп 7.206-207, and B, Z, К toT, Z, A), but 
Pappus probably did not notice that. In fact, lemma 7.202 can be 
interpreted as a limiting case of Pappus's theorem, in which the hexagon 
(BZAEHT in figure 134) has opposite sides parallel, so that their 
intersections lie on the line at infinity; it is an open question whether Euclid 
recognized the affinity between these propositions. 8 

lhe last of this group of lemmas, 7.212, does not have an obvious 
application. I give here Chasles's one suggestion for it:!9 Let (Figure 144) 


17 (QChasles, pp. 120-21, no. 20. 


18 [owe these observations to Dr Hogendijk. 
19 Chasles, pp. 143-44, no. 44. 
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points E, B, Г be given on a straight line, and Ө given. Let A be any point 
on EO. ЕК is the intersection of AB and ӨГ, and A the intersection of BO 
and a line drawn from A parallel іо ЕВГ, and Z the intersection of AT and 
EO, then the line joining Z апа К makes a neusis (passes through) a given 
(determined) point (namely H). 


$6. Areas and Ranges. The next small group of lemmas is related 
to porisms concerned with cutting off areas from figures (compare chapter 
18 nos. 9-11 and chapter 19 no. 1). 7.214 and .215 are elementary 
theorems proving the equality of triangles that have each one angle either 
equal or complementary to the corresponding angle of the other triangle, 
and such that the products of the pairs of sides containing these angles are 
equal to each other. The first of these lemmas is applied in the displaced 
lemma 7.232 that belongs, according to its heading, to some porism from 
Book 1. This problem is to draw a straigbt line across a parallelogram so 
that a certain triangle that is contained by two (produced) sides of the 
parallelogram and the line equals the parallelogram in area. I do not know 
to what kind of porism this lemma belonged. 2 9 

Lemmas 7.216-221 prove identities respecting the intervals defined 
by ranges of points on a single straight line. These lemmas are not difficult 
or intrinsically interesting, so that we may expect that they were applied in 
more complex figures. There are really only three identities here, since the 
pairs 7.216 and .218, .217 and .219, .220 and .221 are distinguished only 
by changes in the order of the points, with consequent sign changes. 

In 7.216 (Figure 148) the points A, Г, A, B are assumed disposed so 
that 


2 ABTA = ГВ?, 
and it is proved that 
AA? = AT? + AB?. 


The second equation suggests the sides of a right triangle; hence I suggest 
the following porism may be related to it: Let (Figure B.4) the semicircle 
on diameter AA be given, and let E be an arbitrary point on its 
circumference, and through E let semicircles with centers A and A be 
drawn, meeting AA in points Г and B. To prove that the ratio of BI? : 


20 Even Chasles fails with this one. His one porism (p. 284 no. 180) that 
allegedly invokes 7.232 in fact only uses a subsidiary problem (from 
Apollonius's Cutting off of an Area) that the lemma also requires. 
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ABTA is given. Proof: Angle AEA is right, hence AE? + EA? = AA?. 
But AE = АГ, and EA = BA. Hence by the converse of the lemma ВГ 2 : 
ABTA = 2:1, which we wanted to prove. A more complex porism may 
have been involved with the lemma, but this example at least shows that 
already with these lemmas on ranges we may have entered the part of the 
lemmas pertinent to Book 3 of the Porisms, which dealt with semicircles 
and circles (see 7.20). Similarly, lemma 7.217 can be used in the proof of a 
porism on circles, as we shall see in the next section. 


57. Porisms on Circles. Most of the remaining lemmas 7.222-231 
pertain to configurations involving circles, and therefore belong to Book 3 of 
the Porisms. In most cases we can recover plausible porisms from the 
lemmas. 

For 7.222 the porism in question may have been:21 Given a circle, 
and a point outside it, there exists a determined straight line such that a 
variable straight line drawn through the point and across the circle and the 
determined line will be cut harmonically by the circle, line, and point. The 
lemma constructs the desired line by joining the two points where tangents 
from the given point fall on the circle. A companion of this pole-and-polar 
lemma is 7.229, discussed below. 

Class 6 of porisms in chapter 7.20 is “that there is some given point 
from which (lines) joined to this will contain a triangle given in shape.” 
One porism on circles suggests itself in particular as a candidate for this 
class:2 2 Let (Figure B.5) there be given circles with centers A, B, passing 
through given points Г, A respectively. To prove that there is a determined 
point H such that if points E and Z are marked on the circles so that angle 
ГАЕ equals angle ABZ, then the lines joining Н to E and Z contain а 
triangle given (determined) in shape. H may be constructed as follows. Let 
BA intersect АГ in Ө, and draw the circular segment AOB. Then, find H on 
the segment such that AH:HB = АГ:АВ (lemma 7.223 shows how to do 
this). Because A and B are on the segment, angle TAH equals angle ABH. 
Further arguments from similarity of triangles will prove that if angles 
ГАЕ, ABZ are equal, then triangle HEZ is similar to triangle HAB, which 15 
what was required. 


21 Chasles, pp. 261-62, по. 160. 


22 In the form given here this porism was rediscovered by Newton, 
Papers vol. 7 р. 324. Simson, pp. 463-66, and Chasles, pp. 251-55, 
have versions that are essentially the same. 
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The next class in chapter 7.20, “that there is a given point from 
which (lines) joined to this subtend equal arcs”, also almost dictates a 
porism, for which 7.224 is practically the synthesis:23 Let (Figure B.6) 
circle AB be given, and in it let point © be given. Let the diameter through 
© be AOB. To prove that there is given (determined) a point H outside the 
circle such that if any line ZOA is drawn through Ө to meet the circle twice, 
and HZ intersects the circle again in E, and HA intersects the circle again in 
K, then the pairs of arcs cut off by HZ and HA are equal, namely arcs BZ 
= BK, ZE = KA, EA = AA. The lemma proves in effect that if arcs AA = 
AE, then Н must be the harmonic conjugate of © with respect to A and В. 
The equality of the other arcs is an easy corollary. 

Lemma 7.225 may belong to a porism of class 8 of 7.20:24 If (Figure 
157) the semicircle оп AB is given, and the tangents at A and B are drawn, 
and points E and A chosen arbitrarily on them so that AE-BA is a given 
area, then EA at its intersection with the semicircle Z will make a right 
angle with a line that makes a neusis (passes through) a determined point 
H. The lemma is a synthesis of this porism. This lemma has a 
resemblance to the configuration of Apollonius’s Conics III, 45, on the foci 
of a central conic.25 Apollonius’s theorem states (Figure B.7, for the 
hyperbola) that, if H is a focus of a hyperbola whose axis is AB, and 
perpendicular tangents AE and BA are drawn, and an arbitrary tangent 
OEA cuts them, then angle EHA is right. Almost immediately іп the proof 
we find that AE.BA equals AH-HB, so that these points occupy an exactly 
analogous configuration to that of Pappus's lemma. In Zeuthen's view, this 
is evidence, on the one hand, that certain of the Porisms had a connection 
with study of conics, and on the other, that the subject of this part of 
Apollonius's work, the locus of points the sum or difference of whose 
distances to two points is constant, was already being studied in Euclid's 
time. We will return to these matters, the former in the next section, the 
latter in Essay C, section $5. 

The next lemma, 7.226, appears to have nothing to do with circles, 
and so may be displaced. The only hypothetical porism that seems to me a 
plausible explanation of this lemma is one of Chasles's:? 6 Let (Figure B.8) 
triangle АВГ be given, and let parallel lines EA, AM be drawn arbitrarily 
but so that they form triangles BAE, BAM, each equal to triangle АВГ in 


23 Simson, pp. 463-66. 
.24 Chasles, pp. 278-79. 
25 Zeuthen [1886] pp. 371-74. 


26 (Сһавіев, pp. 306-308, no. 207. 
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area. Let the intersections of EA and AM with ГА be Ө and М, and let Z be 
the midpoint of AT. To prove that the rectangle contained by OZ, ZN 1s 
given (determined). Proof: By the lemma, and the congruence of triangles 
BEA and BMA, 


ГӨ?:2А 2 —ZH:Zz. 


Hence ZO?:ZA? = ZO:ZN, so that ZO.ZN = 2А 2, which was to be proved. 

I conjecture that the porism of 7.227 was: Let (Figure 159) there be 
given a circle, and a straight line outside it. To prove that there is a given 
(determined) point H in the circle such that if an arbitrary line through H 
cuts the given line in Е and the circle in Ө, K, then EH is the mean 
proportional between ЕӨ and ЕК, that is, ЕН2 = ЕӨ-ЕК. 7.228 is used in 
7.229, which is a converse of 7.222. The porism of 7.229 was, I believe: 
Let (Figure 161) there be given a circle, and a straight line outside it. To 
prove that there is a given (determined) point H in the circle, such that if an 
arbitrary line through H cuts the given line in E and the circle in @, K, then 
Е,К,Н,Ө are a harmonic set, that is, EK:KH = ЕӨ:ӨН. 

Lemma 7.230 seems too trivial to be the synthesis of a porism, and I 
do not see any obvious application for it. For the last of the lemmas, 7.231, 
Chasles has a persuasive suggestion:27 Let (Figure B.9) Г be a given point 
on the produced diameter AB of a given semicircle, and let an arbitrary line 
ГА be drawn across the semicircle, and perpendicular AE dropped onto AB. 
To prove that there is a given (determined) point Ө such that l'A? equals 
the rectangle contained by a given magnitude and ӨЕ. Proof: Let Z be the 
semicircle's center, and let ZA? = 2Г.2Н. Bisect НГ at Ө. By lemma 
7.281, 


lA? = АГ? — (АГ + ГВ)АЕ, 
hence 
lA? = AT? — 2TZAE. 
But by lemma 7.217, 


AT? = (ГА + АН).Г2, 


hence 


27 Chasles, pp. 244-45, no. 143. 
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AT? = 2Г7?.АӨ. 


Therefore 
PA? = 2TZ-A0 – 2 Г2.АЕ = 2Г7 ӨЕ, 
where 2 [Z is a given magnitude, which we wanted to prove. 


98. Applications and purpose. We have probably nearly 
exhausted the number of specific porisms that can be divined from Pappus’s 
information. The roughly twenty certain or conjectural porisms discussed 
above do not attest even half of the classes listed in chapters 7.18-20, and 
can hardly be presumed a representative sampling of the 171 theorems 
that Pappus counted in the Porisms. We have to be cautious, therefore, 
with any generalizations we make about the Porisms as a whole on the 
basis of our fragments. 

One approach would be to look for applications of the known porisms. 
For example, Pappus himself tacitly invokes the theorem 7.222 on the pole 
and polar with respect to a circle in Book 6, chapter 101. This is in the 
course of theorems related to Euclid’s Optics that work up to the finding of 
a point in space from which a given circle and point in it appear as an 
ellipse with the point as center. In 6.101 Pappus assumes that the circle 
and the point of observation (not in its plane) are given. He drops a 
perpendicular from the observer to the circle’s plane, so the line through the 
base of the perpendicular and the center of the circle will be the minor axis 
of the apparent ellipse. Then, if the angle under which the observer sees 
the two ends of this apparent axis is bisected, the bisecting line will meet 
the plane of the circle in the apparent center, and a chord drawn through 
the apparent center perpendicular to the apparent minor axis will be the 
apparent major axis. The tangents at the ends of this apparent major axis 
will meet at some point outside the circle, which will appear as a vanishing 
point, that is, lines through it in the circle’s plane will appear parallel. In 
the proof of these assertions, Pappus makes use of the substance of lemma 
7.222, namely that lines drawn through the apparent vanishing point and 
across the circle and the apparent major axis will.be divided harmonically. 
But I doubt whether Euclid had specifically this kind of optical application 
in mind. 

Again, Ptolemy applies what amounts to the porism of lemma 7.224 
to the problem of retrogradation in the epicyclic and eccentric models of 
planetary motion.28 In Almagest 12,1 Ptolemy undertakes to determine 
the conditions for station of a planet in a proof that simultaneously 


28 Noted by Prof. Toomer, whom I thank for informing me of the passage. 
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accounts for the assumptions that it travels on an epicycle or on an 
eccenter with respect to the observer.29 Since he wants to use the same 
circle às both eccenter and epicycle, he must have two different points to 
represent the observer, one inside the circle, the other outside, from either 
of which equal arcs of the circle that are symmetrically situated with 
respect to the line through apogee and perigee subtend equal angles. The 
porism, given the one point, finds the other as the harmonic conjugate with 
respect to the points of apogee and perigee on the circle. Ptolemy says that 
his solution of the problem of stations differs from his predecessors' (he 
names Apollonius) in using this compendious method, so we cannot 
legitimately assume that Euclid anticipated the astronomical application 
when he invented the porism (it is not known whether epicyclic or eccentric 
models of planetary motion were used before Apollonius). Ptolemy's proof 
of the conjugacy differs from Pappus's. 

Probably more significant are the affinities with problems in conics, 
which were first demonstrated by Zeuthen.39? The possibility of extending 
the ‘first’ porism to apply to a conic has already been discussed above, as 
has the resemblance between the configuration of 7.225 with part of 
Apollonius's discussion of the foci of central conics. One may also observe 
that the pole-and-polar porisms of 7.222, .227, and .229 remain valid when 
the circle is replaced by a conic. Since Euclid is known to have studied the 
geometry of conic sections, there should be nothing surprising in finding 
configurations in the Porisms that might have been inspired by such 
studies, even though the Porisms were limited strictly to ‘plane’ methods, 
that 1s, compass and straight-edge constructions. But there is simply too 
little evidence to support the conclusion that the Porisms were written 
primarily in relation to work with conics, as Zeuthen conjectured. 

In summary, I am unable to identify the scheme of organization that 
must have existed in the Porisms, beyond the obvious grouping into 
thematically related propositions, such as the purely rectilinear figures of 
the beginning, and the propositions on circles in the last book. Certain 
concepts, as of cross-ratios and harmonic ratios, that recur in the lemmas 
may reflect topics that Euclid was particularly interested in, but they may 
also be the natural products of the development of properties of invariance 
in general in partially given configurations. Perhaps a more sophisticated 
mathematical analysis of the reconstructible porisms might reveal unities 
that have hitherto been overlooked, but the prospect does not appear 
promising. 


29 Ptolemy, Opera vol. 1,1 pp. 450-55; Almagest (Toomer) pp. 555-58. 


30 Zeuthen [1886] pp. 160-84, 371-74. 
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99. Historical note. Outside of Pappus and Proclus, the only traces 
of knowledge of Euclid’s Porisms in Greek or Arabic sources are in the Book 
of Lemmas of Hecaton (? See Appendix 3), which contains, among other 
things, a proposition substantially the same as Pappus’s 7.202. This will 
be discussed in Appendix 2. 

We can mention here only a few of the numerous modern efforts to 
explain the Porisms.3 1 Pappus’s recondite epitome of the Porisms was an 
obstacle until Simson’s great work, and the discussions of Euclid’s book 
before him scarcely got beyond the problem of defining the porism. Even 
50, one early effort, Fermat’s, to interpret the Porisms deserves recognition, 
because while the definition of porism at which Fermat arrived was surely 
wrong, the examples he gave nevertheless are true Euclidean porisms.? 2 
Fermat does not claim that his porisms are restorations of Euclid’s, but 
only that they are of the same form. As one instance I quote the fifth and 
last of Fermat’s examples (figure B.10): Let RAC be a circle, whose 
diameter is RC, center D, and AD perpendicular to RC; and let Z and B be 
given on the diameter. Join AZ, and let ZM, BO be erected at right angles 
to the diameter and equal to AZ. If MHO is inflected at a point H on the 
circle, and the intersections of the inflected line with the diameter are E, N, 
then EH? + HN? will have a given ratio to triangle EHN, namely the 
ratio of 4 AZ to ZD. It is disappointing to find that Fermat understood 
Pappus’s discussion of loci and porisms as meaning that the porisms were 
locus theorems proved from other loci Gust what he means by this Fermat 
fails to make sufficiently clear).3 3 

To Robert Simson belongs the credit for resolving some of the most 
difficult questions that Pappus’s information on the Porisms presents.3 4 
First, he correctly explained Pappus’s second, ‘modern’ definition of porism, 
and the relationship of it with locus theorems. Secondly, he induced from 
this a definition that describes the general Euclidean porisms. Thirdly, he 


31 A convenient survey up to its date is Breton [1855] pp. 251-68. 
Several polemical articles by Breton, Vincent, and others in the 
following years had only ephemeral interest. 


32 Porismatum ЕисПаеогит renovata doctrina et sub forma isagoges 
recentioribus geometris exhibita, in Oeuvres vol. 1 pp. 76-84. 


зз Fermat, рр. 82-83. 
за De Porismatibus tractatus; quo doctrinam Porismatum satis explicatam, 


et in posterum ab oblivione tutam fore sperat auctor, posthumously 
printed in Simson [1776]. 
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deciphered the meaning of Pappus’s enunciation of the 'hyptios' porisms. 
Fourthly, he recognized the application of several of Pappus’s lemmas to 
the proof of the ‘hyptios’ porisms, and to the ‘first’ porism. Finally, he 
invented several more porisms that employed others of the lemmas; I have 
given some of these above as very likely restorations of Euclid. There are 
naturally many points on which one might quibble, but generally speaking 
Simson recognized and observed the limits to which it is possible to recover 
Euclid's work.3 5 

Chasles’s contribution to our comprehension of the Porisms tends to 
be obscured by the inherent unreasonableness of his claim to have restored 
substantially the contents of Euclid’s book on the basis of the meagre data 
of Pappus and Proclus. Euclid and Chasles, both good mathematicians, 
each set out to write a collection of geometrical theorems, based perhaps on 
the same fundamental concepts and themes; but Chasles could only guess 
at Euclid’s goals. That they should devise even nearly the same theorems 
(not to say the same proofs) is highly improbable, even if both had the 
same kind of mathematical background, which was not the case. The 
refutation of Chasles’s restitution lies in this inherent implausibility of his 
purpose, not the trivial observation that, for example, Chasles gives more 
porisms than Euclid, or that one specific proof or another involves 
anachronistic methods of argument (Chasles would not have claimed to 
have recovered Euclid’s exact words). Granting all this, one still turns to 
Chasles for the first appreciation of the interest in the Porisms from the 
point of view of modern geometry. Above all, he was the first to notice the 
recurrence of cross-ratios and harmonic ratios in the lemmas, and because 
these concepts suffuse most of his restoration, it is probable that many of 
his inventions coincide with some of Euclid’s, even if we cannot now tell 
which they are. 

It is now clear that Newton anticipated both Simson and Chasles in 
some of their perceptions in unpublished researches on the Porisms dating 
from about 1693.36 The most remarkable of these documents is an 


35  Chasles quotes (р. 8 note 1) a pertinent passage from one of Simson’s 
letters on the part of the Porisms that can be restored: “I mean those 
of the first book, for as to those of the two others,... I believe it will be 
extremely difficult for any body to restore them.” 


36 Published now in Newton, Papers vol. 7. It should be observed that 
Newton wrote much more that was relevant to Pappus’s Book 7, 
especially concerning loci (see especially vol. 4 of the Papers). Since his 
work was much more significant with respect to the mathematics of his 
own time than as historical reconstruction of ancient methods, it falls 
outside our present scope. 
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opuscule called Inventio Porismatum (“The finding of porisms").37 Newton 
defines porism as follows: 


А  porism is а proposition whereby out of the 
circumstances of a problem we gather some given thing of use 
to its analysis. It takes on the form either of a theorem or of a 
problem at pleasure, and is in consequence reckoned to be a 
sort of mean between each. The given things, however, which 
are to be thus gathered are direct and inverse proportions and 
other relationships of unknown quantities; likewise the shapes 
of figures and the lines in which unknown points are located, 
and which in consequence are usually said to be the loci of the 
points; and also lengths, angles and points which either regard 
the determination of loci or otherwise contribute to the analysis 
of a problem. 


In the sequel Newton sets out suggestions for the invention of new porisms, 
which, although they use methods that would appear strange and 
unrigorous to Euclid, are nonetheless very interesting. I take as an 
illustration Newton’s ‘invention’ of the first of Euclid’s porisms (Figure 
B.1).3 8 


From the given points A, B let there concur at the given 
straight line DE two mobile straight lines GAE, BNE meeting, 
when further produced, the straight lines KG, KN, given in 
position, the former, AE, intersecting KG at G and the latter, 
BE, KN at N: let there then be required the simplest 
relationship of the lines KG, KN to each other. 

Seeing that the points G and N mutually determine one 
another simply [that is, each can be constructed from the other 
by a construction using only straight lines],? 9 let point С pass 
away to infinity and let KN's position be such as to let point N 
pass simultaneously to infinity. Now let point N fall at some 
given point M and H be the point at which G then falls, and 
there will then be MN to HG in a given ratio by Theorem 1 [an 


37 Newton, pp. 230-47. My quotations are slightly adapted from 
Whiteside's translation. 


38 Newton, pp. 242-45. I have altered the letters to fit the nomenclature 
of figure B.1. 


39 See Newton, vol. 4, pp. 302-305 for Newton's definition of this concept. 
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assumed theorem that if two quantities ‘mutually determine 
each other simply’, and these simultaneously vanish and 
simultaneously become infinite, then they will be in a given 
ratio]. 


Not only does this acute line of argument lead Newton swiftly to the first 
porism, but he can also produce another in which lines KN and KG are 
found on which abscissas are in inverse ratio. Further, he shows that line 
DE can be replaced by a conic section through A and B so that the first 
porism still holds true; this last variation will be important for the 
completion of the four line locus. 

In general Newton did not attempt to restore the exact contents of 
Euclid’s lost books. He seems to have been more concerned with recovering 
a lost art; in this he is in accord with the recurring seventeenth-century 
interest in supposed ‘secret’ arts of the ancients.4° Even so, his definition 
of porism, and emphasis on the role of rectilineal constructions, are 
basically sound inductions from Pappus. He also hit upon a few specific 
details of the mathematical content, for example the porism on circles 
belonging to class 6 of 7.20, described above in section $7, and the ‘hyptios’ 
porism.^4 1 


40 See Whiteside’s note 3, Newton, vol. 7 p. 230. 


41 Newton, vol. 7 рр. 268-69. Newton correctly interpreted the hyptios 
porism (in spite of Commandino’s having made Pappus yet more 
unintelligible by leaving the difficult words out) but apparently did not 
work out the solution (Whiteside’s note 55, p. 268). 


C. The Loci of Aristaeus, Euclid, and Eratosthenes 


91. Introduction. Pappus does not tell us why the commentaries in 
Book 7 extend only as far as Apollonius’s Conics in the canon of the 
“Domain of Analysis”. The three works that he omitted, books of loci by 
Aristaeus, Euclid, and Eratosthenes, would have had considerable interest 
for us because they dealt with aspects of Greek geometry that the extant 
literature only poorly represents. In the present essay I attempt to 
assemble what evidence there is for the nature of the lost books. 

In Pappus’s order (7.3) the Solid Loci of Aristaeus, in five books, 
came immediately after Apollonius’s Conics. A solid locus of a point 
generally was a locus that proved to be, or to be part of, a line that was 
neither of the fundamental plane curves — the straight line and circle — but 
that could be generated by the intersection of a suitable solid with the 
ріапе.! Admissible solids would normally include the sphere, cylinder 
(including the oblique cylinder?), and cone (right and oblique?); hence the 
solid loci were conic sections. We have no basis to decide whether the 
ancient mathematicians first posed locus problems that turned out later to 
be conic sections, or first contemplated the sections and subsequently 
discovered their locus properties. It seems plausible that at least the 
rectangular hyperbola through a given point and about given asymptotes 
might have been defined as a special curve before being found in the cone; 
hyperbolas to these specifications occur in the solution of many basic 
problems, often without recourse to other conic sections. 2 

The success with which conics were studied in the Hellenistic period 
is due largely to the discovery of a standard locus property (the 
‘symptoma’) of each of the three sections, from which other properties could 
be deduced without recourse to solid geometry. Already in antiquity this 
achievement was credited to Menaechmus (fourth century B.C.), a pupil of 
Eudoxus. This attribution has recently been brought into question by 
Knorr, who suggests that the study of conics may have developed slightly 
later.3 However, the available evidence seems to confirm Menaechmus's 


1 See the commentary to 7.22, and Essay A, section $8. 


2 See for example the trisection of the angle by means of a hyperbola 
intersecting a circle, discussed in Hogendijk [1981]. The suggestion that 
conics may have had a ‘prehistory’ as special curves is due to Knorr, 
[1982,2], but as I show below the earliest fragments we have of work on 
conics probably do not belong to such a period of prehistory. 


3 Knorr (1982,2), 
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claim to be the true discoverer of conic sections. 

The first pertinent document, and our one sample of Menaechmian 
mathematics, is a solution of the problem of finding two mean proportionals 
between two given magnitudes (given as line segments). It is preserved in 
the series of such solutions that Eutocius gives in his commentary to Book 
2 of Archimedes’s On the Sphere and Cylinder, under the heading “as 
Menaechmus”.4 A summary of the solution is as follows: (Figure C.1) Let 
AB, ВГ equal the given magnitudes, and let them be at right angles to each 
other. Draw parabola BZH on axis BA and with latus rectum AB (so that 
from any point Z on the parabola the perpendicular ZA equals in square 
AB-BA). Draw hyperbola OZK about asymptotes BE, BA, such that 
perpendiculars ZE, ZA from any point on it will contain an area equal to 
AB-BI (this is trivially reducible to drawing the hyperbola through a given 
point and about the given asymptotes). Let Z be the intersection of the 
curves. Then it follows easily from the two equations that AB, EB (=ZA), 
BA, and ВГ are in continued proportion, that is, 


AB:BE = EB:BA = AB:BT , 


which is what was sought.5 

This solution shows that Menaechmus used the parabola and 
hyperbola in geometrical constructions. As Knorr points out, however, it 
does not prove that he knew that the two curves were conic sections, since 
he might have defined them as special curves that had the stated 
properties.© Immediately following the Menaechmian solution is another, 
entitled simply “аХХос” (“another way"). The method is closely related 
to the former: Instead of the hyperbola, draw another parabola BZA on 
axis ВЕ, latus rectum ВГ (hence ZE2 = ВГ.ВЕ). The two equations lead 
directly to the same result for the intersection Z, which is, of course, the 
same point as before. Now the authorship of this second solution is 
problematic. A natural, but not necessarily correct, interpretation of 
Eutocius’s way of presenting it is that it, too,.is by Menaechmus. Or, 
Eutocius could have joined it to the other because of the similarity of 
content (both theorems have obviously been reworked to follow the 


4 Archimedes, Opera vol. 3 рр. 78-80. 
5 For details, see (for example) Heath, HGM pp. 251-255. 
6 Knorr sp. 2. 


7 Archimedes, vol. 3 рр. 82-84. 
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terminology of Apollonius, by Eutocius or an earlier hand); then he would 
have to have been ignorant of its author. The second solution has now 
turned up in Diocles, an approximate contemporary of Apollonius, in a 
slightly different form in which the focus-directrix property of the parabolas 
is used to draw them, and without any word about antecedents.8 Knorr 
believes, nevertheless, that Menaechmus wrote the originals of both 
theorems, and for the sake of argument we will grant this point.9 

In the same extended passage, Eutocius repeats a dedicatory epigram 
of Eratosthenes in which, before presenting his own mechanical method of 
extracting the mean proportionals, he summarizes the previous methods in 
а very compressed тпаппег.10 One verse of it reads: pnée 
Mevacxuetovucs kovorouetv tpLtadas, “nor (strive) to cone-slice 
the Menaechmian triads”. The ‘triads’ have generally been understood to 
mean the three conic sections, ellipse, hyperbola, and parabola, and the line 
to imply that Menaechmus was the discoverer of the sections. Knorr 
maintains that the triads are the specific three sections, that is the two 
parabolas and the hyperbola, used in the two solutions described above.! 1 
If the second solution is not by Menaechmus, this interpretation collapses. 
It seems laboured in any case to insist that Eratosthenes treated two 
separate (albeit related) solutions as one, but we can let that pass. When 
Knorr asserts that the reference to ‘cone-cutting’ does not imply that 
Menaechmus himself derived the curves from a cone, I find it difficult to 
agree. Nevertheless we may admit that Eratosthenes’s verse is a 
precarious basis for determining what Menaechmus did. 

Knorr states that this pair of documents (and the fact that solid 
geometry had already been studied in the generation before Menaechmus) 
“constitutes the entirety of any argument which could be given in support 
of the view of Menaechmus’ study of the conic sections”.12 This is to 
neglect one source that is at the same time authoritative and unambiguous, 


8 Toomer, Diocles pp. 90-97 and 169-70, who argues that Diocles was the 
originator. 


9 Knorr, pp. 5-6. I incline to attribute it to Diocles, though diffidently. 
His version appears in no way in improvement on Eutocius’s, and І do 
not see Diocles’s motive in appropriating it. 

10 Archimedes, vol. 3 p. 96. 

11 Knorr, p. 2. 


12 Knorr, pp. 1-2. 
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the first-century A.D. writer Geminus, as paraphrased by Proclus: ! 3 


(After a discussion of the classification of curves) For (says 
Geminus) the helix (drawn) about a sphere or cone is 
established about a solid, while the conic sections or the spiric 
sections (that is, sections of a torus) arise out of such a section 
of solids. These sections were discovered, the conics by 
Menaechmus, as Eratosthenes too records saying "do not 
(strive) to cone-cut the Menaechmian triads"; the others (the 
Spiric sections), by Perseus, who also composed this epigram on 
the find: “Having found three lines in addition to five sections", 
meaning the spirics, “Perseus propitiated the divinities because 
of them.” 


In case it should be argued that Geminus himself deduced the achievement 
of Menaechmus from the line of Eratosthenes, we may observe that he cites 
Eratosthenes not as his evidence, but as a familiar tag to remind the 
reader, just as he quotes the epigram of Perseus. After all, the significance 
of Eratosthenes’s obscure expression would probably have escaped anyone 
who did not already know about Menaechmus’s part in the development of 
the conic sections. And if there is any doubt about what Geminus means 
by ‘discovered’, it 16 dispelled when Proclus later reports that Perseus 
proved the ‘symptoma’ of the spiric sections.!^ In my judgment, this 
passage far outweighs the arguments that Knorr invokes against a 
Menaechmian origin of conics. These depend largely on the silence about 
conics in such fourth-century authors as Aristotle, who was not a writer on 
mathematics, and Eudemus, whose history of geometry survives only in 
extremely selective and capricious fragments.15 From the evidence that 
we have, we cannot tell how far Menaechmus advanced in the study of the 
conic sections. There is no reason to believe that the construction of the 


13 Proclus, Elements Book 1 ed. Friedlein, pp. 111-12. 


14 Proclus, p. 356. It is probable that the work of Geminus that Proclus 
is quoting from gave more information on the history of conics than 
Proclus finds the opportunity to repeat; in the first century A.D. (when 
Geminus lived; see Neugebauer, HAMA vol. 2 pp. 579-81 for an 
astronomical dating) many old texts must have still been available that 
were lost by the fourth century. Compare the detailed, if muddled, 
information on the spiric sections that Proclus does give us (pp. 
119-120). 


15 Knorr, pp. 3-4. 
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two mean proportionals was either his only or his principal goal. But if the 
conic sections were first expressed as loci already in the first half of the 
fourth century,! 6 there were more than fifty years for the study to develop 


to the point where Aristaeus could write a treatise on solid loci in five 
books. 


$2. Documents оп Aristaeus. There exists only one reference to 
Aristaeus outside of Pappus's Collection. It is also the only allusion to his 
contributions to geometry besides conics. In the late second century B.C. 
Hypsicles wrote a brief ‘commentary’ — it seems in fact to be a 
mathematical excursus — on a now lost work of Apollonius called 
“Comparison of the Dodecahedron with the Icosahedron".  Hypsicles's 
opuscule has survived as “Book 14” of Euclid's Elements.! 7 Of Apollonius's 
book we only know that in it, among other things, he proved the proposition 
that if a regular icosahedron and a regular dodecahedron are inscribed in 
the same sphere, the ratio of their surfaces equals the ratio of their 
volumes. Hypsicles mentions this fact in the following passage: ! 8 


The same circle circumscribes both the pentagon (face) of 
the dodecahedron and the triangle (face) of the icosahedron 
when they are inscribed in the same sphere. This is written 
(that is, proved) by  Aristaeus in the (book) entitled 
“Comparison of the Five Figures"; but it is proved by 
Apollonius in the second edition of the "Comparison of the 
Dodecahedron with the Icosahedron" that as is the surface of 
the dodecahedron to the surface of the icosahedron, so is the 
dodecahedron itself to the icosahedron because the 
perpendicular from the center of the sphere to the pentagon of 
the dodecahedron and (to) the triangle of the icosahedron is the 
same. We ourselves have to write (prove) that the same circle 
circumscribes the pentagon of the dodecahedron and the 
triangle of the icosahedron when they are inscribed in the same 
sphere... 


!6 Menaechmus is dated by Proclus's statement (p. 67) that he was a 
companion of Plato. The acme of 350 B.C. conventionally assigned to 
him is perhaps a decade or two too late. 


17 Euclid, Opera vol. 5 pp. 2-36. 


18 Euclid, vol. 5 pp. 6-7. 
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Without having Apollonius’s book, it is difficult to follow the point of 
Hypsicles’s remark (or the purpose of his book, for that matter), but 
perhaps not impossible. The relationship of the three theorems that he 
names is progressive: if the faces of the two solids can be inscribed in the 
same circle, then the apothems of the solids are obviously the same, while if 
the apothems are equal, then since each solid can be resolved into pyramids 
with the faces for bases and the apothems for altitudes, the volumes are 
obviously in proportion to the surface areas. If Hypsicles says that he has 
to prove the first theorem, that must mean that Apollonius assumed it, 
perhaps telling the reader that Aristaeus had already proved it. 

The reported title of Aristaeus’s book, “Comparison of the Five 
Figures”, is suspiciously echoed in the third part of Book 5 of Pappus, 
which he refers to as “the comparison of the five figures when they have 
equal surface”. In this series of theorems Pappus proves that the volumes 
of isoperimetric regular solids increase with the number of faces. One of 
the preliminary lemmas (5.88-91) is precisely the theorem that Hypsicles 
attributes to Aristaeus. Pappus gives two proofs, the second a paraphrase 
of Hypsicles, while the first might be adapted from Aristaeus. Pappus does 
not specify his sources — generally in Book 5 he is reticent about his 
dependence on earlier authors, especially Zenodorus — but he does let pass 
an interesting remark (5.72): “We shall write the comparisons... not by 
means of the so-called analytic approach, by which certain of the ancients 
made the proofs for the figures named above, but by means of the method 
by synthesis...”. If Aristaeus was one of Pappus’s sources, therefore, his 
“Comparisons” were analyses. It is most probable, also, that he compared 
the regular figures when inscribed into a single sphere, and that the 
adaptation to the isoperimetric problem was Pappus’s. Aristaeus may have 
compared other aspects of the solids too, such as the lengths of the edges. 

Such а tentative reconstruction of the contents of Aristaeus’s 
"Comparisons" would seem to be compatible with a date roughly 
contemporary with the last books of Euclid's Elements, which also 
investigate the regular solids inscribed in a sphere. Knorr wishes to date it 
much later, after Apollonius.! 9 His arguments are these: (1) “Is it really 
credible that almost a century after Aristaeus Apollonius should have 
devoted a tract to prove a theorem already established by his predecessor, 
and what is worse, should have so bungled his first attempt that a revised 
edition became necessary?" The last observation refers to Hypsicles’s 
report that Hypsicles's father and a friend had allegedly found a mistake in 
Apollonius's *Comparison". Since the version Hypsicles knew had no such 


19 Knorr [1982,2] pp. 14-15. 
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error, he induced that Apollonius must have issued a corrected edition. 2 0 
This story may be no more than an attempt to avoid admitting that his 
father himself was wrong; but anyway the question of whether Apollonius 
was fallible is irrelevant. We do not know what Apollonius proved in his 
book, except for the one theorem, perhaps very early in the book, that 
Hypsicles names. Why should we assume that the one book overlapped the 
other in content more than incidentally? (2) “Pappus sets this section 
[5.72-105] in close relation to the comparison of the regular solids with the 
sphere [5.38]; but the latter result requires the theorems established by 
Archimedes in Sphere and Cylinder, Book I. To this end, Pappus 
reproduces an extended treatment of the Archimedean results on the 
surface and volume of the sphere, indeed after they have been applied in the 
comparison of the sphere and the regular solids; and the whole body follows 
immediately the presentation of the analogous results for plane figures — 
the circle and the polygons — which derives from a study by Zenodorus, a 
geometer from the time of Apollonius. Thus, one must also suppose the 
comparisons of the five solids, each with the others, to have been produced 
late in the third century.” I have said already that the adaptation of the 
material on the solids, whatever its source, to the isoperimetric problem is 
probably Pappus's, so that the history of the isoperimetric problem has no 
bearing on the original motivation of the work on the regular solids. Two 
other, independent reports of the isoperimetric theorems by Eutocius and 
Theon of Alexandria briefly introduce the Archimedean material, but about 
the regular solids they say nothing. (3) "Neither Proclus nor the tradition 
of scholiasts to the Elements know of an Aristaeus; yet the author of any 
such work as the Comparison of the Five Figures, if a contemporary of 
Euclid, ought surely to have been noted as important for either the origins 
or the application of the constructions of the regular solids in Book XIII." 
Since Proclus wrote a commentary only on Book 1 of Euclid, we cannot 
legitimately argue from his silence on anything pertaining to the others, 
even if he had access in Athens to the same books that Pappus could read 
in Alexandria a hundred years earlier. The scholiasts were dependent 
largely on such late sources as Proclus, and scarcely abound in historical 
data, so that to argue from their silence on such matters is pointless. (4) 
*Moreover, Hypsicles refers to him [Aristaeus] in an extraordinarily casual 
way: ‘Now Aristaeus proves... , surely assuming that his correspondent 
Protarchus would pick up the allusion without difficulty. This seems 
unlikely to suit a geometer dating almost a century and a half earher; it 1s 
far easier to accept as relating to a geometer of the immediately preceding 
generation." It is not clear what more Protarchus could have asked for than 


20 Euclid, vol. 5 p. 2. 
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the author, the title, and the enunciation of the theorem. Nor should we 
suppose that the mathematicians of the second century would have needed 
much of a spur to recall someone who must have been among the most 
important geometers of the third. In sum, it seems safest to assume that 
the Aristaeus who was roughly Euclid’s contemporary was the author of 
the “Comparisons”. 

With one exception, all Pappus’s allusions to Aristaeus by name are 
in Book 7: chapters 1, 3, 29, 30-31, 33-35. The remaining reference is in 
3.21, the introduction to Pappus’s series of solutions of the problem of the 
two mean proportionals. Let us consider these passages individually. 

According to 7.1, the “Domain of Analysis” was written by Euclid, 
Apollonius, and Aristaeus “the elder".2 1 This list agrees with the canon of 
books comprising the “Domain” in 7.3, except that there Eratosthenes’s On 
Means too is included at the end. Pappus places Aristaeus’s Solid Loci, 
Euclid’s Loci on Surfaces, and Eratosthenes’s book at the end of the canon, 
following Apollonius’s Conics, which is the last work that Pappus intends to 
discuss in Book 7. 

Pappus tells us in 7.29 that “five volumes of conic elements by 
Aristaeus the elder were passed down earlier, written rather concisely for 
their recipients as if they were already competent.” Pappus uses the word 
‘elements’ to describe nearly any book that furnishes theorems useful for 
further researches.2? When Pappus refers in one place to ‘Aristaeus’s 
Solid Loci in five books’, and in another to ‘Aristaeus the elder’s conic 
elements in five books’, without drawing any distinction between the 
authors or the works, we fairly conclude that the two works, and their 
authors, are the same. Pappus’s point in 7.29 is that, although Aristaeus’s 
book was written before Apollonius’s Conics, they must be read in the other 
order. Aristaeus’s ‘elements’ were not elementary, he implies, in the sense 
that they did not proceed from fundamental principles but required the 
reader to be ‘already competent’, that is, to know something already about 
the subject.2 3 In 7.30-31 we learn, first, that Aristaeus’s Solid Loci were 
still extant in Pappus’s time, whereas apparently Pappus could not read 
anything that Euclid had written on the subject. Further, he tells us that 
Aristaeus referred to the conic sections by the pre-Apollonian nomenclature 
of “section of an acute-angled cone’, ‘of a right-angled cone’, and ‘of an 
obtuse-angled cone’ (respectively for the ellipse, parabola, and hyperbola). 


21 See my notes to 7.1 on this epithet. 
22 See my note to 7.1, ‘Common Elements’. 


23 Не cannot mean merely that the reader has to be mathematically 
competent; for of course that is also true for Apollonius’s work. 
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Pappus’s absurd allegation, that Apollonius did not perceive that these old 
terms refer to the section of a right cone by a plane perpendicular to one 
generator line, would be more forgivable if Aristaeus did not discuss in his 
work the generation of the sections, but instead began from the 
fundamental locus property or ‘symptoma’ of each curve as discovered 
earlier.24 We might expect such an approach in a book written for 
students who were ‘already competent’. 

As a historical document the diatribe of 7.33-35 is treacherous, as I 
have shown in the commentary to those chapters. However, Pappus’s 
assertion that Aristaeus and Euclid were contemporaries seems to be 
probably correct, whatever Pappus’s authority may be on this question of 
date; we shall return to this subject presently. 

In 3.21, Pappus gives a brief summary of the ways in which the 
problem of finding the two mean proportionals has been solved. 
Eratosthenes, Philon, and Heron, he says, devised ‘mechanical’ solutions, 
while Apollonius made an analysis of the same solution “by means of the 
sections of a cone, and others by means of the Solid Loci of Aristaeus”. 
The specification that the other solutions by means of conics were based on 
the Solid Loci apparently means either that their authors used pre- 
Apollonian conics, or that they used specifically locus properties of the conic 
sections, which Apollonius’s Conics does not directly treat. Aside from the 
solution of Apollonius, the only solutions by means of conics that we know 
of are those of Menaechmus and Diocles, including the solution of uncertain 
authorship, all of which are reported by Eutocius. If Pappus is referring to 
these, then he must not have been aware of the priority of Menaechmus 
(which is quite possible, for Pappus was not a historian). Pappus may also 
have known other solutions that used pre-Apollonian conics — which for him 
would have meant the one pre-Apollonian treatise on conics that he knew — 
dating between Aristaeus and Apollonius. 


24 Опе symptoma was that if a perpendicular dropped from any point to 
a given straight line cuts off a segment, extending to a given point on 
the given line, such that the square of the perpendicular’s length 
equals the rectangle contained by the cut off segment and some 
constant length, the point lies on a determined parabola. The other, 
that if the square of a perpendicular dropped from a point to a given 
straight line has a constant ratio to the rectangle contained by the 
segments from the foot of the perpendicular to two points given on the 
given line, then the point lies on either a determined ellipse or a 
determined hyperbola, depending on whether the perpendicular falls 
between the given points or outside them. See the commentary to 
7.30. 
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$3. Fragments from Pappus. None of the foregoing documents 
tells us specifically what locus properties of the conic sections Aristaeus 
proved. Since Pappus asserts that he had access to Aristaeus's work, 
however, it is tempting to examine the Collection in search of possible 
uncredited fragments from the Solid Loci. Apollonius's Conics contain no 
actual locus theorems (although much of his material can be recast in that 
form), so that Aristaeus’s collection would not have been entirely 
superseded by the Conics, particularly in the analysis of problems where a 
point required for the solution is shown to exhibit the defining property of a 
solid locus. There are three locus theorems in Book 4 that may be 
fragments taken from Aristaeus. Two are used as lemmas to the solution 
of a neusis construction assumed in Archimedes's On Spirals. The passage 
(4.78-79) is worth giving here complete: 


I have set out for you the analysis of the neusis assumed 
by Archimedes in the book On Spirals, so that you will not 
encounter difficulty as you read through the book. The loci 
written below are assumed for it, which are useful also for 
many other solid problems. 

(Figure C.2) (Let) AB (be) a straight line (given) in 
position, and from a given point Г let some (line) ГА fall upon 
it, and (let) AE be at right angles to AB, and let the ratio of TA 
to AE be (given). That E is on a hyperbola (given in position). 
Let <Г2 > be drawn through Г parallel to the (line that is) at 
right angles (to AB). And (let there be drawn) EH parallel to 
AB, and let the (ratio) of [Z to each of ZO, ZK be the same as 
the ratio of TA to AE. Hence each of ©, К is given. Then since 
as is the square of TA «to the square of ДЕ, so is^ the square 
of [TZ to the square of ZO, therefore also the ratio of the 
remainder (when the members of the second ratio are 
subtracted from the first), the square of ZA, that is the square 
of EH, to the remainder, the rectangle contained by KH, H®, is 
given. And K and O are given. E is therefore on a hyperbola 
(given in position) that passes through Ө and E. 

(Figure C.3) Let АВ be (given) in position and 
magnitude, and AT at right angles, and let the rectangle 
contained by АГ, ГВ equal the rectangle contained by a given 
(line) and ГА. That point A touches? 5 a parabola (given) in 
position. For let AB be bisected by E, and (let) EZ (be drawn) 
at right angles (to AB), and let the rectangle contained by the 
given (line) and EZ equal the square of EB. Hence Z is given. 


25 That is, ‘lies on’. 
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And (let) AH (be drawn) parallel to AB. Hence the remainder 
(EB? — AT TB), the square of ЕГ, that is the square of AH, 
equals (the remainder), the rectangle contained by the given 
(line) and ZH. And Z is given. Therefore point A touches a 
parabola passing through A, Z, B, whose axis is EZ. 


The two theorems that Pappus gives may be substantially quotations 
from Aristaeus. In the first place, it is unlikely that Pappus had access to 
other comprehensive collections of solid loci, supposing they once existed, 
because such works would certainly have had a place in the ‘Domain of 
Analysis’. The proofs that Pappus gives are only by analysis. The sections 
are defined in pre-Apollonian manner, using only the axis and 
perpendicular ordinates. Above all, the hyperbola in the first theorem is 
defined in the end as the locus of E such that the square of the 
perpendicular EH to a line given in position is in given ratio to the rectangle 
contained by two abscissas, which is a form of the old ‘symptoma’ of the 
central сопіс.26 The terminology of these fragments has been brought to 
agree with Apollonius’s usage, probably by Pappus himself; for example the 
words ‘parabola’, ‘hyperbola’, and ‘axis’ are surely not authentic. 

The third of these locus theorems is given in the course of Pappus’s 
set of solutions of the trisection of the angle (4.57-68). In this passage, 
Pappus first (7.57-66) gives a reduction of the trisection to a neusis, which 
in turn is solved by means of the intersection of a circle with a rectangular 
hyperbola.27 The immediate logical continuation of this is 7.68, where 
Pappus says that others have trisected the arc without using a neusis, and 
then sets out an illustration of how it can be done. (Figure C.4) to trisect 
arc АГ at B is equivalent to finding В on the arc such that angle ВГА 15 
twice angle ВАГ, or in other words to finding the intersection of the arc 
with the locus of a point B such that angle ВГА is twice angle ВАГ (A and 
Г being given). Pappus reduces this locus property to another as follows: 


Let angle АГВ be bisected by ГА, and (let) AE, ZB be 
perpendiculars. Then AA equals ДГ, so that also AE (equals) 
ЕГ. Нерсе E is given. Then since as is АГ:ГВ, so 15 AA:AB, 
that is AE:EZ, therefore alternando TA:AE is as BI':EZ. But 
ГА is twice АЕ, so that ВГ is twice EZ. Hence ВГ2, that is 
В22+2Г 2, is four times EZ?. Then since Е, Г are two given 
(points), and BZ is at right angles (to АГ), and the ratio of EZ? 


26 See my notes to 7.30. 


27 See Hogendijk [1981] on this and related versions in Arabic. 
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to BZ2 +2Г 2 is given, therefore В is on a hyperbola. 


Pappus does not prove this second locus here; however, a proof of it 
appears as part of the second lemma to Euclid’s Loci on Surfaces (see below, 
section §6). There, the locus property is reduced to a form of the pre- 
Apollonian symptoma. This suggests, first, that the locus proved in the 
lemmas to the Loci on Surfaces was available in some work of reference, 
which could be Aristaeus’s Solid Loci; secondly, that the locus used in the 
angle trisection may also have been taken from that work (though this 15 
less certain). The situation is complicated by the chapter 4.67 that comes 
between the trisection by neusis and the trisection discussed above. 4.67 
provides a different reduction of the locus used in 4.68 directly to the 
symptoma: 


(Figure C.5) Let perpendicular BA be drawn, and let AE be set 
off equal to ГА. Hence BE when joined will equal AE. Also let 
EZ be made equal to AE; hence IZ is three times ГА. And let 
AT be three times ГН. Then H will be given, and the 
remainder AZ will be three times HA. And since BE? — EZ? is 
BA? , and also AA-AZ 15 (BE? — EZ? ), therefore AA-AZ, that is 
three times AA-AH, equals BA?. Hence B is on a hyperbola, 
the transverse side of whose 'figure' on the axis is AH, while 
the latus rectum is three times AH. And it is obvious that point 
Г terminates (line segment) ГН as far as the vertex H of the 
section (such that ГН is) half the transverse side of the ‘figure’ 
AZ. 


Pappus briefly outlines the synthesis, which I omit. Since 4.68 begins with 
no reference to 4.67 as if it followed 4.66 directly, 4.67 appears to be either 
Pappus's first approach to the trisection, which remained unfinished, or an 
incomplete marginal revision (to avoid the reduction to a subsidiary locus), 
which has been inserted into the text before its proper place. The reference 
to the ‘figure’ of the hyperbola in 4.67 appears to be an effort to bring this 
locus theorem into agreement with the Apollonian symptoma of the conic 
sections.? 8 


$4. Book 3 of Apollonius's Conics. We still have learned very 
little about the contents of the Solid Loci. One would like to know what 
was the relationship (if any) between Aristaeus's work and Book 3 of 
Apollonius's Conics. In the preface to Book 1, Apollonius writes of Book 


28 See the commentary to 7.30. 
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“The third (book contains) many surprising theorems that are 
useful for the syntheses of the solid loci and for the diorisms, of 
which most, and the most elegant, are novel; and when we 
have learned them we come to understand that the synthesis of 
the locus on three and four lines was not made by Euclid, but 
(only) an arbitrary fraction of it and that not felicitously. For 
the synthesis could not be completed without the things that 
were additionally discovered by us.” 


Conceivably, the ‘solid loci’ in this passage are a reference to Aristaeus’s 
work. There are three possible interpretations: that the loci referred to 
were treated by Aristaeus, that they were treated by someone else, or that 
they were inventions of Apollonius. The third clearly cannot be true of the 
‘three and four line’ locus, because Apollonius tells us that Euclid gave an 
inadequate discussion of it. Then, there is the emphasis on syntheses and 
diorisms of the loci, which appears to imply that they were (or some of 
them were) already known in the form of analyses, and without 
diorisms.3 9 In this section we will consider what solid loci Apollonius was 
working towards in Book 3, admitting the possibility but not certainty that 
some of the loci might have appeared in analytic form in Aristaeus's Solid 
Loci. 

Book 3 of the Conics may be divided thematically into several parts: 
(a) propositions 1-15, (b) 16-29, (c) 30-40 and 44, (d) 41-43, (e) 45-52, (f) 
53-55. Among these section (f) has been identified as pertaining to the 
three and four line locus, and will be discussed later. Section (e) easily 
yields its loci: Let points A, B and a length Г be given; then we seek the 
locus of a point A such that the sum (or difference) of AA, AB equals Г. In 
propositions 51 and 52, which are the culmination of the group, Apollonius 
proves that the sum or difference of the focal distances to any point on, 
respectively, an ellipse or a hyperbola equals the length of the section’s 
major axis; it is easy to construct the appropriate central conic with A and 
В as foci and Г as axis, so that Apollonius’s theorems provide the synthesis 
of the locus, with the obvious diorism that F must be respectively greater 


29 Apollonius, Opera vol. 1 p. 4; see also Pappus's inexact quotation in 
7.82. 


зо The diorisms of the loci probably would have included the conditions 
under which a locus would be a hyperbola, parabola, ellipse, circle, or 
straight lines. 
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than or less than AB for the sum or difference locus. 

The goal of section (a) appears to be to prove that (Figure C.6) if BHE 
is a central conic, with center = and diameters fixed BE, ZE, and from an 
arbitrary point H on the section lines HT, HM are drawn parallel to, 
respectively, the tangents at E and В, then quadrilateral МНТ> has а 
constant area.3 1 What Apollonius actually proves is that if two points H, , 
Н, are taken, then the quadrilaterals M, M;H,H,, T,T,H,H, are equal, 
which leads at once to the former result. The converse of this is a locus: If 
two adjoining sides of a quadrilateral are along given lines, while the other 
two are parallel to given lines, and the quadrilateral is given in area, then 
the vertex joining the two mobile sides is on a solid locus given in position. 
More important, however, are the many applications of the theorems of 
section (a) subsequently in sections (b) and (c), which probably motivated 
Apollonius's inclusion of them in Book 3.3 2 

Section (b) proves the following (Figure C.7):33 If KAE is a conic 
section, and from an arbitrary point Z lines KZE, AZT are drawn parallel 
to given lines so that they cut the section, then KZ-ZE will have a given 
ratio to AZ-ZT. This can be turned into a locus, because the chords are іп 
fixed directions so that they are bisected by fixed diameters. Let points A, 
T be given, and let line [A be given, and through an arbitrary point Z on 
AT let EZK be drawn parallel to some given line so that it is bisected by ГА 
and also so that KZ-ZE has a given ratio to AZ-ZT. Then K and E both lie 
on a solid locus given in position (or we can eliminate K and the bisection by 
requiring that EZ-(EZ + 2 ZI) has a given ratio to the other product). But 
again any such locus immediately derived from the theorems of section (b) 
IS secondary in importance to their application to the three and four line 
locus, as for example in section (f). 

section (c) proves the harmonic property of pole and polar for a conic. 
That is, (Figure C.8) if АВГ is a conic section, and AA, АГ are two 
tangents, then for any line ABEZ drawn across the section, BA:AZ equals 
BE:EZ. The reason for this theorem to be in Book 3 is not evident; for they 
are not used by Apollonius until Book 4, while it would be difficult to 
formulate a locus theorem for points B and Z on the basis of this property. 
Possibly they have nothing to do with loci, and are here only because they 
are direct consequences of the propositions of section (b). If we assumed 


31 Zeuthen [1886] pp. 97-98, 114-15. 


32 Heiberg has identified Apollonius’s references to previous propositions 
in his Latin translation in Apollonius, Opera. 


33 Zeuthen, p. 116. 
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the conic and A, then the locus of E would be a straight line, but the 
theorem to that effect is not a solid locus. 

The propositions of section (d) have an affinity to the problems of the 
Cutting off of a Ratio and of an Area.34 In proposition 41, if (Figure C.9) 
АВГ 1s a parabola and ДЕА, AZT , EBZ are three tangents, then 


AE:EA = А? ?Г = EB:BZ. 
Simple ratio manipulations of the first two equated ratios yields 
EA:ZA = АА:ДГ, 


so that if the two tangents AA, АГ and points A, Г are given, then any line 
EZ that cuts off a given ratio АД:ДГ will be tangent to the parabola. Since 
point B is also defined by the equation of ratios, the parabola can be proved 
to be the locus of all B for which some line EBZ satisfies the equation, given 
the tangents and points of tangency AA, АГ, A, and Г. Apollonius’s 
Cutting off of a Ratio can be used to find EBZ fitting the first part of the 
equation, because EA:ZA has to equal a given ratio. Proposition 41 is not 
used later in Book 3 of the Conics. 

The other propositions in (d) are clearly related to the Cutting off of 
an Area. In proposition 42, (Figure С.10) let AEB be a central conic, with 
diameter АВ, and let АГ, BA be tangents. If [EA is an arbitrary tangent, 
then АГ-ВА is constant. In 43, (Figure C.11) let AB be a hyperbola about 
asymptotes АГ, AE, and let [AE be an arbitrary tangent. Then ДГ.ДЕ is 
constant. Although these theorems lead to the construction of a central 
conic as the envelope of lines cutting off abscissas whose product is given, 
their immediate pertinence to a solid locus is doubtful. Proposition 43 is 
used at once in 44, the last of the theorems on the polar, while 42 is 
required for the focal theorems of section (e). 


55. The Four Line Locus. Іп this section we shall see how 
Aristaeus might have produced an analysis of the ‘locus on four lines’ that 
Pappus discusses in chapters 7.33-40, in a way that is compatible with 
what little we can deduce about Euclid’s and Apollonius’s contributions to 
the solution.35 The locus on three lines, which may be regarded as а 
limiting case of the four line locus, does not demand separate treatment; 
the final theorems of Apollonius’s Book 3 come near to furnishing a 


34 Zeuthen, pp. 348-360. 


35 In the mathematical argument I follow Zeuthen’s discussion [1886] pp. 
126-154. 
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synthesis of this problem.3 6 

The four line locus has to be solved in two stages (the following 1s 
essentially Zeuthen's reconstruction). First, (Figure C.12) let there be 
given lines AB, ВГ, ГА, AA, no two of which are parallel, and the ratio 
а:8. We want to prove that any point M is on a given conic section if the 
line segments MII АВ? Migr: up ix MII A A that are drawn in given 
directions to the given lines satisfy this equation: 


(1) MIT, g · MIp A: Migr : Miha’ = a:p 

We shall first prove that this locus on four lines no two of which are 
parallel can be reduced to a locus on four lines, of which two are parallel. 
Without loss of generality we may assume that the directions of the lines 
drawn to the given lines from a point on the locus are parallel to AB or BI 
(changing the directions of measurement merely requires a changed value 
of a:8). Draw АЕН parallel to ВГ, and TOE parallel to AB. By hypothesis 


for any M on the locus equation (1) above holds, while because of the 
parallels 


Mag : Milha = АЕ:Ө=, 
Mlipa : Migp = HNTE. 
Thus equation (1) is equivalent to this equation for arbitrary M: 
(2) HN:OZ = (a:9)-(CE:AE). 
In particular, if we choose instead of M a point Z on AH such that 
(3) HZ:OE = (a:8)-('E:AE) 


then Z lies on the locus defined by the four given lines and а:8. From 
equations (2) and (3), it follows that 


ZN:ZE = (a:8)-(CE:AE). 
But again because of the parallels, 
МП Ap : МПА? = AE:ZE, 


36 See Zeuthen, pp. 132-133, or Heath, Apollonius pp. 119-25. 
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Therefore 


so that M lies on a new four line locus where the lines аге AB, ВГ, 'Z, ZA, 
with ZA parallel to ВГ, and the ratio а:), which is what was required. 

This part of the solution requires no theorems in conics, because it 
has not yet been shown that the locus has any relation to conic sections. 
We may note in passing that one part of this proof is an analogue of the 
‘first’ of Euclid’s Porisms (see Essay B, section §3). In the porism it was 
asserted that, if two variable straight lines passing through given points 
intersect on a given straight line, and one of the variable lines cuts off a 
segment extending to a given point along a further given straight line, it is 
possible to construct another given straight line and a point on it so that the 
second variable line will cut off a segment extending to this point along this 
line that is in any given ratio to the segment that the first variable line cuts 
off. Here, instead of requiring that the two variable lines intersect on a 
straight line, we have their intersection satisfy the locus property of a four 
line locus.? 7 

Now we shall reduce the four line locus, where two of the given lines 
are parallel, to a solid locus that we have already seen is implied in 
Apollonius’s Book 3, and which Aristaeus might therefore have proved by 
analysis to be a determined conic section. In Figure C.13 let АВГА be a 
trapezoid, with AA parallel to ВГ, and let M lie on the locus. Let EZ be the 
line that bisects both AA and ВГ, and let МП АВПГ AN be drawn parallel to 
AA and М marked on it such that 


ТАРАН 

Again without loss of generality we measure the distance of M from AA and 
BI parallel to AB, and the distance of M from AB and ГА parallel to AA 
and BI. Then by hypothesis 

Hence 


But AB is given, and MN, in a fixed direction, is bisected by a given line. 


37 Zeuthen, p. 154. 
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Therefore this locus is reduced to the locus associated with group (b) of 
theorems in Book 3 of Apollonius's Conics.3 8 

This is not the place to try to reconstruct the syntheses of Euclid and 
Apollonius in all their details.3 9 In producing a synthesis of the locus, 
Euclid would have encountered difficulties in three ways. First, unless the 
distances to the given lines are signed, there will be two complementary 
conic sections that solve the locus. Secondly, the analysis need only prove 
that a point satisfying the locus property will lie on a given conic section, 
but in the synthesis we have to construct the section, and so we have to 
know whether it 1s an ellipse, circle, parabola, or hyperbola. Thirdly, since 
the two branches of the hyperbola were considered as separate curves, a 
complete synthesis will have to have taken both into account by a special 
effort; for, regarding the branches individually, we can have four line loci 
that do not pass through the intersections of the given lines at all. Perhaps 
Apollonius's improvement on Euclid pertained to all these aspects. That he 
first successfully treated the complete hyperbola is practically certain.4° It 
is clear from Apollonius's reference to it that Euclid made his work on the 
synthesis of the three and four line locus public, in a form and context that 
we can only guess. Apollonius evidently worked out the synthesis to his 
own satisfaction, but whether he published it is not certain. Its absence 
trom the Conics seems to be in accord with his unstated but manifest 
decision to leave out all locus theorems from the work. 

However, there seems to be one text that can be interpreted as a 
fragment of a synthetic treatment of the locus. From the locus property as 
stated in equation (1) above, it is clear that the locus passes through each 
of the intersections A, B, Г, A. We can find some specific point M, that lies 
on the locus, by a procedure related to the problem of Apollonius's 
Determinate Section.41 What the synthesis requires can therefore be 
described as the construction of a conic section through five given points A, 
В, Г, А, М, and proof that any point M on the section satisfies equation 
(1).42 In a completely different context Pappus,gives the first of these 


38 See above, section $5. 

39 Zeuthen, pp. 126-150, is the best treatment. 

40 Zeuthen, pp. 138-150, discusses the question at some length. 

41 See Essay A, section $5. 

*2 Further, one ought prove that any point not on the constructed object 


cannot be on the locus, but for that we have to construct both the 
conics that constitute the locus. 
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parts, namely the construction of a conic (specifically an ellipse) through 
five given points. Book 8, chapters 8.27-32 discuss the problem, how to 
find the diameter of a cylindrical column when its ends are broken off 
irregularly (in other words we can work only on the curved surface of the 
column). Pappus shows us how to reduce this problem to the construction 
of an ellipse through five given points, which correspond to five coplanar 
points on the cylinder. If four of the points are the vertices of a trapezoid — 
that is, if lines joining two pairs of the points are parallel — then the 
problem is easily solved. The line through the midpoints of the two 
parallels will be a diameter of the ellipse, to which the parallels are 
ordinates; a construction using the fifth point determines the end-points of 
the diameter and the magnitude of the latus rectum. But if no two of the 
lines joining pairs of the five points are parallel, Pappus gives another 
construction that replace one of the points by another new one that 
completes a trapezoid with three of the others. It would be of great interest 
to know what Pappus’s source for this procedure was, and whether it 
derived ultimately from a synthesis, perhaps Euclid’s, of the four line 
locus.4 3 


$6. Euclid’s Loci on Surfaces. At some time Pappus contemplated 
including Euclid’s Loci on Surfaces among the works treated in Book 7. He 
seems to have given up rather abruptly, in the middle of a lemma, but by a 
lucky accident the unfinished effort survives in our text. The fragment, 
though it is not free of problems of interpretation, yields some interesting 
information. The loci that we have encountered so far, namely the Plane 
Loci of Apollonius and the Solid Loci of Aristaeus, were all loci on lines 
(that is, loci that proved to be curved or straight lines) in the plane. In the 
Loci on Surfaces Euclid determined the loci of points in space subject to a 
constraint that limited them to a two-dimensional planar or curved surface. 
The loci on lines must have been ‘solved’ by showing that they could be 
constructed, as a line or circle or the intersection of a cone with the plane. 
For the loci on Surfaces Euclid must have similarly proved that each locus 
was a determined surface. 

Among the surfaces that Euclid considered were, I imagine, the 
plane, sphere, right cylinder, right and oblique cone, and perhaps also the 
oblique cylinder. Pappus’s two ‘lemmas’ — again they seem rather to be 


43 The connection between the four line locus and the five point problem 
was seen already by Newton (for example in Principia Book 1 lemma 
19), but his notion of what was necessary to prove that the locus was a 
conic was quite different from anything that Euclid or Apollonius would 
have admitted. 
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excurses — are related to loci on the cone.^ ^ Euclid's locus to which 7.312 
refers apparently was: (Figure C.14) Given lines AE, EB, if from any point 
Г not in the plane of AEB a line is drawn parallel to a given line, meeting 
the plane in A, and AAB is drawn parallel to another given line in the 
plane, and the ratio of the rectangle contained by AA, AB to the square of 
АГ is given, then Г is on the surface of an oblique or right cone given in 
position.4 5 Let us call this locus а. It follows that if we take any plane 
parallel to the lines to which AB, АГ are drawn parallel, then the locus of T 
in that plane is a (central) conic section. That appears to be the point of 
Pappus's remarks in 7.312, although he begins by asserting the latter solid 
locus in the plane, and then in a needlessly clumsy way tries to proceed to 
the surface. This locus in the plane, found as a corollary of the locus on the 
surface, is an extension of the pre-Apollonian symptoma of the central conic 
to non-orthogonal conjugation (that is, the ordinates are not perpendicular 
to the diameter). 

How would Euclid have proved such a locus theorem? The initial 
definition of the cone must have been not very different from Apollonius's, 
namely the surface formed by a variable line that passes through the 
circumference of a circle and through a point not in the circle's plane. 
Hence to prove that a locus is a cone, one must construct a certain circle 
and vertex point determined by the givens in the enunciation of the locus, 
and prove that the line through any point satisfying the locus property and 
through the vertex also passes through the circle's circumference. It is 
reasonable to suppose that Euclid began with comparatively simple loci 
proved in this way and then reduced subsequent, more complex loci to the 
simpler ones. He might, for example, have begun by proving the following 
locus: Given two lines 1,,1, in a plane C that intersect in point V, if from 
a variable point P a Bornendi oit PQ is drawn to meet the plane C in Q, 
and line segment К, QR, is drawn in a given direction to meet 1,, 1, in 
R., R,, and 


. 


PQ? = QR, -QR, , 


then P hes on a conical surface. In this locus theorem P, R,, and R, are 
on the circumference of a circle parallel to a determined plane, and it is not 
difficult to show that lines through V and any one such circle will pass 
through all such circles. The generalization to a more general locus where 


44 The discussion by Zeuthen, [1886] pp. 423-30, is most valuable. 


45 This is Zeuthen’s suggestion. See the commentary to 7.312 for 
another interpretation by Tannery, which is considerably less 
plausible. 
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the ratio 


PQ? :(QR, -QR, ) 


is constant is effected by proving that if P exhibits this locus property, then 
there is a determined direction in which a line S, QS, drawn to l,, 1, 
satishes the first locus property.^ 6 The further extension to the locus а 
where PQ is not necessarily perpendicular to C but is drawn in a fixed 
direction may have had no analogue in Euclid's book, for, as Zeuthen 
remarked, the determination of a generating circle for locus q (without 
orthogonal conjugation) would require an operation equivalent to solving a 
cubic equation, and the silence of our sources about Euclid's having 
accomplished a problem of this order and importance argues against his 
having proved a locus of such generality.4 ? 

Chapters 7.313 to .318 are well known as the first complete 
enunciation (with incomplete proof) of the focus-directrix property of the 
conic sections. Zeuthen suggests this as the relevant surface locus, which 
we shall call locus 8: (Figure C.15) Let plane АЕ? and line l'Z be given, 
and let point Д be such that, if AT is drawn at a right angle (or, by a trivial 
extension, any given angle) to TZ, and AE is a perpendicular dropped on 
the plane of AEZ (or, a line drawn in any given direction to the plane), then 
ratio of АГ to AE is given; then A lies on an oblique or right cone given in 
position.^ 8 If we consider the section of the surface by any plane 


^6 Іп certain cases where this is not possible, a less direct reduction is 
required, in which new lines are substituted for 1, and 1, (analogously 
to the exchanging of minor for major axes in a central conic). 


^7  Zeuthen, p. 427. 


48 When TZ is perpendicular to the plane of AEZ, the surface is obviously 
a right cone. That the surface is an oblique cone when [Z is not a 
perpendicular is most easily seen by (modern) analytic representation. 
The general equation for a cone with the origin as vertex is 

Ax? + By? + Cz? + Dxy + Eyz + Fxz = 0. 
We can choose our coordinates so that plane AEZ is the plane of z=0, 
Z is (0,0,0), and another point on TZ is (0,1,c). Let A be (x,y,z), such 
that the square of the length of the permendicular from it to plane AEZ 
is r2 times the square of the perpendicular from it о TZ. The foot of 
the perpendicular to TZ is (0, (y+cez)/(1+c2), c(z+cz)/(1+c2)), so that 
the locus equation 1s 
x2 + (y— (у +с2)/(1+с2))2 + (z— clytez)/(1+c2)) = r?z? 

which, having terms only of x2, y2, z2, xy, yz, and xz, must represent 
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perpendicular to [Z, then we get Pappus’s focus-directrix theorem within 
the plane of section. The intersection of the plane of section with the plane 
of AEZ is the directrix, and the intersection of TZ with the plane of section 
is the focus. The constant ratio will be different, because the 
perpendiculars drawn from A to the plane of AEZ are proportional, but not 
equal, to the perpendiculars in the plane of section to the directrix line. In 
fact, it is likely that Euclid’s proof of locus B was along approximately the 
same lines as Pappus’s proof of the locus in the plane, determining two new 
determined lines through the vertex such that a point exhibiting the locus 
property B will also exhibit the property of the locus q discussed above with 
respect to the new lines. 

It is obvious because of the surface locus that the locus in the plane is 
a conic section. Which kind of section results from each given ratio, is what 
Pappus undertakes to prove. While Pappus has no trouble with showing 
that the ratio of equality leads to a parabola, he gets hopelessly confused 
between the criteria for the ellipse and the hyperbola, so that the proofs are 
full of mistakes of ‘less than’ for ‘greater than’ and vice versa. Otherwise, 
however, the proof of the case for central conics is correct. This suggests 
that Pappus was not copying mechanically from a model in which the kinds 
of section were correctly distinguished. It is possible that Pappus was to 
some extent devising his own proof, and committed trivial errors, or that he - 
had a model in which the nature of the conic sections was not fully 
determined (excepting the necessary distinction between the parabolic and 
central conics). The model could have been Euclid’s proof of the surface 
locus as already suggested, or one of Aristaeus’s Solid Loci. It is worth 
noting that Pappus proves the focus-directrix property by reducing it to an 
intermediate locus which is then reduced to the  pre-Apollonian 
symptomata, and that this intermediate locus is the same as Pappus 
assumes in the locus of 4.68 discussed above in section $3. Since Euclid's 
hypothetical locus theorem is a three-dimensional analogue of the focus- 
directrix locus, and it was likely reduced to another locus by considering the 
plane perpendicular to the given ‘focus’ line TZ — this being the easiest way 
— it seems probable that Euclid knew the focus-directrix property of the 
general conic. Now Diocles (second century B.C.) proves the generation of 
a parabola from its focus-directrix property in his book On Burning Mirrors, 
in a way that suggests that it was Diocles's original accomplishment.4 9 
The inconsistency may be only apparent. The focus-directrix property in 


a cone. 


^9 Toomer, Diocles p. 16, regards this as cogent evidence that the focus- 
directrix property was not known earlier. However, in dismissing 
Pappus's lemma as evidence, he offers no explanation of its purpose, if 
there was nothing like it in Euclid's book. 
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the plane may not have been explicitly stated in any text that Diocles 
knew; and from Pappus’s lemma it is clear that even if Euclid gave the 
focus-directrix property of a conic section as a corollary of his own locus 
(which he may not have done), he did not distinguish between the kinds of 
section produced. This suggests further that Euclid gave only an analysis 
of the surface locus. In any case the focus-directrix property of the conic 
probably never had a special status in ancient geometry distinct from the 
many other solid loci that were known. 

To recapitulate briefly, the Loci on Surfaces of Euclid probably 
included loci that proved to be oblique cones, and so we might reasonably 
expect that they also included simpler surfaces. The plane and sphere are 
obvious candidates, as are also those surfaces that are generated by a line 
passing through a variable point on a circle, while either remaining parallel 
to a given line or passing through a given point not in the plane of the 
generating circle. It is conceivable that surfaces of rotation may also have 
been present; thus the locus of a point whose distances from a given point 
and plane are in given ratio would be a rotated central conic. І am myself 
inclined to exclude these surfaces from Euclid’s scope, but cogent evidence 
is lacking. 


$7. The Derivation of Curvilinear Loci. Pappus’s classification of 
the loci on lines includes ‘plane’ loci, which are straight lines and circles, 
‘solid’, which are conic sections, and ‘curvilinear’, which are everything 
else. In chapter 7.21, Pappus baldly asserts that “the curvilinear (loci) are 
demonstrated on the basis of the (loci) on surfaces”. The meaning of this 
statement becomes a bit clearer when we compare some passages in Book 4 
on special curves, for example these remarks (4.57-58): 


A third kind of problems remains, which is called ‘curvilinear’. 
For other lines are assumed in the construction (of these 
problems) besides those that have been named, and these have 
a more complicated and more forced generation, arising out of 
more irregular surfaces and motions compounded together. 
Such are the lines that are found in the so-called loci on 
surfaces and others more complicated than these, and many in 
number found by Demetrius of Alexandria in his 'Curvilinear 
Standpoints’ and Philon of Tyana from entwistings of plectoids 
and all kinds of other surfaces, having many wonderful 
properties concerning themselves. Some of them have been 
regarded by by the more recent (geometers) as deserving more 
discussion: one of these is the line that Menelaus also (?) called 
‘paradoxical’. Of the same kind are other spirals and 
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quadratrices and cochloids and cissoids. 


This catalogue does not help us much, though it compels us to remember 
that much more was done with special curves in antiquity than we can ever 
know.5° А little earlier, however, Pappus gives two examples of the 
generation of a special curve from surfaces, which, although they do not 
concern an actual curvilinear locus (at least from Pappus’s point of view), 
nevertheless illustrate techniques of generation that are as applicable to 
curvilinear loci as to special curves in general. 

Chapters 4.45 to .52 discuss a single special curve, the quadratrix of 
Dinostratus and Nicomedes.5 1 The curve is first defined as the path of the 
intersection of a uniformly moving straight line that always remains 
parallel to its initial position, and of a uniformly swinging radius that is 
initially perpendicular to the first line, with its mobile end lying initially on 
it. The rates of motion are to be in such a ratio that when the radius points 
in the same direction as the shifting line, they coincide. The quadratrix has 
the property that for any two points on it, their distances from a given 
straight line (the initial position of the shifting line) are in the same ratio as 
are the angles that the lines joining them to a given point (the fixed center 
of the moving radius) make with a given line (the initial position of the 
radius). The application of this curve to the division of any angle into any 
ratio is obvious. Pappus also proves that the initial length of the radius is 
the mean proportional between the length of a circular quadrant with that 
radius and the limiting length of the radius when it and the shifting line 
coincide; hence the usefulness of the quadratrix for the quadrature of a 
circle, which gives it its name. 

Sporus of Nicaea, a mathematician of uncertain date, criticized this 
method of generating the curve, Pappus tells us, for two reasons: first, 
because the rates of motion of the two generating lines cannot be 
coordinated without knowing in advance the гайо оҒ the circumference of a 
circle to its diameter; second, because when the generators coincide, the 


50 Demetrius and Philon are completely unknown. They presumably 
were older than Menelaus (about A.D. 100), who is marked out as one 
of the ‘more modern’. 


51 This quadratrix is usually attributed by historians to Hippias of Elis 
(late fifth century B.C.), on the basis of a reference by Proclus to “the 
quadratrices of Hippias and Nicomedes” (Elements I ed. Friedlein, p. 
272), and again to Hippias’s having proved a symptoma “for the 
quadratrices” (p. 356). But Proclus’s use of the plural in the first of 
these references may mean that the curves used by Hippias and 
Nicomedes were not the same. Pappus never mentions Hippias. 
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intersection vanishes, so that the point required for the quadrature is not 
determined by the construction. Whether or not because of these faults in 
the method of generation, Pappus gives us two ‘more geometrical’ analyses 
of the curve, “by means of the loci on surfaces” (4.51). 

In the first, we have (Figure C.16) quadrant АДГ given with center 
B, and draw an arbitrary radius BEA, E being a point such that EZ drawn 
perpendicular to ВГ has a given ratio to arc ДГ (hence if the ratio is that of 
the arc of a quadrant to its radius, E lies on a quadratrix). Now we 
construct a right cylinder on circle АДГ, and draw оп its surface any helix 
OHI through Г and given in position. ДӨ is erected at right angles to the 
plane, so that it lies on the surface of the cylinder and meets the helix at Ө. 
EI and BA are also drawn at right angles to the plane, meeting line ӨЛ 
drawn parallel to BA. Now the fundamental property of the helix is that 
for any points Ө, Г on it, the ascent ӨД up the cylinder is in given ratio to 
the arc of rotation ГА. Hence EI:AT is given. But EZ:AT too is given by 
assumption, so that EZ:EI is given. But ZE and EI are both parallel to 
given lines; hence ZI is parallel to a given line, and because Z is on a given 
line, ZI and particularly J lie in a given plane. But І is also on another 
given surface, namely a plectoid, which is the surface generated by line OA 
as Q ascends the helix while OA remains parallel to the plane of АВГ.5 2 
Therefore І lies on a curve given in position, as the intersection of two 
surfaces given in position, and consequently E too lies on a curve given in 
position, as the projection of J .5 3 


52 The text of Pappus has ‘cylindroidal surface’ (kvAtvbpoerdet 
emudavetat, Hultsch’s restoration (the manuscript is barely legible) 
KvAcvdpcKne is wrong) in place of ‘plectoidal’ (тХектововбес), 
but this is clearly Pappus’s mistake. The second analysis shows that a 
cylindroid is the surface generated by a line passing through a variable 
point in a curve in the plane while remaining parallel to a given line 
(for example remaining at right angles to the plane), while a plectoid, 
ав its name suggests, is produced by the twisting (TA єко is the Greek 
verb) of a line that passes through a variable point in a curve in space 
and through a straight line while remaining parallel to a given plane. 


53 This construction does not escape Sporus’s objections. The plectoid and 
the plane on which I lies coincide over the whole of line ВГ, so that the 
end of the curve on ВГ is not determined. Furthermore, to obtain the 
quadratrix we have to make the given ratio of EZ to arc AZ equal to 
the ratio of AB to the arc of the quadrant АГ, which is what we are 
seeking. The same difficulties remain in the second analysis. 
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The second analysis similarly shows that point E lies on a curve that 
is given because it is the projection of a point [ that lies on a given curve. 
In this case the curve of І is defined as the intersection of a given plane 
and a plectoid whose generating line, instead of a helix as in the first 
analysis, is a curve given as the intersection of a conical surface and a 
cylindroidal surface which in turn is generated by a line passing through a 
variable point on a given Archimedean spiral in the plane while remaining 
perpendicular to the plane. It is interesting to observe both the rather 
outlandish kinds of surface that are admitted in this (surely post-Euclidean) 
theory of curves, and the ways in which a curve can be considered given, 
either as an intersection of surfaces or as a projection of a curve by parallel 
lines onto a plane (or surface?). Some of these techniques may be quite old, 
since they appear in simpler form in the construction of the two mean 
proportionals by Archytas (early fourth century B.C.).54 Archytas 
generates a special curve in space as the intersection of a cylinder and a 
torus (which he describes as a circle perpendicular to the plane, rotated 
about a point) and then projects the intersection of this curve with a cone 
onto the plane, thereby obtaining points that determine the mean 
proportionals between given lines. What is not clear is how much this kind 
of manipulation of surfaces might have had to do with Euclid’s investigation 
of surface loci.5 5 


58. Eratosthenes’s loci with respect to means. The last of the 
books of the “Domain of Analysis”, Eratosthenes. s On Means, apparently 
contained the ‘loci with respect to means’ (тотон трос шесотттас) 
that Pappus mentions іп 7.14, .22, and .29. We know nothing whatsoever 
about them, except that, as Paros Says in 7.22, Eratosthenes’s loci were 
“in classification among those named above”, that is among the planar, 
solid, and curvilinear loci, and that (7.29) some of them specifically were 
planar. Tannery conjectured that the loci were ofa point such that one of 
the various kinds of mean between two lines drawn from it in given 
directions to two given straight lines equals a third line drawn in a given 


54 Reported by Eutocius, who quotes Eudemus, in Archimedes, Opera vol. 
3 pp. 84-88. 


55 The only adequate analysis of the Greek concepts of definition of 
special curves is Molland's insightful paper [1976] (especially pp. 
23-34), which treats the passages that we have discussed above and 
others. It seems doubtful whether Greek geometers ever attained to a 
consensus on the basic equipment and methods that were admissible in 
the higher branches of geometry. 
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direction to a given straight line.5 6 Zeuthen remarked of this definition 
that it reduces in the cases of all six basic means (arithmetic, geometric, 
harmonic, and their subcontraries) to a straight line or a three or four line 
locus, hence to a conic, but never to a curvilinear locus. Zeuthen's own 
theory was that a point C and a conic were given, and a variable line 
CX, X, drawn across the section was cut at some point H so that CH was 
one of the six means of CX, and CX,.57 The locus of H for the geometric 
and arithmetic means proves to be a conic, for the harmonic mean a 
straight line (the polar), for the subcontraries higher orders of curve. 
Whether we are to consider this a plausible conjecture depends on whether 
we believe that Eratosthenes is likely to have assumed solid loci in the 
hypotheses of other loci; to me this seems doubtful. Another guess might 
be that the locus of Н was taken such that CH was the mean of CX, , CX,, 
where X, and X, were the intersections of a variable line CX, X, through 
a fixed point C and crossing two given straight lines or a circle (these are of 
course special cases of Zeuthen's hypothesis). But it would be futile to 
spend much thought on speculations that are so incapable of verification. 


56 Tannery [1880]. 


57 Zeuthen [1886] pp. 320-27. 


Appendix 1 


The Scholia to Book 7 


Unlike the marginal annotations to Books 5 and 6 in Vaticanus gr. 
218, those to Book 7 are — except perhaps for the last — apparently not 
authorial, but rather the jottings of a reader of the Vaticanus’s exemplar, 
whose interest seems not to have gone beyond the introductory part of the 
book. All are written in the principal hand of the text.’ The reproduction 
on page 46 shows the appearance of the first few scholia on f. 118°. 


f. 1187: 
1e CI 
Ol урашартес тері TOV apvaAvouevou TOTOU 
EvukAetómc  ATOÀAÀOV LOG ApuiorTatoc 


2. (7.1) тг естір араћоогс 


8: (7:2) 
п араћоокгс 
OEWPLTLKN TpoBANUaTLKN 
(7.2) 
A BewpiTıKN 
6vvarov Т Toporov 7 600ev andes 
аборатор wevdoc 


1 Оп the authorial marginalia, see the introduction, section 85. The final 
sentence of 7.5 may originally have been one of our reader's notes, 
subsequently admitted into the text by the copyist. The scholia were 
originally printed in Hultsch, PAC vol. 3 pp. 1166-1188. Marginal 
corrections to the text are not listed below, but are recorded in the 
critical apparatus. 


